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1. Halo Constraints on the Nature of Dark Matter (10 points)

The following provides an argument against the possibility that massive neutrinos
constitute the majority of the dark matter. The velocity dispersion of stars in dwarf
galaxies suggest that these objects may be dark matter dominated. The central parts
of the Draco dwarf galaxy can be modeled as a cored isothermal sphere, with King
radius r0 = 150 pc and one-dimensional velocity dispersion σ = 9 km s−1. For an
isothermal sphere, r0 and σ are related to the central density, ρ0, by

r0 ≡
(

9σ2

4πGρ0

)1/2

. (1)

If most of the mass of Draco resides in a single neutrino species and its anti-neutrino,
find a lower limit on the neutrino mass in eV c−2 so that the Pauli exclusion principle
is not violated. Show that this mass is inconsistent with the neutrino mass required
for Ων ≤ 1 (problem 3 on exercise sheet 4).
Hint: one possible way to go about this is to compare the microscopic and macro-
scopic phase space densities.

2. Binding Energy (10 points)

Consider a dark-matter halo with NFW density profile, i.e.,

ρ(r) =
ρs

x(1 + x)2
with x =

r

rs

. (2)

(a) Using physical reasoning, argue why the potential energy of the halo must be
of the form

Epot = −α
GM2

s

rs

with Ms = 4πr3
s ρs, (3)

where α > 0 is a dimensionless constant.

(b) Confirm that the gravitational potential of an NFW halo is

Φ(r) = −GMs

rs

ln(1 + x)

x
. (4)

(c) Determine α by integrating to infinity for simplicity.
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3. Gas in an NFW Halo (10 points)

The NFW density profile diverges in the center, i.e., for x → 0. Gas filled in the
halo’s gravitational potential Φ satisfies Euler’s equation

∇pgas

ρgas

= −∇Φ(r), (5)

where pgas is the gas pressure.

(a) Assuming an isothermal and ideal gas, show that the gas density profile is

ρgas = A exp

(
−m̄Φ

kT

)
, (6)

where T is the temperature, k is Boltzmann’s constant, m̄ is the mean particle
mass, and A is a constant.

(b) Using Equation (4), show that

−µΦ

kT
= 3

ln(1 + x)

x
(7)

if the gas is in equilibrium with the gravitational potential.

(c) Is the gas density finite in the halo’s center? Compare the density profiles of
gas and dark matter and explain the differences.

(d) What happens to the gas-to-dark matter mass density ratio ρgas/ρ at large radii?
Is this a realistic behavior and if not, what would have to be changed in the
model to make it more realistic?
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