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s consider a spatial random coordinate x(f) of a cosmic ray (CR) particle diffusing in a fluid of bulk
velocity v; for simplicity, we restrict ourselves to the one-dimensional case; during a time interval,
which is much shorter compared to the diffusion time, the particle’s position varies by Ax = vA#+dx,
where the first contribution is due to the bulk motion of the scattering medium and the second term
is due to the random walk diffusion with vanishing mean and the variance (6x?) = 2D(x, p)At
(D(x, p) denotes the diffusion coefficient)

o the distribution of CRs is governed by a competition between injection, escape, energy gain (ac-
celeration), and energy loss (catastrophic and continuous) processes; the transport equation which
describes the balance of these processes is a Fokker-Planck type equation that includes the descrip-
tion of fluid motions, radiative losses, and phase space diffusion; it can be obtained by considering
the collisionless Boltzmann equation and working out the magneto-hydrodynamic forces acting on
a CR particle including the Lorentz force as well as pitch angle scattering on hydro-magnetic waves
(details can be found in my High Energy Astrophysics lecture; here, I only sketch the picture)

o the transport equation governs the evolution of the isotropic part f(x, p) of the CR distribution
function in phase space, assuming weak anisotropy of the CR momentum distribution function:

d ad 1 4 10 ad d d
5/t g v pf = “Rop (A p)f)+;;$ (pzf“(x, p)*é;f)+5~; (D(x, p)g;f) + 5(x, p) ( 3.A%E )
£) ' 2) 3 4) 5)

the distribution is normalized such that the number density of CRs ncg = f Ffanp*dp; after briefly
introducing each term, we discuss them in detail below; the term labeled by 1.) describes the La-
grangian derivative of f as a result of temporal changes and those due to advection with a velocity
vy = i + vy that is composed of two components: one from the advection with the mean fluid ve-
locity u and one due to the streaming motion of CRs along the magnetic field with velocity v, 2.)
the “friction’ term A describes not only various kinds of (continuous) energy losses but also the en-
ergy gain by first order processes in 8 = u/c (adopting relativistic particles), 3.) this term describes
diffusion in momenium space, which results in an increasing momentum envelope with time, ie.,
energy gain through the second order Fermi process, 4.} this term describes spatial diffusion, and
the last term 5.) accounts for sources such as freshly injected CR particles at shocks whose origin
can be understood by means of plasma physical calculations and (catastrophic) CR loss processes;
we sketch the physical meaning of these processes in the following:

— (continuous} synchrotron and inverse Compton losses: a relativistic charged particle of a
Lorentz factor ¥ = (1 = 52)"1/2 experiences Compton scattering with either real or virtual
photons (which represent the magnetic field in the case of synchrotron radiation}), this causes
the particle to emit photons in the forward direction into a narrow cone of half-angle y~! with
respect 1o its momentun: leading to an energy loss which can effectively be described by a
friction force in opposite direction to its momentum:

where o denotes the Thompson cross section, g = B?/(87) and £py are the energy densities
of the magnetic field (responsible for synchrotron losses) and the low energy photon field
(causing the Compton effect in the Thompson regime); the radiative losses of baryons are
suppressed by (m./m)* such that they can be neglected unless they are ultra-high energetic
CRs with energies 2 10" eV



Christoph Pfrommer: The Physics of Galaxy Clusters

— first order Fermi process: the contribution of the first order Fermi process can be described
by a non-inertial entrainment due to the deceleration of the scattering medium: a compressed
flow (V - u < 0) produces first order acceleration of charged particles. In this situation, the
inertial force is F; = —pi{du;/dx;) that gives rise to an accelerating power
; \
Pace =“<ujpr'>'g% =—%%V-u el Aaccz"‘%g'; ( 3 o
second order Fermi process: charged particles gyrate around, and travel slowly along mag-
netic field lines: occasionalily, they get scattered on magnetic irregolarities and plasma waves
(Alfvén and magnetosonic waves); this scattering process can be described by a random walk
of the particle’s pitch angle with the magnetic field direction, 8, yielding the characteristic
variance (6u%) o vyAr where v, denotes the average scattering frequency and u = cos #; be-
cause the particle scatters off moving targets, the particle systematically gains energy through
random variations of the CR momentum dp = 54 pdu where 4 = va/c is the dimensionless
Alfvén velocity in the case of scattering Alfvén waves; the second order Fermi process is thus
described by a diffusion process in momentum space with the momentum diffusion coefficient

60 /
=222~ Bvp? (3080 )

Hl

spatial diffusive losses and gains: depending on the gradient of ncr in a particular region,
that region will either see a net CR flux outward (V - ncg > 0) or inward (V - neg < 0);
hence, for a peaked CR distribution in the cluster center, CR diffusion acts to smooth out that
peak over a length scale L on the diffusion time scale 7 = L?/D; CRs experience momentum
dependent diffusion in a turbulent magnetic field with a Kolmogorov-type spectrum on small
scales; this process leads to a loss time scale which is proportional to p~'/3; in an equilibrium
situation, this results in a steepening of the observed spectrum within the cluster core by p~1/3
relative to the injected spectrum

Coulomb and ionization losses are strongest for protons or heavier nuciei, but also relevant
for electrons; the ionization process limits the lower energy of the proton spectrum to ap-
proximately 50 MeV after traversing a path length through most of the interstellar medium;
energetic CRs experience energy losses even within an ionized medium through Coulomb in-
teractions; Coulomb losses efficiently remove the low-energetic part of the injected CR spec-
trum on a short timescale (< Gyr) and redistribute these particles and their energy into the
thermal pool

catastrophic losses: another loss process is the inelastic reaction of CR nuclei with ions of the
intracluster medium; the CR protons interact hadronically with the ambient thermal gas and
produce mainly neutral and charged pions, provided their momentumn exceeds the kinematic
threshold of 0.78 GeV for the reaction; the neutral pions successively decay into y-rays while
the charged pions decay into secondary neutrinos and electrons that emit radio synchrotron
radiation and Compton-upscatter CMB photons to the y-ray regime



U (lusle Plosics  Inford by Diffoct Obsoualies

Lf« f GPL‘(EH{?: ; Gol o XL/ PrC“;DOL—*"C’} e Ui [ L ertam

i a

in

o

o
o
B
o
-
o

LA

! ’l ! {
¢ : £ o
L oal Lo Ui e nnpal T8 o &UW (v‘ o fﬁ,‘ﬂ o

0'( i}fufmx,tfgj itk ane L-u-ff\’f’!"”'{"ﬁ?‘f”"'Qf‘f clossipied an carty Jf/pm { elliphtrals Yy

oy ) *
- W ot ‘Pgl\ o (c g o C"(C&-, & L/ el

: J“
T Lo

. i . i i

o Ly o !,,f,ﬁf_.«.‘_.’.‘f‘, Q8 cF Mty f;"ﬂ 08 57 g 22,4
4
H

C‘-ELW\ Lob

SR N ST
b Qaioi o Goder Ry o

Lancrt  taa(n 5t ; tan pd OO SO L(m(vr,fg &/“,? f}ﬁ-i)” i"f'('.f« ; e eh L‘CrcH’ (;‘C’L-U{.f «5\}39’;’%"{

.

: I f
< fees = { ovce EEE S SR L e

(;ct ¢ (" N ‘ } i
£ 3 i it
0.& A e focde cheod e

Gubieedns jerleries S0 ( Lk

O
e,i(;f’kcafs E bue?%)

0.4

o2
spt‘rﬂl %Q(M"'“J Sp
; g )
J 508 surface - cle gl f_ ?"‘pc“l-f

~

2

- Bulde - Oe ¢ A% , ; , : .
S lee SN @_ﬁ" f£ : ‘:30./@(‘&/7 {Qofu/()ﬂ- Lo /o Géi{/}g‘ﬁ-f:’-, o f Sl pozobre e

LR

] -
cddifls {032 72208) hie a doekioadly /oencocl  foucbio

g g : . .
9( L&H éa_.k_{-..u oy (LA pewrt r.if L( frtace. g - C,{[p{ V ({{f_{{ 32{,&_, £ j ;’{A o ,),!G{_m{z Tn 'g.,:ﬁ}g[«_ps(_r‘{«‘(a_(

i

I ) i ' :
S(ac-t{c-‘} b Lt S:{-«.ﬂmfx Hs g ’\5‘4 (,_g’m © Qe lar e /7;:*!"! £2 afsady ’{ﬁﬁ( w-'*f'{'- Chav

t ' : & . F¥ H . e £ :
T LAt e S'f.‘i- [ e by fony el oen E;ft.} {(i Rate L Ao ﬁ‘ e Al Lap {{\ i f.f";(f."@-""‘ “f

. i . : 7 i
e ,’_-J ':f‘ f‘f LD gt fa fhas \_f a {l f('t!..\{,)!_ grsiimdas odl crs _.:;f,_‘«{ I i ér,-«,f e o FE"“ [}3[ ff‘-:

i

=)

e



“

L

i1 ’ 5
=l #‘”{ Foxs fﬁrfm‘ B @ ts fb"ii//‘-ﬂmfj ‘L{-&*—rf SLO«»«\{ Ein U] P VT émj P GO /‘{

i !

{}i @P’a“-‘ ﬁf"ifd’!" C&“f’.-’} &7 o S J L

b ley pre ﬁm{ an edica f Yo Ha! ff el N {,4,‘_,,{;-*5{__},(‘ o
L u

i"’?*&/{/wu-fz[""&a{} {f'\‘{'%' (aﬁ l’y[?ﬁ (gpa'rc,.(g ) I ("CU(J/ L/["@ (‘Oeél:ﬂé“({‘{.fﬂ ) o
?_56\} {\Ww‘z,f

d
d}/{,m[‘of, [N "f{t

— Fc_’uf}fue } CAa O R a\e‘/ (L,%‘rmmc Pou;c}l Jed al.b.@e_j &Aurig-mﬁwav,’{(‘

/
écugm’!' Ca&a/ﬁﬁfaj SI!’"!F ff‘m{}ff} £ #e, szbt.{'tr-‘:fbﬁ ot Q/AQ{?: L

Bre 13 100 !.f»é»-.-"-r £ Lm‘&w Vz{tf L\'{ {\mf i, bt Cr{é»w&t‘f«{'m ﬂq"[ { ajff X!EC’} ; Mg_, {C;/{c(,k:,y
¥ o ;

1 L ' b £
N PSP S oL 'l,tc{uf,\,_%f , wa.ﬁ,.‘\,\[ c,rfu_,,j’[{)s o gl ad £om LTE B m\z.«‘..'%f lfm oo 4
A

e pc‘ &S:)”J L’ i; oo /m [ & Pt (a PR LAY

Wt ol weu s reen Dari pacmas P f

; { ¢
e {L«"'JDLC’S Dt (0 b g

. # { f ! : -
Lo  respregihle ( ey k B { Cotnule SR '/ et ol N {sm')f e J}QL,; cmito !
E : ! a flig IR
< =

4\-‘/{ } «E-«'f/(_q,g ' ELU ar {4'5«“ I ;'-.f"fﬁ (r‘ﬂ't.f C‘éil.{/a!’-f} I g«,..{f,/: XL L S C!’l . O&!—o!‘(.:‘ IOG éL 540{ :
. ) . ; ;
{!s_ j Dl‘/uauw'(cef [L-z'c !{--‘ia’\w { [.a!'/u*ch COL LAy N U{’ fa{r Yot ‘[0 S{G‘u’g Ve Wu‘-'-{;/m '[6 i{o &f{

.
(‘fj,_,r '3:15 &l oan i‘f_}" . A e (_'/E:

£y g
PN ¢ ' i :
Lt ,} . Ld CLC{’('CA& Lo [’(f Yy ?"C'-’J‘i . X

—
o
BN
.
b
am
™
e

1) Celary bloackis T fevabos

PULW%‘U p




23

!

com it imcﬁf\.fz S pstaaed E'A.w;, Qe B T4 ST thﬂ"/{ o pld i"-’-UgC--;’ p le,’;l{.

t‘wpcué P(u& Loy f,, b

;1
r _(TQW\ [’g\ﬂ Con ”‘1’ PR L f}r?,, JPOR PO SRy f /mz ¢.c {)(,u@ (O I8 L ﬁ-f i Kfﬁ"m

(( ée(_ C]’ éf & PWLC& (?-‘3,q SL‘U’ } Fia J a_( 2 d:f/ﬁ(«c{_

7

ver e 60&7 J! e F‘O‘"'{M'& ”/ ErpUlnitn a Lecdo £ ;{;‘ﬁif oel i bang s

Fre (71= - v ¢, 1o )+ {;Q/SP (o) u. )

:!i‘? - :‘; . [T':aj {'}[';;} ‘/LfZ)
ok 'els

é_,\u,-“:”’f {\ L;‘ \i{.w 1‘}(‘{ng"£¢/ («;' c!g ;ﬂu',ﬁn{- M):Eﬁﬁw‘r E— ('O !Cw . f;_g- O[ \g

St lar to Hee f.u&‘/ e HOU‘\/@__ i.f» deton  olanle i,«{% o o Ecu ‘E'('\ ) % e r_,.,’f-:u Lr‘m«o}t

v

fou !{*i..fC‘-C .Lm'\ G( Lﬁﬁﬁ’m f s of D £ {,,NA fen J{; r}qa (‘J\-rl;(lé( ﬁ’bm.ﬁ-__(? WV)JLP (f& Lrton St ?IS r/ Llf"j{

300’1}‘6{) s

Lobureh WeaLf raune e Se ok worga'm oA f{u‘{ - s’:‘(a._;} ({@EJ - L Lime

o w7
I —
p’" . wele fa g e et 7 e K okt

L g Av” i.\g \L{\,: ,i"“\—&..\r C/ )ééf B e '¢ L,,,r-‘t'!ﬁ»éL

SP
A i ‘ﬁ\( " {QL'U( v fo "”L_/ b Lﬁ-“—iﬂu \.g B ! Q G‘-ﬂ‘i’.&{ @ O '\// r\) g E> ry, ;‘{'f’.z /. {(,J\{L{‘.}{.
3 ~
Q Iy 51‘-(-# @ P e {“fl/'{‘Ue’-a“ e—‘*f’\.‘; f"‘f e f{ﬂ‘;\ {!/ S ﬂ»..g'( r{} , m»_“.-_’ K:’ s ;} Fi‘&'_{ up‘,g:t-m it ul sy ,-zam.(_;- 3’/

e‘-! L =2, . Hieo. {lw W domat sirorien @]/ e / a5 boodreny  Lian ol

Eec IRYI 3 o b

lL‘iuaF Le) e (if{‘.t gﬂ 11""( c’tf[y & L-é f‘u Jé L?_, f{q (QQ)L{.U%;‘!" L"su ;‘ ” 'fr-v e !, f ({.:\9 (!J\,Lq ;‘!{J fl/{a,_( ¢ {\ﬁ,ﬁ_‘}p
g t /

i : .y f '
‘f’g N;ﬂ st‘j fr“%j‘-‘} iﬁ“,ﬁ\“‘ &Lu.!?{ . rﬂ Lllr‘.ﬁ Ef &‘ A ‘:f fﬁ ) ’;. L“.&,\(’p ‘i'{«.‘ g,_-/%,(, f o ; iy T mebaa. RS 0{,{)}? \,A.d
i Rmoc,f Cf'\ st ohr Pq___} ,Lu_r( e QJ O {_f,‘ o ﬁé\dh / 4, be /m-.m‘!i’m\; Lt :m/f,».‘n byee {«:é- ) -2 tan iy F

j’“{ Hnnl ;fi{:; ¢ { Lanery ot
Lt

y s N f 4 A : 1 ! . o Az
H{ L 25N St Ligle ! e %‘:“' e f‘f /{’ !“”‘D{"!C/) ﬂ-’ff?l: Le bt o7 L‘r R S Y bty g g, orte

i

E £ . .
. ,;-. A(iiw I L‘&\A o { f{ ; ({f o "B E;(‘ c:-é’ P i hn B [ l‘p" ')( . \!r* LN { € //(r(‘][ Mt {’{v& T rend
= b b o ) t = o f i

e e [}TQM&*{{"& C{ Gd"é”!i&'{ é‘""f-if[:-’ L? Mo éff ""f‘ﬁ Q‘"““”it/ ”/ A lso baclies = A Cftbar e A4EA iu.ﬁ..ﬁ



— ! i, . . # . ;( 14 B

G121 Tidal Shigron ant Sbecks |
) [N N E et
i iy ;
Tded rading ~ Kochs problew
R2y
! i : . N

L‘t DJ ! {‘(/\. \(‘!{ {}61 b)écw - fom LJ ‘C{-{"‘% Ladtre 5\ & “‘:E K E’ £ ‘is r‘"{ e ify f’{ﬁ".,s £ fon R L\S’f{ ~ oj ﬁuf.“r_ i T i I ."lf'ff

\ i £ H .
VN AR E B Sy

! s : 2
H £ .,
Lo f bl e e g adie ol

i i
e Tlearl oty ; endin ey , . .
/7 v loache of Mo day vt Hot galon, 7
i / .

e ;! '
/ Vgl -
. X aan T i 7
! ® T P st

/ 5
{"”’f per et b o © L Lisesn, N fﬁ; g’ ”g&«ﬁa;"{ky c&,fw 'z

o 1
T of /G ﬁ_ﬁ?ﬂ-ﬁvr(g} ) /Lr’e'@ )

g P
! T O
1l s 4 RN /

I /

“('C‘/e 54 6{“ o Mg _("Q...{cz Xy :g
Al

) bLf/ ?t:f,, iy = ! = £
o
H L ;
aonl trel { / : y
e & /(} i 201 /7 - s
7 Q;Mé f }\Afof{, L 5;\ ,t} }Q ) = e /}fff, _{ Fffzfm;/*; )
\ Jea )

by
[
i
S
-
e
;
Fa N
o
H
o
A
-
£
e
-
)
-
-

/ jju-: '{ “H‘ £ ;M ”\U\A ,,,{

[ B 1 ] . R
H . 5 3 . 2
Lt A L4 35}_{\,{ I {”VU, S ‘! e Eé‘”cmu Ban v, hip S o

{e

s P 2] ‘i{ L)A!J..LC! \L la_*‘

Co ad jucl acliabe Least, fo



: " t
“‘if:«._fx { < {\{_‘ Ly Ol é( A !‘M{, ’f G
7 {

! -~ £
putsede ¢ clais ome on?y Coosely bowndd so
F : ia i
i, f‘-,ﬁf.f.{_,gf‘f_; [ v

_ [ e ;o
é\/ Lichul [ovcen cxund [y s )

B 1 ' { 4 Fod i {J o {.” ¥
) . S e O pens (/{,r'é‘ O w{mﬂ-’( {/;_‘{- FQJ" & ofe e ( ‘!’i‘r S“f,\gfr F 01'53 ’l u{ /

P LA O
, * g L, feoter
aj( (E M&Ef/ev‘f; L, f»"ﬁ)’s’?'f'é c/ ﬁiéu 3“{“5(-‘/ _\pﬁ&,;f ﬁ'b&ai( J:,r E{.E,!/,a"t}

Pl ) e i (R

P g s
£/ f: [ a.f.:

'3 H .
Tlplrem b €

{
f g / Cee
4 | T A, f Dy e M f

j‘ crice ey T C’{-‘If’{ : = f

{ 5} {:‘/‘ﬁ%f‘ig (i e

: a L A M af
z”,*{.é{"&...af o P{’\Ol‘fi gt el b °( SL"U’“ cm’)'{\? willa H éCJﬁ%V

7’;{/{55‘{ S{xc‘?&s (cé&}?ay:/ EA&;’CASS@"&M( \)

- Ve ﬂ
k,/D i

() ﬁ)&u {','(}

{,\N&. ( m!omf e concin {\{ N M\( er-mf)(,th-’ (\(ﬁg?ﬂs Yitug /,fica»( daed

Wiy
£ o 7 <<l i(,r o ﬂf'; L Lens L / Z'!L.-z & F
G € [P S PCE&_Q‘ ua_j’ C G bt b Lo o d » \!_f&{
‘ , Lot b, a £
T {le  Lode € _!-/Gé-‘:.(‘ ) et penlly  Eval Lot by o a glar w 2

e

g‘//‘ b [
Fop ko by

t
— sS4 . . b 0 ‘ 3 veloce
b = ey ebarv on. Teepetyir obeage S o veloer
Tl bt g ! N

; J"\

o TN [ POV AU
hes O S e o e V) }
Jp ]

¢ . i . ' { ' }
-l e Lo loled o ey P v b s of o tlea Dy Ot 2



2.6

Eﬁ\/ o L’ f-?{'v-f" f”"l"‘c ’:3_ é ol ‘f';“w. Lo [:v b S/\j‘ L s

T z ;
pd LA R N Y b A é S
Iy ,

! PYVRNE ORI deeide cf

i

vl g i 1§ oo t
. e iw’:n m{ I { L Loty HEX S
i

,
bepgone o1 Sty by

egia, ff{}\, Nt e Loee
- ] ry — ) ) B
BES 7y laviml e ) /i) o)
A \.Fl * - ;

1 rd -\ B r ) ’I\i

e Ly ily 9 i N . "g s ' R

wsobieg 1081 e gl o chavqe v b gy po i (G 105¢ ]
(0 )
i ) K

0 12 i Ei_\; "!{L é—{,,-{ﬁ g;.t R

I hoads :
-E . MK A Y Do
;OO a .

e,
o,
i,

N

A E\S_.
£ .

| gd-t..r: axt L f(
PR () = Mol 2 R
boj= - > = :
o SJE 'r (o n ; Voo bele N
r :

S -
! VP o~ poue ol s

E oo f* [ 1»4‘5{/‘—-4‘0"\.,\_

H d
I S T A

(f" f‘ L 1y 1 7
) TOTRmaL S sorlie bl o den
T P [ i :
SERTE Fl T el Uy e \
i 3
' / !
T gi{ Ip el N S Co.
CE A

[’:“!1) Ltdamnnit ii e {/Ar{ cz Langian by s OLTAS he s g

H
i



t : n
Dag A o !,»-\p Tot oy b aI e e Loy A Foeerd L Ot
It - o PR S K oo i .
F s (;}K solle g - ,n/ Dt b el Ao Ler B8
.:’/ s < . - j
T / A -
W‘) £ ;f,\' ! K(r!‘ N s feveg J,/{N,’{
2 o .
1 o i ; /
S o die {"»} e lad P b Faa i (ST 2
i R s . ;{ z
foy ey 3, I ir; L LS fJ Ry

; : hetten KV SO B ;
co fyglen. £ peloe tovocod  Hhoreooly v "C/W{ R R A ,{ S

g

{‘LuC»’ - bc‘rt"{ (/ €m0 Crttan g\(. YS /‘ }' / pﬂ ’A‘:‘( ((_/3 frmg g ._f,fc//;-‘f . 5{

£ X (,‘ﬁ« Lo 1y € %}‘-;f el o 58
0
Z.

- 2
= S T VA

[N " : s . o |
Ll E L T ‘/’(*U‘r*-i(ﬁ el s dtand O r}yi.{j C.’ .\[).u [ £ ol o La g < Lj{ s

i

{;rk\

. i i ¢ . !
rSZMCQ ml > m; O&_Mcé Of‘ ji‘;cr;.?“" [ L {1 o S ol 1.8 !,w:-.,.u‘ S-:,M_;'(r(r @N[;;*f>q(

S

. . ; I / [ PO L
u(.g':cs e 55(‘.«:} ) Lhe qf‘c,{(( M derum riotads { 4 ‘ﬂCa‘ plr Wb e L !é\ t/ Hloce
J ;

:
4 : fov
""}“‘ . cw g Py SO vip b Lt o4 g Bt Ve Fo bt £ 2t

N ) / » ]
AR iy T f‘:' ; : f ake. ;({ s _A{(_{-.V_g 4 2\,(4L5‘,i.el
. )
= ey,

C\{‘( ot L_u;

L\/ mf if. V—-, (‘}, }()y fo /[;fm A Dautd I
! ¥

e
.

fi i
( o o (’n‘,‘i& of égiﬁf&fg"""-f,; o e e {
N

{ f.{ ¢ e e a o v 7
et ¢ ¢ e
[T |

¥ - ¥ 1) . W
el it g T8 B B it fan A r,}( Clptiapal by
% . i & [ i

pelay s o ivtedog o bt et o chﬁe! experitaces F A~ b
A

' f !
C/\’Et‘(- Fay; r‘&ctf&k_:., e g by froaelf

\)éiw»



"
s 4
-4,
T : ‘
" N (\T’ﬁ} ; 24 ‘\/F ’i = v \f}; K
0 % )
! \\ e Vi, gf e """1 ,J;
aars \(
‘ Peo i ;
) e o ; Ho. e LAg e oo S»&..{_.C {\@ L L b g
X - f !

! ‘/_(4- P , )

et wl He el G

A UL (; . 3 5..‘
S = S M R

-
1
4
:
o
[l

H
® o LA gan ‘L{_-i Y iy \fL-{‘(u, X

1 - [ vy B fo f P o
- o I T e . ; oy o
A \ji-rff R P o \/5., v
: . 3 P
’ i
' s
[ o
: ]
o : b, -
* Lrate ’ Far o i rL ae Tk D v r\y:)tv g
—
v oo
J
N
’ 4 i N . . .. el
fast Oéé'ci‘.x'm Lo thee | Lo e for s “Mﬂ'v("‘v o wles f:f“/
/g \f) I[ I \‘fg
!\ . \ ‘{{\}‘ 1“#5 {{*\1! L,ff AD E\,.':},j
L'{ A £, AN ["J_ i
Wy
Z Yo, L -
— 4 i 4 . et Y
= i G e, £ A . o A 2t
[ L ,
| ey
b : [ . . ) ‘
| R oot e, Oy Vs He o gl
o 2
i

3 [ o 0h i.-ezu.ﬁ,‘,'-.‘,r

[
R



. N f_‘{ L g [
[( ) ic Con 050 BCan c.—{{,.\.h.-é & ( L. {> ) L
S ,] e i
! k : ) N A
et O Lipgte L c_r{tfq \/2 (/Le {!-:_!CJ\-A- ot Aoy
™ . 4 e

N

ao

. I (PT,
[ 2" C\chﬁ,c\x\/ X iyt 6y é’[\.k(ﬁ BT
M

H ¢ ‘
U_;f«s ihgs ol
» e
e e
!
e
R et o

- i ?\uﬁ @
2 \ D
f
W e Y ;
TN Pl v ‘\/ of —ﬂﬁg f v fa e qu("
R P 2 [ s et
j \l}!};- Sf"f o
I ; { £ . : e B
1\‘ i \5 i L ofyl R A ’€ \"'_k;:re_,.r =S By
: - 2.
\ o
N ‘s‘( V‘SCL.Q
N
A ¢ ! ' : v i [
‘(:-7‘ i";’ i rhere E/ “'L’i Rav] c;f ot ‘L"-»..":?:‘(':_/i; f‘{‘f: ‘j_‘ W’l b
@ O il o &It,\.“n & & hs, pen o fal Lt B, LR AL [ frox s
F - A
— ““t—i G “ - % 2—. 61
h G, ( \} s M, S
flE)= e gle)= 2 G

i
P

- {SC{..{:OF."{ Cu. e C.UC‘-ifnz (et

2

o Lo i .
—m PR B p AL ’Q @M{,(ga/ Pe) U\M{'{ el fS
-
e /” 5
- [ AR [ g
- = b | rTg dr .
fg
; : )
-~z MM‘S g,@({.%!ﬁ cere ey ebde s D Oét/s_.«nankr‘ra-if' (é’*ki
—_—y -
J—: e F - (fé v, ) oL { /t
£V = T = Y7 e, bes
- 7 J,2__ ."%é'f{' ! l‘\/\z.
Govy & Lan A
_ C')é [ m__.__;m.___,.‘.....,.
- &uf e Lugeuer z"vQSQ
- -2 ‘
f NZZJ & T Cj {

0

PR AT %
Y
ra
2 /
‘7:\. o g’
>, ]
’ i
J
{ o
il
1o
2
0.48 @,
i A

L
Foerlud

'f\\.-!
C;»{ Py

;
£ Qo 2037007 C'_(

& .
(ST
Z

cheo !\3

NG

e

o

<l
o
e
.

6l



!
LRI ¥ g
H

H

[f 3%
- O L

Lieos o TN
3

2 2 / { — r & - I\'"l' \ o
- ® : . ' Ido f / 3
i A - ol T = (6% D% 08 AR f - f& 2.0
i / e ; ;
' ! L/ e Lo f\ Eih oy vl e
! / ) A o ., T4
At Covbrt, nubg £77 L P e
v, s,
' Feo Loy el et )
= sl Sl {0 enchel R L. e by / cle o, Lot ol Lo @{‘-r‘_m ot s e
v ! f 5 - ¢ . :
(;A(( Lo fl Cvperte {‘,l’ o v . co sl Fro jid ot
! ' i f i .
boate e il o PO li(5) 0\(( ! b gy G b e R
J J i
{ i ¢ i P TS ; !
O pe e % (’5(\} Ptmmt, b E J =2 VN & Ll .!fﬂ Shee Tie e ; tdie  {aeg f.‘;; & Mty r, an Al
e : f'" .3:‘1 ot fr - iy
NP S S N HERS A R 7 T T s ida
bapd L T Meooo '\--;{ N o ; g et e B
i L "
i 7,
g)\[ f}\ ~ éj\ﬂ‘ :f/f. B f ; R ﬁ} !
% !
- Lart Lang
!
P ;r ot _
e o ST
Ve L4 [0 Hie g -
o f Fap l .
: ‘f‘ fe . = k) [z ) i -’}.fzﬂ_} ity y
Ly g‘; ~ . L [P, S #1y . LR paany AT, j
Sore oy T - 2 ;
: £ }z' 0 (?,’r é £ {1:;.
T o2 P
' ‘L-‘\.é;.x, i fpd e BT DU R =P8 U ;
/ /
e ‘ i
7 el [t 28]
lo HE )
. ‘, : : i { £ f d Foor
- ”€‘~*‘f’~-:: , g Ci’-ft,\mvm'!’f.s.z f: A 5«‘-‘.:/:--., c,b. i Al R { £ f It o £L..
’ ¥
, 1 f .
{ .40 A ~F 4 ) b / -
Contes 0 Cong o Mo b T et e e S
- i G /
J
: . P
P g?" p «{‘ £ e gt Ve L e ‘] Ao Sa o N o fe, xatva s E FeT fe.d
LA i . e 3 p H
;‘{' \52_7 { :’ §oan s L 7 ;?’ i-d Sy 'J \/J (Ao :,‘ E,



\
: . . o i ir B f . 7
N % k Y 5 £ S Fon e R ¢ )i__“ DTt p H { G
s 7 i
Ty 2 e rf [ AP o S i R f - o b g»j j ¥
i Lotk B 3 i L e ;oo
% ¢ R P
-;’/{i_<,[ : o & sre i !{,. s #
; P ; !
fo ] ] / . . !
B o N W
; Lot ‘
. b f [ . i oalees ){ &
comstile o sk o Caeme b G sttty Uery
R F
W\‘i"{'t uc{r" r}\;"‘_‘_ o ro (‘_r.if-‘ o ![ﬁ(_g LR [V WL 4 Cit'g k (’.' e
” - ! - B
- r
. {0 f 4 ) y sz & u,h{ t{f FO T e o SL‘”‘P! 5‘/
Vs pmaﬁﬁa L S A R O / R
f,f’_‘ © ¢ t'g L- ; A
. 2. .
M = =ty Crermy ﬂ[,a‘f)
[Fak s mi {4 d { [
7 I [’ 7 s o \,] Ny, i _[J{_
N A R AT a T La 0 A, foboogte [Rey enaddinn R R R T el Lo,
/ i i ra { s i
‘{/{"‘;‘ Lot Emes e LJ/\...‘ L. Ty KC/{ (\m MA(‘ C.AEU":_L{ fﬁ(_‘,j [ TL z”’f‘*t» € ! ::.
© } ¥ 3 - - 4 , 2 - :
B ; 2 o I
oo s/ . rf s (_-, . - ,{. r s f . PN
{\J h {0 by . ] ‘- tef T4 [T
I i o Z. fa 7 E‘:
et B Bt [T Preyiut ! E oL - J P C: !
T
P . , ; s K 2y ;4 _
i ‘i{u\‘- Srimsups ¥ Cocell ol [aace gﬁé?' Laand FoROE {“"ﬁ Lo bteade T ] $ M1t e
B a i il
! 1 §
O(J‘SLK J ‘P(\CM. 'f'{\& (&C(S feTd {”S Siﬁ‘p‘p&‘ oA ((mf-- MAQ C/{}:S l( .y
i i)

LU LU M cles

£ ﬁ»? [

npo D Warog f;r'-f PRV {
; R y

-.j !«Q

AR

g'% F ) j <

dr{ {C 5 &t'j; L(_ ( ,“_\

e C,f,:}gt’( } Fc

e VT S I

Co fopf
fie ber ST iy G, e
. S g
L, of P
i ('g‘::‘ 7?)
: Lofss .
[ R S T A £



& i -{;P)‘ L-‘{ i o

-

el

‘fff’-xe}‘r (_-g(aj, - @.{ﬂﬂ Lr;_f '[(.Y ’[f(ff_ .f:.(_we ¢ ere s {;"’_»_‘Q_
! f fe E‘a-{){"cu!u i€

-th/‘ oo B,

g

. LL/{—'._Q,‘_L szfa(g_ p@,)f@

A ;
‘e poelieaf

Come LAl o f

[al=2Wy L:’M(

5 4
) (}-‘ J{‘ wE oy [‘{3 C'f. g ’E (( LV [‘k, 5 & !-ft 5 r it (_r ‘f,.\_“, s
. = g )
[y e g-{»?fﬁr‘. f

P
[‘“-é"-f‘ & [,

bl (L

f /o .
abr anf epttgecda's , e
U




}'\‘. L}
Lper

+

g,

TS

1

L
N ¢
W
[P
oy
W

.
.
i k)

coule e

A - p
. o
o, 5 - W
S
s

!
P,
“
{
—
[, b
- F¥is 1.
: t
n|
e -
' ! N
s
5
vty
\ ; : .,
: L oA 4N Al LE
i
s
P S e
¥ ; :
N i s i
Y

|
"
" e
el
: oy e P
! : ;
i N
Il
. : 7]
' & SME S
. -5 ;
- N
[ . =
¥ o
.
Poee gy
! o |
LY
5 "

A

/

~booly eqpualicng

sy P, f&; i
L e . !3
S S B
! i
) - .
s - : Ao N
T ! i i N
fe - ;
% i
N £
- .
Lom et pea ’E . -
[ ! . -
[ 3 Gl T
ir;“(fi '
L
!




L.

%

#
i

.

“1 s

Larf

; .
L Dy e L4 VT

: .
----- / ‘
Lo :
X
f A
AR PRy
n
R P
. : . i
P oy R
! [ Yo o
T : f e
iy
it PR

U O{X‘CL-(

H
L™, {’v 7 Rl L)‘€

&_..

.
a ko ! C“"Cg ;
ey ¢

}
(\‘/jiz‘c) Loy T

,af i
!af;"x_\_ © Jlgh . jf o

welo ff‘L"“-f) Y tas

= DO, ke D

P

Lo

. Pro‘igc _(\r C-”g J(‘*{Q':Uﬁ {.!‘(;\,_5



!

. . " f g g f [ P NP SR S
Styeigan- Tr st T - O OV R SR O et oo R

r {.)%“': RIAEN N7 i"‘-’!f e J e g% 1’ EE\C‘,.’}(K! é.;‘/‘

-
ﬂ\ o
: . .
/_; IS VAR e
5 = -
= £ . i ‘ v
L " - < S
AR g {.r‘, i o VY S Foal
1 ) oz,
i -
L fc. fo e c o~ Lo ibe odolon T
- — T - - e
SO F e I e e _ 7 e )
N TV ~ ty. > o= o N o U [ AR
; N e . H _ﬂnc‘ :
; a5,
. .y . . ; R, /¢
e g cri v fecet ’[""*"g Lo € L A LA T SR
&l EAIS F T P
¢ { 2
2 ! ¢
< A o=
¢ i
3 B S
o0 sty A
;
; 4
LG

ZT = 3 <fk J(N",
el

R

' :




i "!Cy('/f-(

i )
Z A
fote ey

-

-
Ly L40s

f "

! i’
— - L .
= % . " ..
. “
7 e

ot S L f Ol ; b
Iy

“{ ff&' s [(-—L' o -{,f'('/k,a S S ETM L
.’(‘/

i < /

L

3
® fa . \.\"{[{ £ {J ¢l
Fr e
3 7
A oy

o ;
Y ~ N L
A A
< 2

S

{ \f‘im EA &
J ; :
&
A
¢ :
= i " ! # fotm !‘(.e E2N
= LT L, I A A N ) e
O
o [
= L
1

£ E80 b o
H
e £ f’\ ¢ Loty 85 e { P JRgr
) / #
i} } AR y); L, ;e Fprombe'd

RN I Y ST _
I 7 ¢
- i £ Pt . I ' / vey
(i(;{ “ L8t - } ol k o R fog e FEN o L
ey T
! ¢ i
f it g
Bl rr
N
& o5y
I - VAL
{ ) 7y
L )




S e L

-
o5
o
S
jad
i
n

&




4.2 Gravitational Lensing

The theory presented in this section is based on two main assumptions: (i} the Newtonian limit
of a slowly varying gravitational field is taken from Einstein’s field equations, namely |®| < ¢?
and |vens| <€ ¢, in order to characterize the properties of lenses, and (ii} the lensing objects are
considered to be thin, i.e. the deflecting mass is isolated and concentrated within a region L much
smaller than the distances between source and deflector and deflector and observer, L « cHy 1
This approximation holds remarkably well in the astrophysical cases of galaxies or clusters of
galaxies.

4.2.1 Deflection Angle o

Linearizing the gravitational field equations and taking non-relativistic sources results in the
“post~Minkowskian” metric to first order, neglecting the gravitational vector potential,

ds® = (1 + %%’i) dt? — (1 - E‘g) dr?, (4.50)

where @ represents the Newtonian potential and dr characterizes the spatial part of the Minkowski
metric. Using the fact that light propagates on null geodesics, namely ds? = 0, yields an effective
velocity of light ¢’ in the presence of a weak gravitational field,

ld 2%
c’:l—ci?;—l:c(lﬂ——"i-)E-::, (4.51)
n=(1-%) 21, (452)

which defines an effective indez of refraction n of the gravitational field in analogy to geometrical
optics in dense media. Note that the gravitational potential & is by definition negative as it
represents an attractive gravitational force. Applying Fermat’s principle leads to an equation for
the spatial ight paths by using the Euler-Lagrange equations for carrying out the variation

5LBndlm5/Bn(r)\/[fE2dA~“!:0 (4.53)
A
or P =2 V19(r), (4.54)

where the different curves are parametrized by the affine curve parameter A, the dot denotes
a derivative with respect to A and V®(r) is the gradient of the potential perpendicular to
the perturbed light ray. The total deflection is therefore the integral along the light path of the
differential displacements,

a(r) = —fvin(r)dl = %fvi@(r) dl. (4.55)

Because in nearly all cases of astrophysical interest the deflection angle is small, & <« 1, one
usually applies the “Born approximation” and evaluates the integral along the unperturbed ray,
i.e. along a straight line. Since the non-relativistic matter is characterized by its density perturba-
tions only, the gravitational potential which gives rise to light deflections (4.55) neither depends
on the actual nature of matter nor its composition or physical state. Therefore gravitational light
deflection probes the total matter density of gravitationally interacting particles irrespective of
baryonic and dark matter.
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4.2.2 Lens Equation

The lensing equation relates the intrinsic angular source position of an astrophysical object to
its observable image position on the sky which was possibly changed in the presence of gravita-
tional light deflection along the line of sight. In order to derive this equation in the thin screen
approximation, it is useful first to consider lensing by a point mass. The Newtonian potential as
well as its perpendicular gradient can be written as

GM

P&, 2) = “ﬁ (4.56)
and VL ®(E,2) = S (4.57)

where the tree dimensional vector r is decomposed into the z—coordinate along the unperturbed
ray and the two dimensional impact parameter £ orthogonal to the unperturbed ray pointing
towards the point mass. Equation (4.55) leads to the deflection angle

oo [T _CME_ . 4GME 2ms €
C’-’(g)"cz/;m(é-2+z2)3f2 Z = (;26 |£Em £ EEI:

with Rg being the Schwarzschild radius of the point mass. The Born approximation in this
context makes sure that the integral is evaluated along the straight coordinate line 2.

If we now consider extended objects acting as lenses, but still located within a small region
compared o the total distance between lens and observer, the mass distribution of the lensing
object can be projected along the line of sight. The smooth three-dimensional distribution can
then be replaced by a mass layer perpendicular to the line of sight, which is called lens plane.
The surface mass density on the lens plane is given by

() = /p(ﬁ, z)dz, {4.59)

(4.58)

and the deflection angle at position £ is the overall deflection effect due to a superposition of
“point-mass” elements in the plane because of linearity of the system:

sy 4G [EENEE) o
&(g) = «E;/—Wd ¢ (4.60)
This equation holds in the lens plane with the impact parameter measured in physical units.
Assuming the small angle approximation, the lens equation relates the position of the source to
the observable image position on the sky. The geometry of a typical gravitational lens systemn is
shown in figure (1).

The true position of the source with respect to some arbitrarily chosen optical axis is denoted
by 3 and the angular image position on the sky as viewed by an observer is given by 8. All
distances along the line of sight are angular diameter distances, where Dy, denotes the distance
between lens and source, D} the distance between lens and observer and I, the distance between
source and observer. Using the relation £ =~ I8 and introducing the reduced deflection angle,

_ D

a(6) = 5

a(8), (4.61)

equation (4.60} can be written as

_ 4G DDy, / (e (e o)

240
al0) = =7 - G o7 a9 . (4.62)

e

(2

Le
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Figure 1: Olustration of a typical gravitational lens system. The angles are exaggerated for visu-
alization purposes.

The critical surface mass density T, and the convergence x are defined by

_ {(4xG DD\ 7! =z
Ecr = (-CT DS and R = Ecr B (463)

It is important to note that the distance combination appearing in equation {4.62), QD‘%L&, acts
as a lensing efficiency function. It approaches zero at both the scurce and the observer and has
a maximum in between. Using definitions (4.63), the deflection angle as a function of the image
position @ reduces to

mmmlfﬂmltfify (4.64)

™ 9 — g2 ' ’

This equation shows that only the ration of £ and ¥ is measurable, or in other words, using
gravitational lensing on its own, one is not able to determine both the mass of a lensing object
and the involved distances independently. From figure (1) we can read off 8D, — &D), = BD;,
assuming the small angle approximation and using the theorem on intersecting lines. Using the
expression for the reduced deflection angle, this establishes the lens eguotion in its simplest form

B=8-a®). (4.65)

In general, this equation is nonlinear and can thus yield multiple images on the sky for a single
source position 8. Moreover, the shape and the size of the images will differ from the original
source because light bundles are deflected differentially.
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4.2.3 Circular Symmetric Lenses — Einstein Radius

Consider a circularly symmetric lens with an arbitrary mass profile. Due to the high degree
of symmetry, we can place the coordinate origin at the center of symmetry and reduce light
deflection to a one-dimensional problem. The deflection angle always points toward the center of
symmetry with a modulus

. AGM

&(£) = —Cgf), (4.66)
where & = [ is the distance from the lens center and M(€) is the enclosed mass within £,

3
M©) =2 [ 2. (4.67)
0

Combining equations (4.61) and (4.66) enables us to rewrite the lensing equation (4.68), yielding

Dy 4GM(0)

Owing to the rotational symmetry of the lens, a source, which lies exactly on the optical axis
(8 = 0) is imaged as a ring if the lens is supercritical (X > ). Setting 8 = 0 in equation (4.68)
gives the radius of the ring, the so-called FEinstein radius,
GM(6) Dy,
b =/ —5—> .
c DD,

It is not only a property of the lens, but also depends on the distance efficiency function. It
provides the natural angular scale to describe the lensing geometry for the following reasons: (i)
in the case of multiple imaging, the angular separation of images is of order 28y, (ii) sources that
lie closer than approximately g to the optical axis experience strong lensing vielding to strong
magnification and sheared images whereas sources at much larger distances are only very little
magnified, and (iii) in many lens models the Einstein radius roughly represents the boundary of
source positions that are either multiply-imaged if they lie inside &g or singly-imaged. Comparing
equations {4.63) and (4.69)} reveals that the surface mass density inside 0 is exactly the critical

surface density I. For a point mass, we can obtain the Einstein radius

fp = 4(}'_M Dis =~ 30" WWILJMW 2 i e (4.70)
ETVT&2 Db, 10943, Gpc ’ '

where we defined the lensing efficiency distance D = D;D,/D;, and inserted typical values for
clusters to highlight the relevant angular scales for giant (tangential) arcs in clusters. In the case
of clusters, detailed mass modeling is necessary since only a fraction of the cluster mass resides

within the Einstein radius.
For a point mass lens, we can use the Einstein radius of equation {4.69} to rewrite the lens

equation in the form

(4.69)

B=0- 795-. (4.71)

Oy = é (6:i: v/ B2 +49§) . (4.72)

Any source inside fg is imaged twice by a point mass lens. The two images are on either side
of the source with one image inside the Einstein ring and the other one outside. As the source
moves away from the center of the lens (i.e., with increasing ), one of the images approaches
the lens and becomes very faint, while the other image approaches the true position of the source
and tends toward a magnification of order unity.

This equation has two solutions
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4.2.4 The Lensing Potential ¥ and Local Lens Properties

It is convenient to define the lensing potential ¥(6@) which is the scaled and projected Newtonian
potential of the lens,

Dls
T(6) = NN /cb D9, (4.73)

The lensing potential has the nice property that its gradient with respect to 8 is the deflection
angle
D
O = 25 [ Vis(e e = ale) (4.74)

where the perpendicular gradient is now actmg on the physical impact parameter having used
the small angle approximation £ ~ D;#. Assuming further that the changes of the Newtonian
potential along the line of sight average out, which is true for instance, as long as the lensing
object is only slowly varying and does not undergo a rapid collapse. More precisely, the time-
scale on which light travels across the lensing object, has to be much smaller than the collapse
time-scale of the light deflecting object. Then the two-dimensional Laplacian can be replaced by
its three-dimensional analogue,

2
A9y = 30 L2 o 5 TH L o). (4.73)

Therefore, the Laplacian of the lensing potential acting on its angular coordinate 8 equals twice
the surface mass density scaled with its critical value, i.e. the convergence &,

DDy, 4 DDs
Agz)m(e):fim%f- f ABP(E, z)dz = 2 ”G- L f (£, 2)dz = 26(8), (4.76)

where Poisson’s equation has bean used in the second step. Since ¥ satisfies the two-dimensional
Poisson’s equation, its Green’s function has to be considered, namely

ARG0,0) = 276p(0,0) =  G0,0)=hg-0!. (4.77)

Therefore the lensing potential (@) is given by the convolution integral of the source function
(8) and the Green’s function in two dimensions,

U(8) = ;1; [ x(0')In |6 — §'|d%¢" . (4.78)

Liouville’s theorem and the conservation of the physical number density of photons during the
process of gravitational light bending imply that lensing conserves surface brightness or specific
intensity. Assuming that the angular scale on which the lens properties change is much larger
than the extent of the source, the lens equation can locally be linearized yielding

e)
B=0-af) =+ 2 (0-6;). (4.79)
The local lens properties of the lens mapping are described by its Jacobian matrix A4
a8 (o LGRS 8% (8) - a1
A= 89 ((523 agj - 6’.7 891,853 (533 ’U (9)) s M ? (480)

where an abbreviation for partial derivatives has been introduced and A is the inverse of the
magnification tensor M. This is justified, because a solid-angle element §3° of the source is
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mapped onto the solid-angle element 6% on the image, and thus the magnification due to the
mapping is given by
00— dot M= (4.81)
5T T Get A ‘

The trace of the Jacobian A describes the isotropic magnification of the source,
tr{A) = (1~ W11 )+ (1~ ¥00) =21 — &). {4.82)

This also intuitively explains the meaning of the convergence «, which is a measure for how much
the lens focuses light rays isotropically. Subtracting the trace from A leads to an expression for
anisotropic distortion (astigmatism) of the image,

|
Aiy — -2-(553' tr{A) = 6; — V45 —055(1 — 8) = ~ V45 +rbyy =T, (4.83)

where the shear tensor I' has been defined in the last step. This distortion is due to the tidal
gravitational field. Particularly, it decomposes in

I vz
r= ( S ) (4.84)
amd = (W) = 5(0) cos (26(6) (485)
72 = W = Wy = 7(6)sin (26(6)) (430)

Herey = \/’yli_ + 73 describes the magnitude of the shear and ¢ its orientation, whereas the factor
2 shows that ~ is not a vector, but a 2 x 2-tensor.

4.2.5 Strong and Weak Cluster Lensing

The name of the game in cluster lensing research consists in reconstructing the mass distribution.
Depending on the type of lensing — strong or weak lensing ~ there are different algorithms used.

4.2,5.1 Strong Cluster Lensing Using our simplified mass density model of a singular
isothermal sphere (SIS, see Section 2.4.1), we can readily work out the relevant strong lensing
properties for this model. Recall that the mass density and rotational velocity in this model was
given by

2
o; 1 GM(r)
27:& o) and vl = — = 202 = const. {4.87)

Upon projection the density along the line-of-sight, we obtain the surface mass density

plry =

plr)rdr ol 1

5@ = [ o6tz =2 [T L =200

where £ is the distance from the center of the two-dimensional profile. Using equation (4.66}, we
obtain the deflection angle

(4.88)

2
%y (4.89)

& = 4o -3
o2

which is independent of £ and points to the center of the lens. The Einstein radius of the SIS is

given by equation (4.69),
0'2 D( Dg
O = 4L == = G = q, 4.
B=ta p, T YD, ¢ (4.90)

; P
fite &,
: J
\\__‘_/
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The symmetry of the problem reduces the dimensionality of the problem to become one-dimensional.
Multiple images are only obtained if the source lies inside the Einstein ring, ie., i 3 < fg. If this
condition is satisfied, we obtain the following two solutions,

8y = 3 . (4.91)

The images at A, the source, and the lens all lie on a straight line. (The third image with zero
flux lies at € = 0 and only acquires & non-zero flux if the singularity of the lens is replaced by a
core of finite density).

Rich concentrated clusters can produce giant arcs when a background galaxy is aligned with
one of the cluster caustics. Typically, a parametrized lens model {such as the SIS above or a
more complicated functional form) is optimized so as to obtain a good fit to the observed image.
If there are many constraints from a number of strongly lensed galaxies such as their position
and detailed properties of their distortion (magnitude distribution across their arcs}, ray tracing
through an adaptive grid is possible. This can even constrain the detailed mass distribution
within the cluster including their substructure mass distribution.

4.2.5.2 Weak Cluster Lensing — The Kaiser & Squires Algorithm FEvery cluster
weakly distorts images of a large number of background galaxies giving rise to so-called ar-
clets — this phenomenon is referred to as weak lensing. With the development of the Kaiser
& Squires (1993) algorithm, weak lensing is being used increasingly to derive parameter-free
two-dimensional mass maps of galaxy clusters.

Kaiser & Squires Algorithm — topic of mini-symposium.
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