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Chapter 1

Intro duction

1.1 Overview

The main theme of this thesis is the stability and instability of magnetic "elds in
stars. During the period in which the scienceof magnetohydrodynamics was being
deweloped, around the middle of the twentieth certury, magnetic elds were detected
in Ap stars, the rst "elds which had beenfound in stars other than the Sun. This
led inevitably to particular attention being givento thesestars { they represened an
opportunit y to test the new science. The nature and origin of their magnetic “elds
hastherefore becomeone of the most important topics in stellar magnetism,and it is
for this reasonthat particular emphasisis givento them in this thesis. There aretwo
competing explanations for their magnetism: the dynamo model and the fossil- eld
model; both wereadaptedto A-stars having beenoriginally conceivedto explain the
solar"eld. In the dynamo model, the "eld obsened on the surfaceis a manifestation
of that createdby dynamo action in the convective core,and in the fossil- eld model,
the "eld is left over from the star's formation. The latter obviously requiresthe "eld
to be stable, and the lack of a known stable "eld con guration has beenthe main
dizcult y for this model. An arbitrary “eld con guration is generally unstable and
will decay in a short time { the time taken by a magnetic (Alfv §n) wave to crossthe
star { very short comparedto the lifetime of a star. The stability of various "elds
has been examined, but even the most cursory of glancesat the literature reveals,
unfortunately, that it has beenmuch easierto prove that a eld is unstable than to
shaow that a eld con guration is stable.

While the debate over the origin of Ap-star magnetismwasin full swing, magnetic
“elds of similar geometry and total °ux were found in a number of White Dwarfs.
This did a lot to strengthen the fossil- eld model, as these stars do not contain
any corvective core. Cooler White Dwarfs do have a corvective envelope, but a
dynamo operating in this zoneis not expected to be able to produce a eld of the
required strength and steadiness. Strictly speaking, of course,even if the "eld in a
White Dwarf is a fossil, it doesnot meanthat the "eld in an Ap star is also a fossil.
However, the White Dwarf discovery did seemto give the fossil- eld model the upper
hand.

More recertly, the fossil eld hypothesishasbeeninvokedto explain the properties
of the so-calledsoft Gamma repeatersand anomalousX-ray pulsars. Theseobjects,
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which werediscoveredfrom their X-ray emission,are believedto be a classof neutron
stars with a very strong (10*® gauss,or 10'! tesla) magnetic "eld: the magnetar
model. A "eld of this strength would be strong enoughto break the solid crust of
the star { in cortrast to the weaker "eld (10%? gauss,or 10® tesla) of a classicalpulsar
{ and could not be held in place by the crust againstits will. There is evidencethat
these objects retain their magnetic "eld for at least 10* years, and sincean unstable
“eld of this strength would decay on a time-scaleof secondsjt seemsvery likely that
the "eld residesin somekind of stable con guration.

In Sect. 1.2 | give a brief history of the obsenations of A-stars, as well as a
summary of the theory of their magnetism. Sect. 1.3is concernedwith the instabilit y
of a toroidal magnetic eld, and with an interesting consequencef this instabilit y:
a dynamo driven by di®erertial rotation. In Sect. 1.4 an outline of the obsenational
properties of the soft Gamma repeatersand anomalousX-ray pulsarsis given, along
with a description of the magnetar model. | then list the main results of this thesis
in Sect. 1.5.

1.2 The magnetic A stars

A small percertage of A stars (or more precisely stars of spectral types B8 to FO)
are found to have a strong magnetic eld at the surface.

1.2.1 Observations

The history of the Ap stars (meaning “peculiar A stars') beginsover a certury ago.
Maury (1897) noted that the spectrum of ® CVn (one of the brightest of this class,
at magnitude 2.9) was peculiar, shaving unusual weaknesf the K line and strength
of the Si Il doublet at 4128\. Variability of someof the lines was subsequetly dis-
covered and Belopolsky (1913) measuredthe changesin intensity and radial velocity
of one of the lines (Eu at 4124\), Tnding a period of 5.5 days. The photometric
light curve was measured(Guthnick & Prager 1914)and similar behaviour was later
found in other Ap stars (for instance Morgan 1933and Deutsch 1947).

Only upon the discovery of variable magnetic elds (Babcock 1947)did any expla-
nation of this interesting spectral behaviour becomepossible. It was found that Ap
stars have an unusually strong magnetic "eld, with surfacestrengths ranging from a
few hundred to a few tens of thousand gauss(0:03to 3 tesla). The variabilit y of the
“eld can be most easily explained by imagining a static eld not symmetrical about
the rotation axis (the so-calledobligue rotator model, rst mentioned by Babcock
(1949), although he immediately dismissedit); the spectral peculiarity is then taken
to be a consequencef the e®ectthe magnetic eld has on the transport of chemical
species.

Measuremert of the magnetic eld on these stars is made di+cult by rotational
and Doppler broadening of the spectral lines, and by the fact that the spectrum we
seeis the sum of the spectra from ead point on the visible part of the surface,with
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no way of separating them. Howewer, it is possible, with the aid of polarimetry,
to retrieve a small number of quartities from the spectrum, ead of them some
average over the visible disc of the star of somepart of the magnetic eld. The
easiestto measureis called the longitudinal “eld, the line-of-sight componert. If
the star is rotating slowly (so that Doppler broadening is small) then it may be
possibleto seethe lines separatedinto their Zeemancomponerts, in which caseone
can measurethe “eld modulus, an average of jBj. By measuring such quarntities
as the star rotates, it is possibleto reconstruct the "eld on the surface (at least,
that part of the surface which is visible from the Earth), given someassumptions
about the shape of the "eld. Having made, for instance, the assumption that the
“eld consistsof a dipole and quadrupole only, one can reconstruct obsenations as a
function of the free parametersin the model, (i.e. dipoleand quadrupole strength and
orientation), looking through parameter spaceto 'nd the point of leastdisagreemen
with obsenations.

Various models can be usedand the typical result is that the "eld consistsmainly
of a dipole, with smaller but signi cant cortributions from higher orders. [Seefor
instance Landstreet & Mathys 2000, Bagnulo et al. 2002and Gerth et al. 1997.]

A few properties of the Ap stars have yet to be explained:

2 The Ap stars rotate in general much more slowly than the normal A stars:
they have periods ranging from 1 day to over 10 years,comparedto the typical
A star with a period of betweena few hours and 1 day (seeAbt 1979, Wol®
1981and Abt & Morrell 1995).

2 A correlation hasrecertly beendiscoveredbetweenthe rotation period and the
angle betweenthe rotation and magnetic axes. It is found that in stars with
periods of greater than 25 days, the two axesare closeto ead other; in stars
with P < 25 days the distribution of anglesis apparertly random (Landstreet
& Mathys 2000and Bagnulo et al. 2002).

2 |t has been suggestedrecertly that there is a correlation amongst A stars
between magnetism and age (Hubrig et al. 2000a). It was found that no A-
stars are magnetic during the rst 30% of their main-sequencdifetime, so it
seemghat somesmall proportion of A stars must becomeobsenably magnetic
only after a certain time, the others not becomingobsenably magnetic at all.

The last of these three obsenations connectsnicely with the results obtained in
Chapter 3. Unfortunately lesscan be said about the other two, as the e®ectsof
rotation have not yet beenproperly studied.

1.2.2 The fossil- eld and core-dynamo models

There are two possiblereasonswhy these stars have a strong magnetic "eld on the
surface. Either the "eld is being continually regeneratedby someprocess,possibly
feedingo®corvection in the core (A-stars have a small corvective coreand a radiativ e
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envelope) { the core-dynamomodel, or the "eld was presert when the star was born

and has managedto survive ever since,the fossil- eld model. The two models have

beencompeting against each other ever sincetheir conceptionover v e decadesago.

The main ditculties facedby the dynamo model arethe failure to explain the absence
of any strong correlation between rotation period and eld strength, the lack of a

model linking the "eld generatedin the core to the "eld seenon the surface, and

the failure to explain why only a small proportion of A stars are magnetic. The

latter is also a problem in the fossil- eld model, although this model seemsto be

gradually gaining the upper hand. The major ditcult y has always beenthe lack of

any equilibrium “eld which can be proven to be stable.

More strong evidencein favour of the fossil- eld model comesin the form of mag-
netic White Dwarfs (seePutney 1999and Wickramasinghe& Ferrario 2000for recert
reviews). Around 5% of isolated White Dwarfs are obsened to be magnetic, with
“eld strengths ranging from 3£ 10° up to 10° gauss(30 to 10° tesla). It is thought
that these stars have ewlved from Ap and Bp stars, the evidenceincluding, for in-
stance,their abundanceand rangeof "eld strengths. If a main-sequenceAp star with
aeld of 3£ 10° G collapsesto a White Dwarf, while conserving°ux, the “eld will
grow to around 3£ 10’ G, which is a typical value obsened. The samequestion of
dynamo or fossil- eld exists here, exceptthat a White Dwarf contains no cornvective
core; no known method exists to regenerate magnetic "elds of the kind obsened.
This makesthe fossil eld model look enormously more likely.

Many other typesof star are obsened to have magnetic eld which are orderedon
a large scale. For instance, dipole-like "elds have been measuredon main-sequence
B and O stars, (e.g. Henrichs et al. 2003) and it is also known that neutron stars
have strong magnetic "elds { any stable "eld could presumably also exist in these
stars. In neutron stars, though, we have the added complication of a solid crust.
More on neutron stars below in Sect. 1.4.

At “rst glance,it may seemremarkable that a magnetic "eld can exist for a long
time in astar. Todothis, it hasto bestable, but it is sitting in a °uid which canmove
about in any direction, in contrast to a magnetic eld in the laboratory where the
boundariesare solid. Stability in the radial direction is provided by the strati cation,
but the Lorentz forcesneedalsoto be balancedin the horizontal directions.

There is another reasonwhy one expects a stable "eld to be possible. Magnetic
helicity, a quantity calculated by integrating the dot product of the "eld and its
vector potential, is consened, as long as the "eld residesin an environment free
of di®usion. The principle of magnetic helicity consenation has beenshawn to be
usefulin many cortexts, for instance in the solar corona (Zhang & Low 2003). We
can expect reconnectionto be relatively unimportant in a stellar interior, so the
principle of magnetic helicity consenation should be applicable. An arbitrary initial
“eld presern in the interior of a star will in general be unstable, and will begin
to decay on a Alfv&n time-scale, its total energy falling. Howewer, its magnetic
helicity cannot change. This meansthat the eld will evertually 'nd its way into
a con guration from which it cannot to decay further without its magnetic helicity
falling, at which point it will have to stop decaying. The "eld will then be in stable
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equilibrium. There may be seweral possible stable equilibria for a given value of
magnetic helicity, and which one is reached will depend on the preciseform of the
initial “eld. Alternativ ely, there may only be one stable equilibrium, which will be
the lowest energy state at that magnetic helicity.

Analytic work has speculated that a linked poloidal-toroidal "eld may be stable
(Prendergast 1956). Indeed, it has beenshawn that “elds of a purely toroidal (az-
imuthal) nature are unstable (Tayler 1973), as well as "elds of a purely poloidal
(meridional) nature (Markey & Tayler 1973,1974).

There are therefore someimportant questionsto be answered: whether a stable
“eld can exist in a star, and if so, how it can be created, and how it ewlvesonceit
has formed. These questionsare addressedin this thesis.

1.3 Magnetohydrodynamic instabilities

As discussedabove, the stability of a magnetic "eld in a star is an interesting and
important topic. Whether a "eld is stable or not dependson its geometry, soa good
starting point is to look at the stability of "elds of various geometries. The stability
of many possible eld con gurations hasbeenlooked at, and particularly interesting
is the stability of those elds which one might considerto belikely to exist. A simple
“eld con guration which could be produced by the “winding-up' of "eld lines in a
di®erertially rotating star is the toroidal (azimuthal) “eld.

Sudh a “eld, described in cylindrical coordinates ($ ; A;z), has only an azimuthal
componert, sothat B = Bes. It has beenshown (for instance Tayler 1973 and
Acheson 1978) that this toroidal "eld is unstable and will decay on a time-scale
comparable to the time taken by an Alfv&n wave to travel around the star on a
“eld line. This is very short comparedto the lifetime of a star, at only a few years,
assumingthe eld strength is 1000G. The instability is local in the meridional plane,
meaningthat the conditions for instabilit y have only to be satis ed at onepoint in the
($ ;2) plane and an unstable eigenfunction can be "tted into this point in space;the
instabilit y canthen grow. It is global in the azimuthal direction, typically only small
wavenumbers m being unstable and, most importantly, the mode m = 1. Fig. 2.1
shows the form of the instability { the gasis displaced mainly in the horizontal
direction, sincethis avoids doing work against buoyancy forces,and the divergenceof
the displacemet is zero, asthis avoids doing work against pressureforces. Chapter 2
looks at the nature of this instability (called the “Tayler instability") in somedetalil,
the purpose being to verify the results obtained through analytic methods, and
to ched that no other stronger instabilities were missed, which might render this
instabilit y irrelevant.

1.3.1 A dynamo driven by di®erential rotation

The notion that a magnetic eld may be generatedby movemert in a conducting
body is not new; it was rst applied, in the early part of the twenrtieth certury, in
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the astrophysical context to explain the magnetic "elds obsened in sunspots. It was
suggestedthat the Sun's magnetic "eld is generatedin the cornvective envelope, and
powered by the energyin the convection. The "eld is generatedin the following way.
A weak initial "eld is wound up by di®ereriial rotation into a toroidal con guration
(sincethe “eld lines are “frozen' into the plasma). The movemert of the cornvective
cells upwards and downwards bendsthe toroidal “eld lines, producing a new radial
componert. This radial componert is then wound up by the di®ererial rotation,
closingthe "dynamo loop'.

This type of dynamo has beenthe subject of extensive resear® over the last few
decades,and perhaps becauseof this historical connection between magnetic eld
and corvective zones,relatively little researd has been carried out into dynamos
operating in a non-corvective region. Somekind of small-scaleinstabilit y is required
for a dynamo, which in the caseof the dynamo described above comesfrom the
convection itself, which imposesa small-scalevelocity “eld on the plasma, in addi-
tion to the large-scalevelocity eld of the di®erertial rotation. It is also possibleto
produce a dynamo by imposing just the large-scalevelocity “eld, if the small-scale
perturbations comefrom the magnetic "eld itself. This can happen if the magnetic
“eld produced by winding-up from the large-scale eld is unstable itself { there is
no need for another instability to be imposedon the magnetic "eld. This princi-
ple was rst demonstrated in the context of accretion discs, where a dynamo was
producedwhen di®erertial rotation wound up a eld which wasthen subject to mag-
netohydrodynamic instability (Hawley et al. 1996). The sameprinciple was applied
by Spruit (2002) in the cortext of a di®erertially rotating star. In this scenario,a
toroidal "eld is wound up by di®ereriial rotation from a weak seed eld. The "eld
remains predominartly toroidal, subject to decay by Tayler instability (described
above), but is contin uously regeneratedby the winding-up of irregularities produced
by the instabilit y.

A dynamo powered by di®erenial rotation could be important not just for the
magnetic "eld of a star, but also for the rotation. Whilst a cornvection-powered
dynamo is running o®the luminosity of the star, the energy sourcein this dynamo
is limited and can be usedup ertirely, killing the di®erertial rotation. Indeed, °uid
viscosity itself is far too small to have much e®ecton rotation within any time-scaleof
interest; a magnetic eld looksto be the only plausible explanation for, for instance,
the near-uniform rotation of the solar core (Schou et al. 1998 and Charbonneau
et al. 1999).

The "eld strength resulting from sud a dynamo processdependson the balance
betweenthe decay of the toroidal “eld and the winding up of irregularities, and there
is someuncertainty asto its precise dependenceon the parameters of the system.
This, and a desireto know more about the potentially important role that angular
momertum transfer resulting from this dynamo could have, are the motivation for
Chapter 5 of this thesis.
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1.4 Magnetars

The magnetar model wasinvented in an attempt to explain the behaviour of a small
number of objects in our galaxy which emit X rays at high luminosity.

1.4.1 Observations

Four objects have beenfound which emit X rays at a luminosity of 10°; 10°¢ ergs !
aswell astemporally non-regular X-ray outbursts lasting from a fraction of a second
to seweral minutes, but in total accourting for a similar luminosity to the corntinuous
emission. This group has been given the name soft gamma repeaters (SGRs). A
further six objects have beenfound which appear virtually identical except for the
absenceof these outbursts. They were rst classi ed as a group by Mereghetti &
Stella (1995). These have been called anomalous X-ray pulsars (AXPs), and are
assumedto be dormant or extinct SGRs (Thompson & Duncan 1996, Mereghetti
2000and Frail 1998).

The outbursts are extremely bright (10*? ergs' 1) (Rothschild et al. 1994and Hur-
ley et al. 1999a)and therefore super-Eddington (10*L gqq ), @andin two of theseobjects
much brighter outbursts have beenobsened { in total 1£ 10* ergand 4£ 10* erg
were releasedrespectively (Cline 1982and Mazets et al. 1999).

Regular variability in the X-ray °ux from these objects has beendetected, which
can most easily be interpreted asthe rotational period, P. The periods rangefrom 5
to 12secondge.g. Hurley et al. 1999b). It is possibleto measurethe rate of changeof
this period P-and hencecalculate a characteristic ageP=P. Typical valuesmeasured
are 10° to 10 years (Kouveliotou et al. 1998 and Woods et al. 2000), the SGRs
tending to have lower characteristic ages. These agesare much smaller than the
typical valuesfor classicalpulsars, the oldest specimensof which have characteristic
agesof around 10'° years.

Around half of these objects are obsened in or near young supernova remnarnts
(e.g. Kulkarni & Frail 1993 and Vasisht et al. 1994). This gives us a useful way
to estimate their distance and age, since there are various ways to infer the age
of an SNR. This has beendone by, for instance, Parmar et al. (1998) and Helfand
etal. (1994). This con rms that the characteristic agesdo correspond at leastvaguely
to the real ages.

1.4.2 The magnetar model

Their asseiation with supernova remnarts immediately suggeststhat these objects
are young neutron stars. Their high spin-down rates imply the presenceof strong
magnetic elds, with a dipole componert of the order of 10'° gauss(10'* tesla). [See,
for example, Shapiro & Teukolsky (1983) p.277 for an explanation of the relevant
physics.] A “eld of this strength would cortain enough energy around 10*' erg,
to accourt for the obsened X-ray luminosity for a period comparableto the char-
acteristic age. The spin-dowvn luminosity (the rate of change of rotational kinetic
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energy), on the other hand, is at least one or two orders of magnitude smaller than
the obsened luminosity. This marks a fundamental di®erencefrom classicalpulsars,
in which the "eld causingspin-down is inferred to be much wealer (typically around
10'? gauss,or 10 tesla) and whoseluminosity can be accourted for with spin-down
alone.

The model accordingto which SGRsand AXPs are neutron stars powered by the
decay of a strong magnetic eld is called the magnetar model, and was rst proposed
by Duncan & Thompson (1992). The energy in the magnetic eld can be released
slowly, heating up the interior of the star as well as the atmosphere;this accourts
for the quiescen emission (Thompson & Duncan 1996). It can also be released
quickly, if Lorentz forces are great enoughto produce cradks in the solid crust of
the star. If parts of the crust rotate, the "eld lines in the atmospherewill become
twisted; this meansthat large currents will °ow though the tenuous atmosphere.
The resulting Ohmic heat will producea reball which we obsene asan outburst of
X rays (Thompson & Duncan 1995).

A dynamically unstable "eld of this strength will be strong enoughto break the
crust and will consequetly decay on an Alfv §n time-scale, which is of the order of
a secondor less. Howeer, these "elds are obsened to persist in neutron stars for
at least 10* years. A key ingrediert of the magnetar model, therefore, is a stable
“eld con guration which can resideinside the star. The issueof what, if any, stable
“eld can exist inside a neutron star is the sameas that studied in the context of
A stars and White Dwarfs, except for the presenceof the solid crust, the cradking
of which causesthe outbursts obsened. In Chapter 4 the ewolution is studied of a
stable magnetic "eld in a star with a solid crust, under the in°uence of di®usion.

1.5 Summary of main results
In this section| summarisethe highlights of this thesis.

2 Using numerical MHD simulations to follow the ewlution of the Tayler insta-
bility (described above in Sect. 1.3), the predictions made from the analytic
work concerning the conditions for instability in a toroidal “eld are largely
con rmed. It is con rmed, for instance, that the instabilit y conditions, which
depend amongstother things on the form of the “eld, correspond to those pre-
dicted, and that the growth rate of the instabilit y agreeswith that predicted.

2 An arbitrary initial “eld in the core of a star ewlves,on an Alfv n time-scale,
into a stable eld of linked poloidal-toroidal torus form, either left-handed or
right handed. This appearsto be the only stable eld con guration which can
exist in a stellar interior.

2 This stable linked poloidal-toroidal “eld di®usesslowvly outwards. During this
time, the "eld strength on the surfaceof the star increases.In an A star, this
is found to take place over a time-scaleof the order of 2£ 10° years. This helps



1.5 Summary of main results

to account for the obsenations of Hubrig et al. (2000a), which suggestthat
Ap stars becomeobsenably magnetic only after 30% of their main-sequence
lifetime has passed.

At somepoint, after the stable "eld has beendi®usingoutwards for a time, it
losesits dipolar shape and beginsto decay quickly, dying away completely.

It is con rmed that a purely poloidal (meridional) "eld (a uniform “eld inside
the star and a potential "eld outside it) is unstable and decays to zeroon an
Alfv §n time-scale.

An important principle in the ewlution of magnetic elds in the stellar inte-
rior is that of magnetic helicity consenation { a "eld ewlves, in a situation
where reconnectioncan be ignored, into the lowest energy state with the same
magnetic helicity. The resulting "eld is then stable. A "eld with zeromagnetic
helicity or a eld with strong connectionto the atmosphere(where reconnection
cannot be ignored) doesnot nd this stable state. This helpsto explain the
results listed above: the formation of the stable "eld in the stellar interior, the
decay of that "eld whenit becomestoo strongly connectedto the atmosphere,
and the decay of the purely poloidal "eld.

If aneutron star contains a stable link ed poloidal-toroidal torus "eld at the time
when the solid crust is formed, stresswill build up in the crust, into which
the "eld lines are frozen, while the "eld in the interior corntinuesto ewlve
under the in°uence of di®usion. The stress patterns will produce rotational
displacemerts of parts of the crust; this is consistert with the model of SGR
outbursts developed by Thompson & Duncan (1995).

A dynamo is constructed in the di®ererially rotating non-corvective part of a
star. Di®erertial rotation winds up an existing magnetic eld into a predomi-
nantly toroidal “eld, which is unstable and decays, creating asit doessoa new
poloidal componert, which can itself be wound up by the di®ererial rotation.
Unlike a dynamo in a corvective region, where hydrodynamic instability cre-
ates a small-scalevelocity “eld, the instability comesfrom the magnetic “eld
itself. In this sensei|t is similar to the dynamo found in accretion discs.
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Chapter 2
The stabilit y of toroidal elds in stars

Abstract:  We present numerical models of hydromagnetic instabilities
under the conditions prevailing in a stably strati ed, non-corvective stel-
lar interior, and compare them with previous results of analytic work
on instabilities in purely toroidal "elds. We con'rm that an m = 1
mode (kink') is the dominant instability in a toroidal “eld in which the
“eld strength is proportional to distance from the axis, such asthe “eld
formed by the winding up of a weak eld by di®ereriial rotation. We
measurethe growth rate of the instability asa function of “eld strength
and rotation rate -, and investigate the e®ectsof a stabilising thermal
strati cation as well as magnetic and thermal di®usion on the stabil-
ity. Where comparisonis computationally feasible,the results agreewith
analytic predictions.

2.1 Intro duction

Magnetic “elds probably play a signi cant role in the internal rotation of stars. Even
a relatively weak magnetic “eld is suzcient to couple di®erert parts of the star and
maintain a state of nearly uniform rotation. For the interior of the presert Sun, for
example, a eld of lessthan 1 gausswould be able to transmit the torque exerted
by the solar wind through the interior (Mestel 1953). The obsened rotation in the
core of the Sun (Chaplin et al. 2001) is quite uniform, suggestingthat a magnetic
“eld of this order or larger may actually be preser. The progenitors of white dwarfs
and supernovae go through giant stagesin which the envelope rotates very slowly.
The degreeof coupling between core and envelope by a magnetic “eld in this stage
will determine whether the rotation rates of pulsars and white dwarfs are just a
remnart of the initial rotation of their progenitors, or if a secondaryprocessmust
be responsible (Spruit & Phinney 1998and Spruit 1998).

Models of gamma-ray bursts in which the certral enginederivesfrom the rapidly
spinning core of a massiwe star (Woosley 1993 and Paczyfiski 1998) also depend on
the ability of the core to keepits high angular momertum for a suzcient period
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Chapter 2 The stability of toroidal "elds in stars

of time, in the face of magnetic spindown torques exerted by the slowly rotating
ernvelope (Heger et al. 2000).

The uniform rotation of the solar core may be due to a magnetic eld, but this
“eld's origin, con guration and strength are not known. By analogy with the mag-
netic A-stars, onemight speculatethat a “fossil' magnetic "eld could exist in the core
of the Sun. Sinceno net "eld is seenat the surface (averagedover the solar cycle),
the radial componert of such a fossil would however have to be weak { of the order
of a gaussor less. A "eld weaker than about this 1 G will quickly wrap up into a
predominartly toroidal “eld, under the action of the remaining (weak) di®ereriial
rotation in the core.

The predominartly toroidal magnetic eld resulting from this processwill not
increasein strength arbitrarily . Evertually, the energydensity in the eld will become
large enoughthat a magnetic instabilit y will setin.

Analytic work, (e.g. Tayler 1973), shows that any purely toroidal "eld should be
unstable to instabilities on the magnetic axis of the star (pinch-type instabilities,
under the in°uence of the strongly stabilising strati cation in a radiative stellar
interior, or “Tayler instabilities' hereafter). The growth rates of these instabilities
are expectedto be of the order of the time taken for an Alfv §nwave to travel around
the star on a toroidal "eld line. This is very short comparedto the ewolutionary
timescale of the star. IB a star like the Sun, for example,with a eld of 1000gauss,
the growth timescaler ™ 4%#=B would be of the order of years,if r = R- =2 is taken,
and Y%= 1:39:cm3. This form of instability is likely to be the rst to setin asthe
“eld strength of the toroidal "eld is increased(Spruit 1999).

It is much lesscertain how the magnetic eld ewolvesonceinstability has set in.
In a scenariodeweloped by Spruit (2002), it is argued that the instabilit y will lead
to self-sustaineddynamo action. The "eld remains predominartly toroidal, subject
to decay by Tayler instabilit y, but is cortin uously regeneratedby the winding-up of
irregularities produced by the instability. This scenariohas beenapplied in stellar
ewlution calculations of the internal rotation of massiwe stars by Hegeret al. (2003)
and Maeder & Meynet (2003).

In this paper we aim to test numerically the instability mecanism, and to verify
that the predictions of the analytic work are relevant: that they cover all instabilities
actually presert in a system consisting of a predominartly toroidal "eld in a stable
strati cation. Much of the analytical stability analyseshave beendoneunder a local
approximation. This can be shavn to be exact for the caseof adiabatic instabilities
in a non-rotating star, but not for the more interesting casesin which rotation and
the e®ectsof magnetic and thermal di®usion are taken into accourt. Though it is
not expected that major instabilities have been missed, numerical simulations can
provide an important ched.

The balancebetweenwrapping-up by di®erertial rotation on the onehand and the
destruction of the toroidal "eld by Tayler instabilities on the other determinesthe
strength and con guration of the “eld, and the rate at which it transports angular
momertum through the star.

12
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A secondgoal is thus to investigate the non-linear developmert of the instabilit y.
With 3-D numerical simulations we determine how quickly an initial toroidal "eld
decays (by reconnectionacrossthe magnetic axis). This is somethingthat could not
be donein the nineteen-seerties and eighties when most of the analytic work was
done.

The long-term goal is to determine the type of magnetic “eld that is maintained
by di®erertial rotation in a stably strati ed star, under the action of magnetic insta-
bilities, and to develop from this a quartitativ e theory for the angular momertum
transport by magnetic "elds in stars. This will take more extensive simulations than
those preseried here, however.

2.2 The nature of the instabilities

We rst consideradiabatic instabilities, that is, ignoring the e®ectsof viscosity and
of thermal and magnetic di®usion. The instabilities of a magnetic eld in a stable
strati cation then depend on three parameters: the "eld strength, somemeasureof
the stability of the strati cation, and the rotation rate of the star. For stars rotating
well below their critical (maximal) rate, and for the expected relatively low "eld
strengths, the relative strength of the parametersis expressedby the ordering

N A - and NA -4; (2.1)

whereN is the buoyancyfrequenc;b— is the rotational velocity, and - A isthe Alfv§n
frequency given by va=R = B=(R" 4%}}, R is the radius of the star and v, is the
Alfv §n speed. This is the same,in e®ect,as saying that the thermal energy density
is much greater than both the rotational and the magnetic energy densities.

We consideran azimuthal "eld B = esB($). We de ne

., @nB
@ans$

In cylindrical coordinates ($ ;A;z) where the z axis is parallel to the magnetic
axis, the displacemens from equilibrium are of the form

as $! O (2.2)

»» ei(I$+m/1\+ nz)+ %. (2.3)
The shape of the unstable displacemerts is showvn in Fig. 2.1, for modes with
m = 0;1; 2.
It is predicted that for an instability to occur, we must have (Tayler 1957)

2
p> m7i 1 (m6& 0) and p>1 (m=0): (2.4)
So if we usep = 1 (which is what we should expect from a "eld wound up by
di®erertial rotation), then the only unstable modeism = 1; m = 0and m = 2 are
marginally stable. If p = 2, then we should expectthe m = 0, m = 1land m = 2
modesall to be unstable.
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Chapter 2 The stability of toroidal "elds in stars

Figure 2.1: The physical N
form of the instability, for
modesm = 0, m = 1 and
m = 2. Above, co-moving
surfacesare drawn, with the
magnetic “eld represerted by ——
the lines with arrows. Be-
low, cross-sections of these
co-moving surfaces are plot-
ted, with the dotted circles e
represerting equilibrium.
T
~ 7
m=0

O

equilibrium m=1 m=2
Only high values of the vertical wavenumber n are unstable. This is due to the
dominant e®ectof the stable strati cation. In order to minimise the energy lost
against the stable buoyancy force, the vertical displacemers have to be small com-
paredto the horizontal displacemen. Sincethe displacemens alsohaveto be nearly
incompressiwe (otherwise energyis lost in doing work againstthe pressureforce) this

implies that the vertical length scaleis small.
If we de ne a local Alfv &n frequency

I Vas$ = B($ " 4V, (2.5)

then we expect the growth rate for a non-rotating star to be (Tayler 1973 and
Goossenset al. 1981)

a» !A (- ¢ !A): (26)

The instabilit y condition is local (in a meridional plane): if it is satis ed at some
point ($ ;z), an unstable eigenfunctioncanbet into a small (for adiabatic instabil-
ity: in nitesimal) region around this point (Tayler 1973). The instabilit y is thus of
an “interchange' type. This property holds by virtue of the assumption of a purely
toroidal "eld. It greatly simplies the analytical stability analysis, and allows a
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2.2 The nature of the instabilities

detailed treatment of the e®ectsof di®usion and viscosity (Acheson1978). In the
azimuthal direction, the instabilit y is global, since only low azimuthal ordersm are
unstable. Connectedwith this is the fact that the typical instability time scale (if
conditions for instabilit y are satis ed) are always of the order of the time it takesan
Alfv §n wave to travel around the star in the azimuthal direction.

If the star is rotating with the rotation axis parallel to the magnetic axis, a sta-
bilising e®ectis produced sothat instead of (2.4) we have (Pitts & Tayler 1986)

2
p> m7+1 (m 6 0) and p>1 (m=0): (2.7)
in the limiting casewherethe rotational velocity is much greaterthan the magnetic.
In the particular caseof p= 1, we expect stability at all valuesof m. [We note that
this is a peculiarity of the adiabatic case: when magnetic and thermal di®usionare
included, the conditions on p for instabilit y reverts to (2.4) (cf. Appendix in Spruit
1999and below).]

2.2.1 The e®ect of magnetic di®usion

As mertioned, there is a lower limit on the vertical wavenumber of an unstable mode,
causedby the work which must be done against gravity to move gasin the verti-
cal direction. There is also an upper limit to n, causedby di®usion: the unstable
perturbations di®useaway at a rate of order “n?, so an instabilit y whoseintrinsic
(adiabatic) growth rate is lessthan its decay rate by di®usion will be smothered.
The range of unstable radial wavenumbers for the m = 1 mode is therefore, approx-
imately, (Acheson1978and Spruit 1999):

N
*A

wherer is somemeasureof the sizeof the "eld in the horizontal direction. This is
the condition in the absenceof thermal di®usion(- = 0). A complication ariseshere
becauseit turns out that in the presenceof both thermal and magnetic di®usion,
the limit -=" ! 0 is a singular one with respect to the instability condition: there
exist double di®usive instabilities which are absen in the case- = 0. Sincethere
is always somethermal di®usiondue to numerical e®ectswe should not expect the
simulations to reproduce (2.8) accurately. This is discussedfurther below.
Forap= 1 eld with B = (0;B¢$ =$0;0) in the slowly-rotating case- ¢ ! A we
have unstable wavenumbers n, and henceinstabilit y, if (using Eq. (2.6))
7N 2
13> :\1—2: (2.9)

Instabilit y is thus suppressedat low eld strengths. The instabilit y condition is a
function of the meridional coordinates ($ ; z).
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Chapter 2 The stability of toroidal "elds in stars

2.2.2 The e®ect of thermal di®usion

Thermal di®usionhasthe e®ectof reducing the stabilising e®ectof the density strat-

i cation, allowing instability for a larger range of vertical wavenumbers. This is a
general e®ect, not only for the magnetic instabilities discussedhere. It was rst

noted in the astrophysical context by Zahn (1974). It is important in stars since
the thermal di®usion (measuredby the di®usivity, with units area per unit time)

is much faster than other damping e®ects(lik e magnetic and viscous di®usion). In
this casethere exist length scaleslarge enoughthat theseother damping e®ectsare
negligible on the time scaleon which the instabilit y operates, but at the sametime
small enoughthat thermal di®usioncan wipe out the temperature °uctuations due
to vertical displacemen against the stable thermal strati cation. This led to Zahn's
(1974,1983)formulation of shearinstability in stellar interiors, widely usedin stellar
ewlution calculations.

The e®ectcan be incorporated by replacing the buoyancy frequency frequency N
by a value N given by

N2

N2= ————;
1+ a=éa

(2.10)
where ¢, is the timescaleof the instability, i.e. 1=3% and ¢y is the thermal timescale,
equalto 1=-n2. [This is correct by order of magnitude for all instabilities, and can
be made more exact for any given one]. This should manifest itself in a decrease
of the minimum unstable wavenumber given in (2.8) above; it has exactly the same
e®ectas a reduction in the accelerationof gravity g.

2.2.3 The model

To simulate conditions appropriate to a strati ed stellar interior, without simulating
the star as a whole, we make use of the fact that the Tayler instability is always
presert in at least someregion near the magnetic axis. It hasa low threshold, being
suppressedonly at very low “eld strengths where the combined e®ectsof vertical
strati cation and magnetic di®usion suppressthe instability (cf. Eq. (2.9)). We use
a local plane-parallel approximation of the star, with the direction of gravity parallel
to the magnetic axis. This is a good approximation for a small region near the axis
at the low "eld strengths of primary interest, sincethe (meridional componerts of
the) unstable wavenumbers are then high (cf. Egs. (2.8) and (2.9)).

The ideal gas equation of state, measuring temperature in units suc that the
molar gasconstart divided by the molecular massis unity, is

P=%T and e= - T 1 (2.11)
i
The momertum equation:
Du 1 1
— =i rP+ ZJEB+Qg+2Uuf -: 2.12
Dt | 1/2T 7 g+ au ( )
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2.3 3D MHD simulations

Consenation of mass:

D2 1
D=1 f (2.13)

Speci ¢ internal energy: (thermal conduction and Ohmic heating)

De 1 1
Bt " i Tr :u+°-1—/2r:(1/i e) + 1—/2J2: (2.14)

Electric current:
J=r £ B; (2.15)

and the induction equation:
—=iyrfE ("Jj uf B); (2.16)

where in the above equations, the velocity “eld is denoted by u, the di®ereriial
operator D=Dt = @@+ u:r ,~ and - are the magnetic and thermal di®usivities
respectively, e is speci ¢ internal energy and g is gravitational acceleration. We
ignore °uid viscosity.

In the calculations, we have left out the ohmic heating term ~ J 2=Y4rom the energy
equation (2.14). In areal star, there are other sourcesand sinks of energy (radiation)
which together determine its thermal equilibrium structure. Since the magnetic
energy B2 is small, thermal changesdue to Ohmic dissipation are slov compared
with the (Alfv §nic) time scaleof interest here, it is more consistert to leave out the
gradual heating by Ohmic di®usiontogether with theseother sourcesof slow thermal
change.

2.3 3D MHD simulations

2.3.1 The numerical code

We usea three-dimensionalMHD code developed by Nordlund & Galsgaard (1995).
The code usesa Cartesian coordinate system. This has the advantage, over a code
using cylindrical coordinates, not only that the code is signi cantly simpler, but that
it avoids the coordinate singularity on the axis, known to causeserious problems
in essetially all grid-based methods in cylindrical or spherical coordinates. The
disadvantage is that an intrinsically round peg (the toroidal "eld) hasto be tted
into a squarehole. The penalties are somewaste of computing time (the grid points
in the cornersbeing unused), and a small amount of startup noise becausea good
initial equilibrium state is harder to construct.

The code usesa staggeredmesh, so that variables are de ned at di®ereri points
in the gridbox. For example, ¥2is de ned in the certre of ead box, but uy in the
certre of the face perpendicular to the x-axis, so that the value of x is lower by
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%dx. Interpolations and spatial derivatives are calculated to "fth and sixth order
respectively. The third order predictor-corrector time-stepping procedure of Hyman
(1979) is used.

For stability, high-order di®usive terms are employed. This was switched o® for
most of this work { we were interested in the early (and therefore linear) stage
of instability growth, before displacemens and velocities becomelarge enough to
necessitateany stabilisation.

2.3.2 De nition of the strati cation

We want to investigate, amongst other things, which vertical wavenumbers are un-
stable. This is achieved most easily if the growth rates of the instabilities, and indeed
all timescales,are independert of z. To this end T hasto be made independert of z,
sothat the sound crossingtime over the width of the box is independert of height.
The strati cation is thus approximated by that of an isothermal atmosphere. This
is suzxcient for the presen purpose,sinceit allows the inclusion of the essencef the
stabilising e®ectof buoyancy.

The equilibrium magnetic "eld B is then made dependert on z in such a way that
the ratio of thermal and magnetic energydensities,” = e¥8Y#B?2, and therefore the
Alfv 8n speed, is independert of z.

2.3.3 Initial magnetic con guration and equilibrium

Let ($;A) denote polar coordinates on a horizontal plane. We consider a purely
azimuthal "eld of the form
o Tp

B = By 3 gstsig e ea; (2.17)
$o
where$ ¢ is a length constart, setto a quarter of the horizontal sizeof the computa-
tional box, and By is a constart which determinesthe strength of the magnetic "eld.
The exponertial containing z keepsthe value of ~ independert of z (seeSect. 2.3.4).
The instability is in the certre, where $=$, ¢ 1. The exponertial cortaining $
is presert to make the axisymmetric "eld "t inside a squarecomputational box. As
the "eld ewlvesduring the instability, it will spreadoutwards sothat somemargin
hasto be left empty around the region cortaining the "eld. The results show that
this has beensuccessfullyavoided, at least during the linear phaseof growth.

To ensurethat the initial state is close enough to equilibrium to convincingly
measurethe growth of the instability, the pressure,density and temperature “elds
have to be adjusted to the magnetic force brought about the eld givenin (2.17).

Let

%$:;2) = %W ($)e 92°T0 and T($) = ToD($): (2.18)
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2.3 3D MHD simulations

The equilibrium conditions (Egs. (2.10){(2.16) with @ = v = °~ = 0) are then
satis ed for the axisymmetric "eld given by (2.17) provided that

2
W($)=1+ %ej 2$°$5  and (2.19)
2—q¢ 2
D($)=1i 25 =% (2.20)

1+ 41/Bz:;|'o 28 2=$ 3
0

for the casep= 1, or, if p= 2,
l’l 21-[

W($)=1+ BS 1403 st ang (2.21)
8% To $2
4% 4=$3
D($)=1j - : 2.22
($) | 1+ 2%4_ 8/Bz)éroe2$z:$g ( )

Magnetic di®usion, whether numerically or explicitly included, will destroy the
equilibrium ewven in the absenceof dynamic instability. This should not be prob-
lematic aslong asthe timescaleover which the instabilit y becomesvisible is shorter
than the timescale over which the equilibrium is lost in this way. This condition is
comfortably fullled in the simulations preseried here, becausethe instability op-
erateson a small length scale. Magnetic di®usivity of a value which is relevant for
the instability has little e®ecton the much larger length scale of this initial "eld
con guration.

2.3.4 Boundary conditions

Under the conditions prevailing in stellar interiors, the expected length scaleof the
instabilities is very small (at leastin the radial direction). As in the caseof hydro-

dynamic instabilities, therefore, di®eren parts of the star are in e®ectdisconnected
from ead other as far asthe instability is concerned. The computational box can
then be taken to cover only a small part of the star, asis also done in studies of
magnetic instabilit y in thin accretion discs (e.g. Hawley et al. 1995). This raisesa
problem with the boundary conditions, sincethe box boundariesare special locations
in the computational volume that have no counterpart in the real star. With rigid

boundaries, spurious phenomenasuc as boundary layers would a®ectthe results.
Sudh e®ectsare minimised by using periodic boundary conditions: there are then no
special locations in the computational box.

Horizontal

Periodic conditions in the x and y directions are implemented by copying unknown
valuesof P; T;%and v outside the box boundariesfrom their valuesat x§ L,y 8 L
where L is the width of the box. For the magnetic "eld, the sign of B is reversedin
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the copying process,so that there are no current sheetsat the boundaries. In any
case,with the "eld used, the valuesat the boundaries are very small comparedto
the valuesat the certre of the box.

Vertical

In the vertical direction periodic conditions are also possible by making use of an
invariance of the equationsfor the caseof an isothermal strati cation. By this sym-
metry, a shift in height is equivalent to multiplication of the variables by constarn
factors. In this way the variables can be scaledfrom the bottom to the top of the
computational box. Thus, when interpolating or di®ereriating acrossthe top and
bottom of the computational box, we multiply or divide the density by a factor
exp(L,=H) (where L, is the height of the box and H is the scaleheight). These
“scaledperiodic' boundary conditions are the appropriate equivalert of periodic con-
ditions for a stratied medium.

Unfortunately, it turns out that this proceduredoesnot work in its simplest form.
Small perturbations launched by the initial disequilibrium propagate vertically, as
a mixture of sound waves and internal gravity waves. The upward propagating
componerts of a sound wave will grow (in the limit where the wavelength is much
smaller than the scale height) at a rate of the order of the buoyancy frequency
(di®ering from it by a factor 1:02if ° = 5=3). If the wave leaving the top of the box
is fed badk in at the bottom, this ampli cation goeson inde nitely .

Though the initial perturbations can be made small, the exponertial growth of
the upward-travelling waves causesa problem if this growth is faster than that of
the magnetic instabilit y under study. Sincewe want to operate in the regime where
N A ! A, this will indeedbe the case.Engineering xes like arti cial damping terms
designedto a®ectsound waveswould not greatly help, sinceinternal gravity waves
will alsogrow in this way at a comparablerate.

Many methodsweretried to extinguish thesewaves. The most satisfactory solution
found was to divide the volume vertically into two halves, with gravity pointing
downwards and upwards in the top and bottom halves of the box respectively. A
sound wave is still ampliied within one half, but will not seeany net increasein
amplitude over the courseof a journey through the whole box. The physics of the
magnetic instabilit y is replicated in the two halves,sothat the penalty is a factor of
two in computational cost.

2.3.5 Initial perturbations

All of the runs were started with a small perturbation to the velocity “eld. This
could either be given at all valuesof m and n, or just to one particular mode. There
was some uncertainty asto the preciseform of the perturbation required; how it
should vary as a function of $, whether it should include a vertical componert
and in what sensethe phasesof the two horizontal componerts should vary with z
were all unanswered questions. Seeral di®erert formulations were tried, producing,
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reassuringly virtually identical results. For the runs appearing here, the initial
perturbation had its maximum at $ = 0 and died away at increasing$ sothat at
$ = $ it wasalmost zero, the vertical componert of the velocity perturbation was
zero and for the m 6 0 modes, the phasein the A direction went from 0 to 2¥over
the courseof one vertical wavelength sothat the cross-sectionremainedthe sameat
all z but was rotated about the axis once per wavelength. The initial perturbation
is therefore of the form:

x s Hosg2l
v = Vo2 &Xp | 543 Coshz)es
m=0:n $o 235
+ Vi exp i 3$—i 52 [cognz i mA)eg
mé60 ;n 0 0
+ sin(nz | mA)es]: (2.23)

2.3.6 Accessible parameter values

The separation of time scales! o ¢ N and - ¢ N appropriate for stars is also
conveniert for the analytical stability analysis. Such widely di®ering time scales
are problematic for numerical simulations, however, sincethe time step will be set
by the shortest time scale,the sound crossingtime (which is of the order of 1=N),
while the phenomenaof interest happen on the slowver magnetic time scale. In the
“rst set of calculations reported below we have set- = 0, and the ratio ! o=N is
of order 0:01; 0:1. For such values, the predicted growth rates are already close
to their asymptotic (! o ¢ N) value, so not much would be gained from more
expensive calculationswith lower eld strengths. The e®ectof rotation is investigated
in Sect.2.4.4

2.4 Results

To test the analytic predictions and the behaviour of the code a seriesof test cases
was studied, starting with a simple unstrati ed medium with adiabatic conditions.
Physical ingredients are then added concluding with the caseof most interest for a
stellar interior, in which strati cation, magnetic and thermal di®usionare included.

2.4.1 Dependence of stability on p

Two initial "eld con gurations, p = 1 and p = 2, were tried. A resolution of
48E 48£ 48 wasusedfor theseruns, and the computational box is a cube of side 24
A zerovalue was usedfor g, and Bg = 1:28. Asin all runs ° = 5=3 and $ o = ¥&2.
This producesa maximum value of the magnetic energy density of one tenth of the
thermal energydensity, (i,e. ~ = 10). This is still in the weak- eld approximation

(Va ¢ ).
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To follow the developmert of the instabilit y in time, it wasfound usefulto calculate
the Lagrangian displacemen "eld. This was computed by adding a vectorial tracer
eld A = (A, Ay, A,) to the code. The initial valuesof this “eld were simply the
coordinates Xg, Yo and zp at t = 0, and it was ewlved according to the equation
DA=Dt = 0, making use of the same advection routines as in the rest of the code.
The displacemen "eld (») canbe found by subtracting the tracer "eld from its initial
value. This Lagrangian displacemen “eld wasusedfor the represertations shown in
Fig. 2.2

In Fig. 2.2 we can seethe ewolution of the displacemen "eld near the magnetic
axis: it shows how a °uid volume that was initially a cylinder around the axis
ewlvesin time under the in°uence of the instability of the magnetic eld, in the
p = 1 case. The surfacesshavn are surfacesof constart A2 + A§ Some magnetic
di®usion(” = 3£ 10 %) hasbeenaddedto remove the higher spatial frequenciesand
give the picture a more pleasinglook. Is it clear that we are looking at anm = 1
instabilit y sincethe plasmais displacedin the horizontal direction without losing its
circular cross-section.

In Fig. 2.3 we seethe p= 1 and p = 2 runs compared;three surfacesof constart
A2 + A§ have beenplotted, two of which have beenpartly cut away. Theseconrm
that in the p = 1 case,the instability grows most quickly on the axis, and that in
the p= 2 case,it grows most quickly away from the axis. This should be no surprise
as here the local Alfv &n frequency! 5 (seeEq. (2.5)) is greatest.

It is possibleto perform a Fourier decomposition of the displacemerts in the A
dimension, enabling us to seethe amplitudes of the di®eret m modes separately
We can write the displacemen » as

R )
»$;A;z;t) = %Ao($ 1z t) + <(Am($;z;1)eM) (2.24)

m=1

and calculating

=

AR R, A A 2Y8$ d$ d 3
_ $ =0 =0 "m-"m z
Ampm(t) - z ]/$ %aXLZ

(2.25)

should give us a suitable measureof the amplitudes of each m mode. A value of
$ max = 0:5% ¢ is used, since this is the region of interest, where the "eld strength
is roughly proportional to $P. In any case,choosing a di®erernt value doesn't have
any signi cant a®ecton the results. This quartity Amp,, (or rather, its logarithm)
is plotted in Fig. 2.4 for the aforemertioned p = 1 run. We can seethat the m = 1
mode is the only unstable onewhenp = 1.

It is possibleto do this Fourier decomposition on not just the displacemen “eld
but alsoon the velocity eld, giving an analogousamplitude Amp?,. This quartit y is
plotted in Fig. 2.5. Whereasthe amplitudes in the displacemen "eld begin at zero,
the amplitudes in the velocity eld beginwith a nite value, sincewe are giving the
plasmaan initial perturbation to the velocity “eld.
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Figure 2.2: Following the evolution of instabilities { surfaces of constant initial $ at
roughly regular time intervals: t = 6:30; 9:07; 10:86; 12:52; 14:56; 16:20.
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Figure 2.3: Two runs, identical except for the value of p, which is equal to 1 and 2 in
the upper and lower plates respectively. The upper plate is the sameasthe fourth frame of
the sequencein Fig. 2.2, i.e. at t = 12:52. In the lower plate, t = 15:29. Plotted are three
surfacesof constant initial $ (i.e. constant A2 + Aﬁ) inside one another. It is clearly visible
that the instabilit y is on the axis in the caseof p = 1, but away from the axis whenp = 2.
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Figure 2.6: Maximum displacemernt, when p = 1. The computational box is a cube of
side 2% and the shortest wavelengths of the instabilit y may be just a twenty-fourth of this
distance. Adiabatic unstrati ed case.

At somepoint the other modesbegin to grow also, presumably whenthe m = 1
mode erters the non-linear phase. To test this hypothesis,we can considerthat the
smallest vertical wavelength presen is two grid boxes, equal to a distance 0.26, so
the minimum value of 1=n will be , njn =2% = 0:042. The non-linear phase begins
once the displacemerts becomecomparable to this. Fig. 2.6 shavs the maximum
value in the displacemen "eld, i.e. the maximum displacemen from equilibrium
reached anywhere in the computational box { we canconrm that this value reaches

. min =2%at roughly the sametime asthe m 6 1 modesbeginto grow.

In the caseof p = 2, the instability grows more quickly away from the axis. We
have already seenthis in Fig. 2.3, This complicatesthe analysis, as the instabilit y
is strongestin the region wherethe initial "eld deviatesfrom proportionality to $ P.
This is to be expected, sincethe growth rate is of order va=$ which is proportional
to $ if p= 2. However, it should be possibleto usedata from the inner region only,
beforeit is contaminated by non-linear developmert from the outer region. Fig. 2.7
is the equivalent of Fig. 2.4 for the p= 2 case.We canseethat them = 0andm = 2
modesare growing, aswell asthe m = 1 asin the previous case.

All subsequen discussionis limited to the physically more likely p = 1 case.
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Figure 2.7: Displacemen-eld amplitudes of di®erert m modes, when p = 2. Adiabatic
unstrati ed case.

2.4.2 Strati ed and non-strati ed runs and vertical wavenumber

For the runs described above, we were after just a qualitativ e result, as opposedto
the quantitativ e result required from the following runs, which had consequetly to
be setup in a slightly di®erent way.

In somecaseswe wereinterestedin the behaviour at di®eren vertical wavelengths.
We therefore performed a second Fourier decomposition of the displacemen (or
velocity) “eld, this time in the vertical direction. This yields the amplitude at ead
value of m and n (valuesof the latter correspond to wavelengthsfrom the height of
the box down to two grid spacings):

X )
An($:z)= 2Cno(8 0+ <(Crn (8™ ): (2.26)

n

As before (see Eq. (2.25), an integration of the coetcients C,, over $ can be
doneout to a value $ max, and it is this amplitude Amp,,, (t) which is usedfor the
following analysis.

In "'nding the dependenceof instability growth at di®erert vertical wavelengths
as a function of some parameter, (e.g. magnetic di®usion), one has two options:
to measurethe growth at seweral wavelengthsin a single run with some certain
value of the parameter in question, or to measurethe growth at a single wavelength
in sewral runs, ead with a di®eren value of the parameter. Two computational
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restrictions madethe secondmethod the most practical: “rstly , it wasdiscoveredthat
at wavelengthscomparableor greater than $ o grew more slowly than expected{ an
e®ectpurely of the dimensionsof the computation box, this meart that the maximum
wavelength which could be examined was ¥#10, i.e. one fth of $ ¢; secondly the
code could not resolve very short wavelengths - the minimum wavelength we could
look at reliably was eight grid spacings.

In the caseswhere strati cation was not necessarytherefore, a vertical resolution
of 8 was sutcient, with a box of dimensions2%4£ %/#10; a horizontal resolution of 72
proved more than enough. In caseswhere it was necessaryto hold to the N A ! 5
condition, we still looked at a wavelength of ¥#10 (corresponding to a wavenumber of
20), but implemented the schemedescribed in Sect. 2.3.4, sothat the gravity wasin
opposite directions in the two halvesof the box. A vertical resolution of 64 wasthen
usedin a box of size2v£ 4¥#5. All of the following runs were donewith one of these
two setups. Since strati cation has a wavelength-dependert e®ect,i.e. greater on
longer wavelengths, phenomenawhich either do not depend on wavelength or only
e®ectthe short wavelengthscan be investigated using the non-strati ed model with
zero gravity. The “rst three of the following sectionsfall into this category: "eld
strength, rotation and magnetic di®usion. As a che, the runs with rotation were
alsodonewith strati cation. The strati ed setup is however required to look, in the
last two sections,at the e®ectof gravity (obviously) and of thermal di®usion.

2.4.3 Dependence of growth rate on eld strength

The growth rate is expectedto be proportional to the "eld strength. To seewhether
this is the case, v e runs were done with B equalto 1:28, 0:404, 0:128, 0:0404 and
0:0128respectively. Thesecorrespond to minimum values(that is, wherethe "eld is
strongest) of ~ of 10to 10°. Magnetic and thermal di®usivity were set to zero, as
was gravity g { asdescribed in Sect.2.4.2for this non-strati ed case,a resolution of
72£ 72£ 8 was used.

The expected growth rate is given by (from Egs. (2.5) and (2.6)):

Y 1 o= —BO . (2.27)

$o 4V3~
Fig. 2.8 shavs the maximum growth rate reached in the velocity "eld of this m = 1,
n = 20 mode in the "v e runs, against the value of ! 5. The velocity "eld was more
cornveniert for this purposethan the displacemen “eld, asthe growth rate in the
latter beginsat in nit y (becausethe perturbation is to the velocity "eld) and falls to
a steady value, before falling again oncethe non-linear stageis reached; the growth
rate in the velocity "eld beginsat zeroand risesto a steady value beforefalling again
{ its maximum value is therefore reached during the period of steady growth. It can
be seenfrom Fig. 2.8 that the growth rate %is proportional to the Alfv &n frequency
I A, andis in fact almost equal to it.

The growth rates have beenpredicted using the approximation that the magnetic
energy density is very much lessthan the thermal, and that the Alfv&n speedis
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Figure 2.8: The growth rate of the m = 1 mode is roughly equal to ! o, which is propor-
tional to “eld strength. Adiabatic unstrati ed case.

very much lessthan the sound speed. In the run with the highest "eld strength
theseratios are only 10 and 2:4, which may explain the slightly lower-than-expected
growth rate here.

2.4.4 Rotation

In the caseof p = 1 we expect, looking at (2.7), to seethe instability suppressedf
- A 1 o. A number of non-stratied (g = 0) runs were executed, using, as before,
a resolution of 72£ 72£ 8, with ~ = - = 0. The valuesO0, 0:15, 0:3, 0:45, 0:6,
0:65, 0:7, 0:75, 0:9 and 1:2 of - were used, at a value of By of 1:28, which gives
a growth rate in the absenceof rotation of 0:64. In Fig. 2.9 the amplitude of the
m = 1 mode (as taken from the displacemen “eld) is plotted for eac of the runs,
asa function of time. It can be seenthat the instability is indeed suppressedf - is
above a certain value somewherebetween0:65 and 0:70. Above this value a distinct
oscillatory behaviour setsin, indicating stability.

In order to ched that this result holds in the regime N A ! A, the runs were
repeated using the strati ed setup (seeSect. 2.4.2) and g = 9:1, giving N = 5:8
sothat both N A !, and N A - were fullled. This was found to make no
di®erenceat all to the suppressionof the instability, there still existing a critical
value of - roughly equalto the non-rotating growth rate above which the instabilit y
was suppressed.
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Figure 2.9: Amplitudes of the m = 1, n = 20 mode at di®erent values of -, taken from
the displacemert "eld. Adiabatic unstrati ed case.
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Figure 2.10: Growth rate of the m = 1, n = 20 mode in the velocity “eld as function of
the magnetic di®usivity “. Unstrati ed case.
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2.4.5 Magnetic di®usion and its e®ect on high wavenumbers

We expect to to seean upper limit on n dueto magnetic di®usion,which is the same
as saying that we expect to seea maximum value of © at which the instability is
seen,at a givenvalue of n. As explainedin Sect. 2.4.2 we have to look either at the
growth of seweral n modesat a given value of di®usion”, or to look at the growth of
a particular n mode in runs with di®erert valuesof “. It was found that the latter

was easierto perform, hencewe expect to see,for a given value of n, a value of

above which no instabilit y is seen. For theseruns, the non-strati ed setup was used
as gravity hasno e®ecton this high-wavenumber limit.

We usedBg = 1:28 asin the previous section, and the following valuesof magnetic
di®usivity ": 0;2£ 10 *;4£ 10 #;6£ 10 4;10 3;1:6£ 10 3;2:4£ 10 3;4£ 10 3;6£
10' 3:10 2 and 1:6 £ 10 2.

Measuring the growth of the mode at wavenumber n = 20 as a function of *, we
expectedto nd a value of di®usion” ¢t » ¥%=n?> = 1:6 £ 10 2 (from Eq. (2.8))
above which the instabilit y doesnot grow, where % is the growth rate in the absence
of di®usion. Fig. 2.10 shows the growth rate of the velocity eld measuredat the
time at which the growth rate in the zerodi®usion(adiabatic) caseis at its maximum
(t = 10:4). It canbe seenin the “gure that the instabilit y is not ertirely suppressed
at " = ", just sloved by a factor of two or so. Even when” is much higher than
"t the growth rate is still above zero.

2.4.6 Gravity and its e®ect on low wavenumbers

We alsoexpect to seea lower limit on the unstable vertical wavelength n determined
by the value of g; nmin = N=! o1 (Eq. (2.9)).

For these runs we obviously have to use the stratied setup, the growth of the
samemode, n = 20, being measuredas in the previous three sections. All of the
runs had By = 0:102and ~ = - = 0, ead run then having a di®eren value of
gravitational accelerationg; the expected value of g above which the n = 20 mode
doesnot grow is geit = NBg 5T=8Y4%2= 10=% the code was run with the following
multiples of this value: 0;0:6;0:8; 1; 1:2; 1.4 and 2. Fig. 2.11 shaws the amplitude of
the m = 1;n = 20 mode (calculated from the velocity "eld) for thesevaluesof g. As
the gure shaws, the instabilit y stops growing at the expectedvalue g = ggit , within
the measuremeh accuracy

2.4.7 Thermal di®usion

If thermal di®usionis added, we expect to seea decreasein the minimum unstable
vertical wavenumber, since the stable thermal buoyancy is reduced by di®usionon
small length scales.To investigate this, thermal di®usionis addedto the run in the
previous section where g = gegit = 10=% i.e. the borderline casewhere gravity is
just strong enoughto suppressthe instability. The valuesof - usedwere 3£ 10i °,
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Figure 2.11: E®ectof the stabilising strati cation, under adiabatic conditions (- = ~ = 0).

Velocity “eld amplitudes of the m = 1, n = 20 mode as a function of time for sewen values
of the acceleration of gravity g. The rst half of the run with g= 2g. is plotted at higher
time resolution.

10 4, 3£ 10 4,10 3, 3£ 10 3 and 10 2. The results can be seenin Fig. 2.12 The
“gure also shaws, for comparison,the casewhereg= 0 and - = 0.
From (2.8) and (2.10), we have
N 2 2
2 = / g (2.28)

M 2r2(1+ g=g) 1+ nE =Y

n

We expect, therefore, that an increasein both g and - can cancelead other out.
It would bereasonableto expect that if we increaseg from 0:89cit tO Qerit , We needto
increase: from zeroto ((1:0=0:8)?; 1)¥#n? to cancelout the e®ecton the instabilit y.
This works out as- = 9£ 10 °. Likewise,from g = 0:6g.i we need- = 2:7£ 10 4.
This meansthat in runs with g = geit, using - = 9£ 10 ° and 2:7 £ 10 # should
produce the sameinstability growth rate in the m = 1, n = 20 mode as if we had
reduced g to 0:8g.ir and 0:6git respectively, keeping- = 0. As Fig. 2.12 shows,
thesenumbers are roughly in agreemem with the numerical results.

2.5 Discussion

We setout in this study to verify, with numerical methods, the results of the existing
analytical work on the instabilities of toroidal “elds in stars, and to ched that
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Figure 2.12: Velocity "eld amplitudes of the m = 1, n = 20 mode asa function of time, at
di®erert valuesof thermal di®usion -, when g = 10=%2 For large valuesof - , the stabilising
e®ectof gravity is absert and growth occurs at the samerate asin the adiabatic unstrati ed
case(upp ermost line).

these results were relevant, e.g. that a predicted instability is not drowned out by
stronger unstable modesthat might have beenmissed,for exampledueto simplifying
assumptions. The results have beenlargely positive.

Previous analytic work makes predictions of the dependenceof instability condi-
tions and growth rates on the parameters of an azimuthal magnetic "eld. These
are the dependenceof the eld strength on distance $ from the axis (the index
p = dinB=dIn$), the stability of the strati cation (measuredby the buoyancy
frequency N, or equivalertly the accelerationof gravity g), the rotation rate -, the
e®ectf magnetic di®usion(di®usivity ), and the reduction of buoyancy by thermal
di®usionon small scales(di®usivity - ).

First we cheded the analytic prediction of which azimuthal orders m should be
unstable, depending on the value of p (Eq. (2.4)). We have con rmed this prediction
(see Sect. 2.4.1) for the casesp = 1 and p = 2, the former being consideredthe
most important asit is this magnetic eld which could plausibly be produced by the
winding-up of a seed eld by di®ereriial rotation. The dominant mode hasm = 1,
a 'kink' instabilit y.

The theory predicts that in the adiabatic, unstrati ed case(- = ~ = N = 0) there
is no threshold for instabilit y, and that the growth rate %.is of the order of the angular
frequency! o = r=va of an Alfv §n wave travelling around the star on an azimuthal
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“eld line. The "eld strength and hence! o variesthrough the computational volume,
but sincethe instabilit y is a local one, the growth should be dominated by the largest
value of I 5 in the volume, after an initial transient. The numerical results reproduce
this well. In the best studied case,for example,a value ¥#! o = 0:92 was measured.

In the adiabatic casethe prediction (Pitts & Tayler 1986)is that the instability is
suppressedwhen the rotation rate exceedsthe Alfv §n frequency! 5. This was also
veri ed, give or take a few percert at the most. The adiabatic caseis somewhat
singular with respect to the e®ectof rotation, however. Theory predicts that in
the presenceof strong thermal di®usion (=" ! 1) the threshold for instability
disappearsagain, and that the growth rate is then of the order %= ! =-. We have
not tested this dependence,sincethe calculations required for this limiting caseare
computationally rather demanding.

The e®ectof gravity and both magnetic and thermal di®usionwere investigated.
The e®ectof gravity was as expected { above a certain value of g the initial equi-
librium is stable at a given vertical wavenumber n. This translates into a minimum
unstable wavenumber which increaseswith increasingg.

The e®ectof magnetic di®usion on the shorter wavelengths was not exactly the
sameasthat expected. It was found that at a given wavenumber n, a value of © of
the order suggestedby Acheson(1978) and Spruit (1999) did not Kill the instability
ertirely, rather it reducedits growth rate by about half. An increasein = beyond
this reducedthe growth rate still further, but not to zero. Therefore it seemsthat
magnetic di®usion alone cannot suppressthe instability. It is possiblethat the dis-
crepancy arisesbecausethe case” ! 1 may have a singular limit. The theoretical
prediction was made for the case- = 0, but the relevant parameter is actually =" .
By analogy with other double-di®usive systems, instabilities must exist also in the
case: < ~ which do not appear when - = 0 is set from the beginning. Since this
case- <~ is not of much astrophysical relevance,we have not pursued this further.

Finally, the e®ectof thermal di®usionwas tested. In the runs executed, it was
expectedthat valuesof - of the order of 9£ 10 ° and 2:7£ 10 * would be neededto
make a run with g = gt behave like the runs with g = 0:8g.it and g = 0:6gci re-
spectively. This appearsto be correct, giventhat thesewereonly order-of-magnitude
approximations.

The non-linear e®ectof the instability in all the above caseswas found to be
rather simple. The net e®ectis similar to that of an enhancedmagnetic di®usivity:
the "eld con guration spreadshorizontally, while the mean azimuthal magnetic °ux
decreasedue to e®ectie reconnection acrossthe magnetic axis. Toroidal "elds in
stars are therefore predicted to decay quickly by Tayler instabilit y, once conditions
for instabilit y are satis ed, unlessregeneratedby di®erertial rotation.
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Chapter 3

Stable magnetic elds in stellar interiors

Abstract: We investigate the 50-year old hypothesisthat the magnetic
“elds of the Ap stars are stable equilibria that have survived in these
stars since their formation. With numerical simulations we nd that
stable magnetic eld con gurations indeed appear to exist under the
conditions in the radiativ e interior of a star. Con rming a hypothesisby
Prendergast (1956), the con gurations have roughly equal poloidal and
toroidal "eld strengths. We 'nd that tori of such twisted "elds can form
asremnarts of the decay of an unstablerandom initial “"eld. In agreemen
with obsenations, the appearanceat the surfaceis an approximate dipole
with smaller cortributions from higher multip oles, and the surface eld
strength can increasewith the ageof the star.

3.1 Intro duction

The peculiar A and B stars (Ap-Bp) are main-sequencestars with a strong surface
magnetic "eld. The nature of these elds has been the subject of a debate that
hasaccompaniedthe developmern of astrophysical magnetohydrodynamics sincethe
1950's. The two leading possibilities were the “fossil eld' theory (Cowling 1945)and
the core dynamo theory. For a review of the two theories, seeMoss (1994) or Borra
et al. (1992).

According to the core dynamo theory, the "eld is generatedin the cornvective core
by some dynamo processfeeding o® the combination of convection and rotation,
and then risesthrough the radiativ e envelope to be seenat the surface (for recen
discussionsseeCharbonneau& MacGregor 2001, MacGregor & Cassinelli2003and
Maheswaran & Cassinelli 1992). In the fossil eld theory, on the other hand, the
“eld is simply left over from the star's formation.

The fossil eld theory appearsto be supported by someobsenations, suc asthe
very high strength of the "eld in somestars, the apparert stationary state of the “eld
and the wide range of eld strengths obsened. The main problem of the theory has
always beenthe ditcult y of nding realistic equilibrium con gurations for star-like
objects with the analytic methods available, and of demonstrating the stability of
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such con gurations. With increasing computing power, important aspects of this
problem are now accessibleby purely numerical means. While numerical results
for the presen problem cannot match the precision of analytic methods, they are
excellert at providing cluesabout the kinds of magnetic con gurations that might
exist, or to estimate the likelihood that the hypothesisedstable "elds can exist at
all.

In this paper we presen numerical results that make the fossil eld theory very
plausible, by showing that "eld con gurations of a well-de ned type appear to de-
velop naturally by the decay of stronger unstable elds. We begin with a brief
summary of the relevant obsenational properties of the magnetic stars.

3.1.1 History and properties of the Ap-Bp stars

Maury (1897) noted that the spectrum of ®CVn (one of the brightest of this class,
at magnitude 2.9) was peculiar, shoning unusual weaknes<f the K line and strength
of the Si Il doublet at 4128A. Variability of someof the lines was subsequetly dis-
covered and Belopolsky (1913) measuredthe changesin intensity and radial velocity
of one of the lines (Eu at 4129&), "nding a period of 5.5 days. The photometric
light curve was measured(Guthnick & Prager 1914)and similar behaviour waslater
found in other Ap stars (for instance Morgan 1933 and Deutsch 1947).

Only upon the discovery of variable magnetic elds (Babcock 1947)did any expla-
nation of this interesting spectral behaviour becomepossible. It was found that Ap
stars have an unusually strong magnetic "eld, with surfacestrengths ranging from a
few hundred to a few tens of thousand gauss. The variabilit y of the "eld canbe most
easily explained by imagining a static "eld not symmetrical about the rotation axis;
the spectral peculiarity is then taken to be a consequencef the e®ectthe magnetic
“eld has on the transport of chemical species.

Various techniques have beendeweloped to obsene the magnetic "eld on the sur-
face of stars. Measuremer of the circular polarisation of the spectral linesis usedto
give an average(weighted towards the certre of the disc) of the line-of-sight compo-
nernt of the surface eld, called the longitudinal "eld in the literature. In somestars
with slow rotation (and hencesmall Doppler broadening) spectral lines are split into
separateZeemancomponerts, in which casean averageover the disc of the modulus
of the "eld can be obtained: this is called the "eld modulus. If onewereto do this on
the Sun, onewould 'nd that the longitudinal "eld were extremely small in compar-
ison to the modulus. This is becausethe “eld has a small scalestructure, and the
positive and negative regionsof the line-of-sight componert cancelead other out. If
one makesthis obsenation of a magnetic Ap star, this is not the case{ implying a
large scalestructure. It is our task to 'nd an explanation for the strong, large-scale
“elds of Ap stars.

In addition to the longitudinal "eld and the "eld modulus, two more quantities
can readily be measured: the quadmtic "eld and the crossover eld. The former
quartit y is approximately proportional to (hB?2i + hB2i)'=2, where B, is the line-of-
sight component, and the latter is given by vsinitxB ,i, where x is the normalised
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distancefrom the stellar rotation axisin the plane of the sky. (Mathys 1995a,1995b).
This set of “obsenables' can be usedto model the "eld on the stellar surface{ one
constructs a model whose free parameters are made to corverge on a solution by
“nding the point of minimum disagreemeh with obsenations.

Various models for the "eld con guration have beentried. The simplest assume
an axisymmetric “eld, inclined with respect to the rotation axis (e.g. Landstreet
& Mathys 2000). More elaborate models are those of Bagnulo et al. (2002), which
assumesa “eld with dipole and quadrupole componerts at arbitrary orientations,
and the point- eld-source model of Gerth et al. (1997). One thing that all these
models have in commonis that they fail, in many stars, to describe the obsenations
accurately. This implies a more complex eld structure than can be written asthe
sum of low-order spherical harmonics. On the other hand it is often found that
parameter spacecontains seweral A> minima so it is not clear which one of these
con gurations, if any, represens reality. Despitethis, many of the results obtained do
seemto bereasonablymodel-independert. A more sophisticatedapproac which can
yield better results is that of Zeeman-Doppler Imaging (seePiskunov & Kochuckov
2002), which has as of yet only beenapplied to a very small number of stars, owing
to the high quality of the spectra required.

It hasbeensuggestedhat Ap starsareall above a certain age{ Hubrig et al. (2000a)
placed Ap stars on the H-R diagram and found nonein the rst 30% of their main
sequencdifetimes. It is possiblethat somedynamo processonly beginsat a certain
time, perhaps as the size of the radiative core changes(an A star has a radiative
envelope and a corvective core); it is also possiblethat the Ap progenitor contains
a strong “eld in its interior which only appearsat the surfaceat someewlutionary
stage. Howevwer, this result does cortradict some earlier results (North 1993 and
Wade 1997) which claim that Ap stars are distributed uniformly acrossthe width of
the main sequenceband.

The rotation period of Ap stars tends to be longer than in normal A stars (Bon-
sak & Wol® 1980). Whether the young Ap progenitors betray their destiny though
a similarly long period is unclear; authors on the subject have yet to reach a de -
nite conclusion (see,for instance, Hubrig et al. 2000b) and await obsenations more
numerousthan have sofar beenundertaken.

Landstreet & Mathys (2000) nd that the magnetic axis of slawly-rotating (P > 25
days) Ap stars is overwhelmingly more likely to be closeto the rotation axis than
one would expect from a random distribution { of their sample of 16 stars, 14 have
the two axeswithin 30 of eat other, the other two between 30* and 45°. This
result, which was obtained using the best-t method with an axisymmetric "eld
model, is reassuringly con rmed by Bagnulo et al. (2002) who usea "eld consisting
of dipole and quadrupole at arbitrary orientation. The rapidly-rotating (P < 25
days) stars, however, shav no sud alignment { the statistics are consistert with a
random orientation of the magnetic axis in relation to the rotation axis.
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Chapter 3 Stable magnetic "elds in stellar interiors

3.2 Nature of the magnetic eld in Ap stars

The question of how the structure of a star can accommalate a magnetic eld, and if
it cansurvive on atime-scaleaslong asthe the main sequencdifetime hasaccompa-
nied the early developmen of astrophysical MHD (e.g. Cowling 1958,Chandrasekhar
1961 and Roberts 1967). The question has two parts: equilibrium and stabilit y.

3.2.1 Equilibrium

Finding equilibrium con gurations of stars with magnetic "elds turns out to be a
mostly technical problem. Though early e®orts, concernrating on “analytical solu-
tions', had limited successthis doesnot imply a conceptual problem a®ectingthe
existence of magnetic equilibria. Construction of equilibria by numerical methods
has becomean acceptedapproac (e.g. Bonazzolaet al. 1993).

For a dynamical equilibrium, there hasto be a balancebetweenthe pressuregradi-
ert, gravity and the Lorentz force. The Lorentz force is generally not a consenative
force, hencecannot be balancedby the pressuregradient alone. Gravity, or more ac-
curately buoyancy forces, must be involved in maintaining equilibrium. For a given
magnetic eld con guration, it is in general possibleto nd a (slightly distorted)
stellar model that will balancethe magnetic forcesthroughout the star. To seethis
(without actual proof), note that the three componerts of a magnetic "eld can in
general be described in terms of two scalar "elds (since divB = 0 takescare of one
degreeof freedom). Hencethe magnetic force can also be described in terms of two
degreesof freedomonly. Ignoring thermal di®usion,the thermodynamic state of the
gashastwo degreesof freedom (pressureand entropy, for example). Where the mag-
netic “eld is suzciently weak (in the senseB?=8YP) ¢ 1), equilibrium therefore
canbe obtained, for a given magnetic con guration, by suitable small adjustments of
the pressureand entropy distributions. An exceptionoccursin corvectively unstable
layers, which do not support signi cant di®erencesn ertropy.

Where the "eld strength is not small in this sensefor examplein the atmosphere
of the star, not all eld con gurations are possible, and the magnetic eld must
instead be closeto a force-free con guration. Conceptually, we can thus divide a
radiativ ely strati ed star into an interior whereany "eld con guration is allowed (if
adiabatic equilibrium is the only concern,and up to somemaximum strength), and
an atmospherecortaining a nearly force-free eld. The two join somewherearound
the surfacewhere B?=(8vP) = 1.

Deviations from magnetic equilibrium travel through the star at the Alfv §n speed.
Evenif the magnetic eld in the interior is weak (B?=(8YP) ¢, 1), the corresponding
adjustment time can still be very short comparedto the ageof the star, sincethis is
so many orders of magnitude longer than the dynamical time-scale of a star (of the
order 10 times longer, for a main sequenceA-star). For a "eld of 1000G in an Ap
star, for example, the Alfv§n crossingtime is of the order 10 years, a fraction 10' 8
of the star's main sequencdife.

In our calculations, the laborious processof producing magnetic equilibria by
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3.2 Nature of the magnetic "eld in Ap stars

explicit construction from the equilibrium equationsis replacedby the “brute force'
method of following the ewolution of the con guration in a time dependert manner.
Though lesselegan, it is simpler to implement and has the additional advantage of
addressingat the sametime the stability of the "eld.

3.2.2 Stability

The (dynamic) stability of an equilibrium is equally important, sinceinstability will
result in changeson the same (Alfv §n) time-scale. Gravity (buoyancy) is a strongly
stabilising force on the “eld in a radiativ e stellar interior, preverting displacemerts
in the radial direction. But in the two horizontal directions (along an equipotential
surface), there is essetially no stabilising force. Is stabilisation in one direction
suzcient for overall stability of magnetic equilibria in stars? What do such equilibria
look like if they exist? This question has beenthe subject of a signi cant amount of
analytic work done throughout the last Tt y years.

Tayler (1973) looked at toroidal "elds in stars, that is, "elds that have only an
azimuthal componert B4 in somespherical coordinate frame (r; |; A) with the origin
at the certre of the star. With the energy method, he derived necessaryand suz-
cient stability conditions for adiabatic conditions (no viscosity, thermal di®usion or
magnetic di®usion). The main conclusion was that such purely toroidal elds are
always unstable at someplacein the star, in particular to perturbations ofthe m = 1
form, and that stability at any particular place does not depend on "eld strength
but only on the form of the "eld. An important corollary of the resultsin this paper
(esp. the Appendix) was the proof that instability is local in meridional planes. If
the necessaryand suzcient condition for instability is satis ed at any point (r; ),
there is an unstable eigenfunction that will "t inside an in nitesimal environment
of this point. The instability is always global in the azimuthal direction, however.
The instability takes place in the form of a low-azimuthal order displacemen in a
ring around the star. Connectedwith this is the fact that the growth time of the
instability is of the order of the time it takesan Alfv&n wave to travel around the
star on a eld line.

The opposite caseis a eld in which all "eld linesarein meridional planes(B 4 = 0,
seeFig. 3.1). In subsequen papersMarkey & Tayler (1973,1974)and independertly
Wright (1973) studied the stability of axisymmetric poloidal "elds in which (at least
some) eld lines are closedwithin the star (right-hand side of Fig. 3.1). These elds
were again found to be unstable.

A casenot covered by these analyseswasthat of a poloidal "eld in which none of
the "eld lines closewithin the star. An example of such a eld is that of a uniform
“eld inside, matched by a dipoleeld in the vacuum outside the star (left-hand side of
Fig. 3.1). This casehasbeenconsideredearlier by Flowers & Ruderman (1977) who
found it to be unstable, by the following argumenrt. Considerwhat would happen to
such a dipolar "eld if onewereto cut the star in half (along a plane parallel to the
magnetic axis), rotate one half by 180, and put the two halvesbadk together again.
The magnetic energy inside the star would be unchanged, but in the atmosphere,
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Chapter 3 Stable magnetic "elds in stellar interiors

€

Figure 3.1: Poloidal "eld con gurations. Left: all "eld lines close outside the star, this
“eld is unstable by an argument due to Flowers & Ruderman. For the casewhere some
“eld lines are closedinside the star, instabilit y was proven by Wright and Markey & Tayler.

where the eld can be approximated by a potential eld, i.e. with no current, the
magnetic energywill be lower than before. This processcan be repeatedad in nitum
{ the magnetic energy outside the star approaceszero and the sign of the “"eld in
the interior changesbetweenthinner and thinner slices.

The reduction of the external "eld energyis responsible for driving the instabilit y.
Sincethe initial external eld energyis of the sameorder asthe "eld energyinside
the star, the initial growth time of the instabilit y is of the order of the Alfv §n travel
time through the star, asin the casesstudied by Markey & Tayler and Wright.

Prendergast (1956) showed that an equilibrium can be constructed from a linked
poloidal-toroidal “eld, but stopped short of demonstrating that this "eld could be
stable. Since both purely toroidal "elds and purely poloidal "eld are unstable, a
stable "eld con guration, if one exists, must apparertly be suc a linked poloidal-
toroidal shape. Wright (1973) showed that a poloidal eld could be stabilised by
adding to it a toroidal "eld of comparable strength. Howeer, the result was again
somewhatshort of a proof.

Kamchatnov (1982) constructed an equilibrium “eld, which he claimed wasstable.
It hasthe following form:

g, = 2xziy)
* (1+7r2)3
_ 20yzi x)
> 7 aeop o0
B, = 1+ 222 r?
(1+r2)3
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3.2 Nature of the magnetic "eld in Ap stars

where x, y and z are unitless Cartesian coordinates, and r? = x? + y? + z2. To be
in equilibrium, this "eld hasto be accompaniedby a velocity "eld of similar form.
The “eld is a twisted torus; if one started with a hoop of "eld lines (i.e. a toroidal
“eld), cut the hoop at one point, and twisted one end 360* and reconnectedthe two
endsagain (so that eac eld line connectsback to itself), onewould get something
like the "eld described by the equations above.

Theseresults wereall valid only in the absenceof dissipative e®ects.The damping
due to such e®ectsmight be expected to result in a somewhatincreasedstability.
The only casein which dissipative e®ectshave beeninvestigated in detail is that
of a purely toroidal "eld. Acheson's(1978) analysis exploits the local nature of
the instability processin this caseto include the e®ectsof viscosity, magnetic and
thermal di®usion. Becauseof the low valuesof thesecoezxcients in a stellar interior,
stabilisation is found to occur only at very low "eld strengths, well below those
obsenedin Ap/Bp stars.

The e®ectof rotation was investigated by Pitts & Tayler (1986) for the adiabatic
case. Theseauthors arrived at the conclusionthat although someinstabilities could
be inhibited by suzciently rapid rotation, other instabilities were likely to remain,
whose growth could only be slowed by rotation { the growth timescale would still
be very short comparedto a star's lifetime. It seemsthat a toroidal "eld could be
stabilised by rotation above a certain speedif the rotation and magnetic axeswere
parallel. Howewer, there are generally likely to be other instabilities which survive
evenrapid rotation, albeit at a rate reducedby a factor %= where % is the growth
rate in the absenceof rotation. They did not however exclude the possibility that
rotation at a large angle to the magnetic axis of symmetry could stabilise a mainly
poloidal "eld.

This was one of the last papers on the subject to use purely analytic methods
{ the problem had becomeso complicated that no more de nite conclusionscould
be made. In Chapter 2 numerical simulations were used to look at the stability
of toroidal “elds; it was demonstrated that such a "eld is subject to an instability
growing on an Alfv §n-crossingtime-scale, which could be suppressedby rotation of
an axis parallel to the magnetic axis. These simulations were done in a localised
basis{ a small section of the radiativ e ervelope on the magnetic axis was modelled.
To look at the stability of more general eld con gurations, it is necessaryto model
an ertire star.

In the calculations reported below the stability problem is not studied separately;
any con guration that survivesthe dynamical ewolution of a given initial state will
be a stable eld, on the time-scalesthat can be followed numerically. The ewolution
can typically be followed for a few hundred Alfv §n crossingtimes; surviving “elds
are therefore of the dynamically stable type sough.

It is possiblethat the outcome dependson the initial conditions, which could of
course explain why some A stars are magnetic and others are not. A secondgoal
is thus to nd clues as to the initial conditions set at the time of formation of a
magnetic A star.
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3.3 The numerical model

The star is modelled on a Cartesian grid. For a spherical object like a star this
might sound unnatural. Alternativ es like cylindrical or spherical coordinates are
more natural for analytical methods, but are known to produce seriousartefacts in
numerical simulations becauseof the coordinate singularities. Cartesian coordinates
are the simplest to implement and have a low computing cost per grid point. A
disadvantage is that the computational box must be taken somewhatlarger than the
star studied, which increasescomputing e®ort again.

The boundary conditions used are periodic in all directions. Such conditions are
easyto implement and minimise boundary artefacts.

The equation of state is that of an ideal gaswith a xed ratio of speci ¢ heats® =
5=3. The gravitational potential is determined consisterily with the non-magnetic
state of the star, but thereafter kept "xed at this value during the ewolution of the
magnetic "eld (the Cowling approximation).

3.3.1 Treatment of the atmosphere

As the Flowers-Rudermanargumert shaws, instabilit y of the "eld can be driven by
the magnetic energyin the volume outside the star. The calculations therefore must
include a mechanism to allow magnetic energy releasein the atmosphere. The at-
mosphereis magnetically dominated (" ¢ 1) and has something closeto a potential
“eld, asno large currents can exist there. In principle, the code will reproduce this
automatically, since magnetic di®usion (whether numerical or explicitly included)
will allow reconnectionof eld linesin the atmospherein responseto changesat the
surfacedriven by the dynamics of the magnetic "eld in the interior.

When numerically modelling this, howewer, problems arise becausethe Alfv&n
speedbecomesvery large in an atmospherethat is modelled suzciently realistically
to allow reconnectionto take place rapidly enough. This causesthe time step to
drop below acceptablevalues.

By including a large electrical resistivity in the atmosphere,the “eld can be kept
closeto a potential “eld irrespective of the Alfv@n speed. Thus in the induction
equation a magnetic di®usivity, ~, is included, whose value is zero in the stellar
interior and constart in the atmosphere(with a transition zonelocated betweenthe
sameradii asthe temperature transition zonevisible in Fig. 3.3). The corresponding
heating term in the energy equation is left out sincethe di®usivity is arti cial, and
atmospheric heating can not be treated realistically anyway without also including
the compensating radiativ e lossterms.

3.3.2 Time-scales and computational practicalities

Three di®erert time-scalesplay a role in the numerics of the problem: the sound
travel time ts = Ra=¢;, the Alfv §n crossingtime ty = Ra=va and the Ohmic di®usion
time tq = R2=". In areal star (assuminga “eld strength » 1000 G), these di®er
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by ratios of the order ta=ts » 10% tg=ts » 10%°. Suc ratios are well outside the
dynamic range accessiblenumerically.

In the main problem addressedn this study, namely the approac of a eld con g-
uration to an equilibrium state and the stability of this state, the governing time-scale
is the Alfv@n travel time. The hydrostatic adjustment of the star to a changing eld
con guration happens on the much shorter sound crossing time, hencethe ewlu-
tion of the "eld doesnot depend explicitly on the sound crossingtime, but only on
the Alfv@n speed. An overall changein the “eld strength is thus almost equivalent
to a changein time scale. We exploit this by using high "eld strengths, such that
ta=ts » 10, the maximum for which the dynamics can plausibly be expectedto be
nearly independert of the soundtravel time.

In somecalculations, the ewlution of a dynamically stable "eld con guration in
the presenceof an explicit magnetic di®usionis studied (see Sect. 3.7.3. In these
casesboth the dynamic and the di®usive time-scalesmust be followed. The two can
be separatedonly if the di®usive time-scaleis sutciently long compared with the
Alfv §n time. For these casesthe di®usivity is adjusted such that the di®usiwe time
scalewaslonger by a factor of order 10; hencethesecalculations are also of the order
10 times as demanding as the calculations that only follow the Alfv&ntime scale.

3.3.3 Acceleration of the code by rescaling

During the ewlution of the "eld from an arbitrary or unstable con guration, its

amplitude decreasesby large factors. Following the intrinsic dewelopmen as the

Alfv §n time-scale increasesbecomesincreasingly expensiwe, limiting the degree of
ewlution that can be followed. To circumvent this problem, a routine was addedto

the code which increasesthe strength of the magnetic "eld (uniformly throughout

the ertire computational box) to keepthe total magnetic energy constart. The code
then keepsa record of how fast the magnetic eld would have decayed in the absence
of this routine. This information is then usedto reconstruct the time axis and
the "eld amplitude as a function of time. We call this numerical device amplitude
resaling. It can be shown to give exact results in the casewhen the Alfv §n speedis
the only relevant signal speed. In practice, this meanswe expect it to give a good

approximation for the ewolution of the "eld con guration when the Alfv §n crossing
time is much longerthan the sound crossingtime but much shorter than the di®usive
time, i.e. in the limiting case”=R. ¢ Va ¢ Cs. Testswere doneto make sure that

the ewolution of the "eld is indeed largely una®ectedby this procedure(Sect. 3.7.1)

The procedure is useful even in caseswhere the separation of Alfv&n, sound and
di®usiwe time scalesis not as clean. If we are interested mainly in the stable nal

equilibrium con guration, it is sutcient to have a numerical procedure that nds

this equilibrium ezxciently and the accuracy of the ewolution to this equilibrium is
of lessconcern. This appliesin essencedo most of the results reported here.
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3.4 The numerical code

We usea three-dimensionalMHD code developed by Nordlund & Galsgaard(1995),
written in Cartesian coordinates. The code usesa staggeredmesh, sothat variables
are de ned at di®erert points in the gridbox. For example,is de ned in the certre
of eadh box, but uy in the certre of the face perpendicular to the x-axis, sothat the
value of x is lower by %dx. Interpolations and spatial derivativesare calculated to
“fth and sixth order respectively. The third order predictor-corrector time-stepping
procedure of Hyman (1979) is used.

The high order of the discretisation is a bit more expensive per grid point and
time step, but the code can be run with fewer grid points than lower order schemes,
for the sameaccuracy Becauseof the steep dependenceof computing cost on grid
spacing (4th power for explicit 3D) this results in greater computing econony.

For stability, high-order di®usive terms are employed. Explicit use is made of
highly localiseddi®usivities, while retaining the original form of the partial di®eren-
tial equations.

The code consenesr :B only up to machine accuracy For previous applications
this was no problem as the code was run for shorter lengths of time. For this
application, however, we are modelling a star over many Alfv §n timescales,and ac-
cumulation of machine errors becamea problem. An additional routine wasrequired
to remove the componert of the eld with non-zerodivergence. This was done by
periodically (every few hundred timesteps) expressingthe "eld asthe gradient of a
scalar and the curl of a vector, the former then being deleted.

It was also found that the total °ux through the computational box was not
consened exactly, which meart that after a very long time the "eld becameuniform
in strength and direction over the whole of the volume. A routine wasthereforeadded
which every so often calculated this net °ux and then madeit zeroby subtracting a
uniform “eld from every grid point.

3.5 Initial conditions

We begin all of the simulations with the spherically symmetrical density and tem-
perature pro les of polytropic star whereP / %4*1="_ A value of n = 3 was chosen,
as it is fairly typical of the non-corvective stellar ervelope of A stars { half-way
betweenthe isothermal (n = 1 ) and corvective (n = 3=2) cases.This polytrope is
truncated at a distance Rs, the radius of the simulated star, and the region outside
this replacedby a hot atmosphere,with a temperature about half that at the certre
of the star. The surfacedensity of the polytrop e is of the order 0.002 of the certral
density; a smaller value of the surfacedensity is humerically impractical becauseof
the very high Alfv &n speedsthat would result in the atmosphere.

If we chooseto specify the massM ., radius R, and meanmolar mass! of the star
as2M-, 1:8R- and 0:6gmoli ! (typical A-star values), then the certral temperature
is9£ 1C° K with a polytrop e of this index. The computational box is a cube of side
4:5Rs.
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3.5 Initial conditions

Figure 3.2: Pressurevs. ra-
dius of the model star at t = 0.
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Figs. 3.2 and 3.3 show the pressureand temperature pro les.

Nothing is known about the magnetic con guration produced during star forma-
tion. As away of expressingthis ignorance, have we started the seriesof calculations
with a set of caseswith random initial "elds. A magnetic vector potential was set
up asarandom "eld cortaining spatial frequenciesup to a certain value (so that the
length scaleswere at least a few grid spacings). The result was then multiplied by

exp(i r>=rh); (3.2)

sothat the "eld strength in the atmospherewas negligible. The magnetic eld was
then calculated from this vector potential. The strength of the "eld wasnormalisedto
be strong enoughto allow things to happen on computationally corveniert timescales
whilst holding to the condition that the magnetic energybe much lessthan the ther-
mal. The valueof ™ (thermal over magnetic energydensity) in the stellar interior was
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Figure 3.4: Thermal (solid
line) and magnetic (dotted line)
energy densities at t = 0, aver-
agedover horizontal surfaces,as
a function of radius. The vari-
ations of magnetic energy den-
sity with radius re°ect the par-
ticular realisation of the random
initial “eld.
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therefore set to around 100 at the beginning of the simulation. The total magnetic
energyis equalto 1:2£ 10% erg{ this correspndsto a meaneld of around 5£ 10°
gauss,a factor of between 200 and 20; 000 greater than the “elds obsened on the
surface of Ap stars. The Alfv&ntimescale,0:6 days, will therefore alsobe shorter by
this factor than one might expect in reality.

Fig. 3.4 shavsthe thermal and magnetic energydensitiesasa function of radius for
one particular realisation of the random initial conditions. The di®erencebetween
these two lines givesa measureof ~, which is typically 100in the interior, tending
to in nit y in the atmosphere. Perhaps more relevant though than the ratio of the
energydensitiesis the ratio of sound and Alfv §n speeds;thesetwo speedsare shown
in Fig. 3.5
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3.6 Visualising the results

3.6 Visualising the results

One of the greatestditculties in any numerical study of magnetic "elds is the visu-
alisation of the results. A number of techniqueshave beenusedin this study. One of
the most useful piecesof software was found to be IRIS Explorer (seebibliography),
which can produce projections of three-dimensional eld lines and surfaces. A “eld
line projection routine has beenusedwhich picks starting points, either at random
throughout the whole computational box (biased in favour of regions of high "eld
strength) or around a certain point, then tracesthe "eld from thesepoints until the
“eld strength drops below a certain value.

Plotting “eld lines alone can produce a rather chaotic picture, asit is not obvious
at what depth ead line lies. To complemen the lines, it is usefulto plot an opaque
surfaceof constart radius to provide a badkground. This surfacecan then be shaded
accordingto the sign of the normal "eld componert. A plot of this form can be seen
in Fig. 3.17 (the four large framesin this “gure).

It is also helpful to be able to seethe axis of symmetry of the magnetic eld. We
de ne the magnetic axis M in the following way:

|

M = (B:M)r dS; (3.3)

r=Ra

The arrow represerting this axis has beenaddedto the snapshotsin Fig. 3.17.

The stable magnetic "eld con gurations found here generally have the form of
tori. To visualise their shape, something is neededto show them as surfacesor
nestedsurfaces.Field lines are neededtoo, but bundlesof "eld lines alone much too
confusing, while iso-surfacesof eld strength are too insensitive to the topological
properties of the con guration.

A usefulvisual aid which helpsto highlight the position of the torus “eld is created
asfollows. A scalar eld is calculated:

BS

C= BEA] where A = (Brr)B (3.4)

which is equalto the radius of curvature. This aloneis not the ideal "eld to highlight
the torus, asit fails to distinguish the core of a torus from the “eld lines which go
through the middle of the star and emergeat either end. It is therefore necessary
to look at the direction of this radius of curvature { we are interested principally in
placeswhereit is parallel to the radius vector r. Hencethe dot product of the unit
position vector and the radius-of-curvature vector C is calculated, giving a scalar
“eld F:

B?A i (A:B)B
F=f h = -C:
C where  C=igaai (AB)B]

We now wish to highlight regionswherethis scalar eld F is high alongathin Tament
parallel to the magnetic "eld. We do by looking at the secondspatial derivatives

(3.5)
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perpendicular to the magnetic “eld:
G=ir?r:€(r £B)*(m:r )?F + (nir )?F) (3.6)

where m and n are unit vectors perpendicular to both B and ead other. Adding
the current density and r? both help to make the path of the torus stand out better.
It is this scalar eld G which is plotted in the smaller frames of Fig. 3.17.

In addition to theseplots, it is possibleto project the surfaceof the star into two
dimensions. Enjoying the luxury of being subject to neither navigational nor polit-
ical considerations,we picked the simplest projection imaginable, that is, longitude
becomesthe x coordinate and latitude becomesthe y coordinate. This is useful in
particular whenthe eld hasa dominant componert by which an axis can be de ned.
In many of the con gurations ewlving found here, a dipole componert dominates
at the surface, and its axis (the axis M de ned in Eq. (3.3)) is then taken for the
(x; y)-projection.

The shape and ewolution of the magnetic eld can be quanti ed in the following
ways. Firstly, as the length of the intersection betweenthe B, = Oandr = Rg
surfaces{ plotted in the following sectionis W, the length of this intersection divided
by 2VR.. A value of 1 is expectedfor a dipolar "eld; a value of "v e or more implies
a eld with structure on the scaleof a few grid points.

Secondly the surface value of B, can be decompsedinto spherical harmonics.
This gives an indication of how well ordered the "eld is { if we plot the energy of
the dipole, quadrupole, octupole and higher orders as a fraction of the total eld
energy it is easyto seehow ordered or chaotic the "eld is. The coexcients can also
be compared directly to the results of obsenational studies which have assumeda
dipole or dipole and quadrupolar "eld. The axis M de ned above is parallel to the
dipole momert.

Thirdly , we can break up the magnetic eld into its three componerts in spherical
coordinates (again using the axis M), and then calculate the total energy in the
toroidal componert and in the poloidal componert.

Finally, we calculate a radius a,, to quartify the volume occupiedby the magnetic
“eld:

R|£2r2dv
a2 = ;

B2dv

This is especially useful for calculations of the longer-term di®usive ewolution of the
“eld, giving a measurehow far outwards the "eld has spread from its initial form.
The initial value of an, is roughly equal to the length scaler,, of the initial "eld
con guration (Sect. 3.5). It will alsodependto somesmall extent on the exact form
of the initial random "eld, in generala, (t = 0) % 0:9r,.

(3.7)

3.7 Results

As described in Sect. 3.3.1, relaxation of the magnetic eld in the atmosphereis an
integral part of the stability problem. As a rst test, however, a eld wasewlved in
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a star without atmosphere, at a resolution of 96°. This ewolution would be typical
of the ewolution of a "eld at high —, buried inside the star.

After around 3 Alfv&n crossing times (based on the initial "eld strength), the
“eld energy has decayed by a factor of around 50 and has assumeda con guration
which then appearsto be stable. The poloidal componert is very similar to that
which would be produced by an azimuthal current loop near the equator of the star.
The toroidal componert then threads along this loop. The loop is generally a little
o®-cetred both in radius and in latitude, and almost circular.

This "eld then gradually di®usesoutwards into the atmosphere, maintaining its
overall form asit doesso, until of courseit reacdesthe edgesof the computational
box and the periodic boundary conditions have an e®ect.

Seweral casedike this wererun, (also at resolution 96°), with di®eren realisations
of the random initial "eld. The outcome was always similar { in all casesa twisted
torus “eld was produced, either right or left-handed. In a small proportion of cases,
both right and left-handed tori were formed above one another, in which caseone
eventually dies away.

This suggestsan important rst conclusion: there is perhaps only one possible
type of stable "eld con guration in a star. If others exist, are they are apparertly
not easily reached from random initial conditions.

Next, we considercaseswhere the magnetic eld is allowed to relax to a potential
“eld in the atmosphere, by meansof the atmospheric di®usion term described in
Sect. 3.3.1 The initial ewolution of the "eld is una®ectedby the addition of the
atmospheric di®usion term, provided that the length scaler,, of the initial eld
con guration (cf. Eg. (3.2) is small enough. This comesof courseas no surprise,
sincethe properties of the atmosphereshould have no e®ecton a "eld con ned to the
stellar interior. Fig. 3.6 shaws, in a sequenceof snapshots,the early evolution of the
“eld, from the initial random state into the torus shape. For this run, a resolution
of 144 cubed was used { higher than for the other runs, since a duration of just
a few Alfv §n-crossing-timeswas required. The torus "eld forms on a timescale of
the order of a few Alfv §n crossingtimes, which is equal to around 0:6 days at this
“eld strength. The snapshotsin the "gure are taken at times t = 0;0:18;0:54 and
5:4 days, i.e. after 0;0:3;0:9 and 9 Alfv §n crossingtimes. Once the torus is clearly
de ned, it makessenseto talk about toroidal (azimuthal) and poloidal (meridional)
componerts of the "eld, by de ning them relative to the axis of the torus. The
axis de nition M (cf. Eqg. (3.3)) was used for division into toroidal and poloidal
componerts.

By the time the torus "eld hasformed, the "eld energyhas decayed by a factor of
50 or so. As the "eld then di®usesgradually outwards, the e®ectof the atmospheric
di®usionterm beginsto show itself. This is becauseat rst, the "eld is con ned to
the interior and consequetly una®ectedby the properties of the atmosphere. Once
the "eld has di®usedoutwards somewhatit will clearly begin to be a®ectedby the
fact that the star has a surface beyond which the properties of the material are
di®erent.
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Chapter 3 Stable magnetic "elds in stellar interiors

Figure 3.6: The initial evolution of the "eld, plotted with IRIS Explorer. Plotted top left
at t = 0 is the computational box, with "eld lines, the axis M and a surface of constant
radius (r = 0:3Ra), which helps to make it easierto seethe “eld lines in the foreground.
Also plotted in this frame is a transparent surfaceat r = R to show where the surface of
the star is. Top right is the samething, viewed from a di®erert angle, zoomed-in somewhat
and with the surface at r = R. removed. Middle left, middle right and bottom left are
snapshots taken at times t = 0:18, 0:54 and 5:4 days. Bottom right is the last of these,
looking down the magnetic axis.
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fraction of energy in poloidal component of field

time / days

Figure 3.7: The fraction of the magnetic energy contained in the poloidal "eld for the two
runs (at resolution 96°) with the atmospheric di®usion term switched on (solid line) and
o® (dotted line).

To illustrate this Fig. 3.7 shaws the energy in the poloidal "eld componert, as
a fraction of the total magnetic energy (described in Sect. 3.6). It is seenthat the
atmospheric di®usion term causesthe poloidal componert of the eld to become
stronger than the toroidal. When it is ‘rst formed, the torus "eld has something
like 90% of its energyin the toroidal componert, but a non-conducting atmosphere
cannot of coursesupport atwisted eld outside of the star. Only the poloidal compo-
nent survivesthe move from inside to outside. The energyof the toroidal componert
therefore falls comparedto that of the poloidal componert.

It is usefulto ched that this di®usionterm is doing its job properly, i.e. to suppress
the electric current in the atmosphere. To this end, we canlook at the current density
in the stellar interior comparedto that in the atmosphere. In Fig. 3.8 we have plotted
the radial averagesof the "eld strength and of the current density (multiplied by the
stellar radius R. to give the sameunits as eld strength), at timest = 5:4 and
t = 27:2 days, i.e. during the slow outwards di®usive phaseof the "eld's ewolution.
It is the di®erencebetweenthesetwo quartities that we are interested in, and we
can seethat when the di®usionterm is switched on, the eld in the atmosphereis
stronger than when it is switched o® { this is becausea potential "eld, which is
what we have when the term is switched on, responds immediately to the "eld on
the stellar surface, while a "eld takes much longer to penetrate a current-carrying
atmosphere. Also, the di®usionterm hasthe e®ectof reducing by a factor of ten or
so the value of R4jlj in relation to the eld strength. All subsequeh discussionis
limited to runs performed with the atmospheric di®usionterm switched on.
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Chapter 3 Stable magnetic "elds in stellar interiors

Figure 3.8: Root-mean-
square as a function of
radius of "eld amplitude
jBj (thick lines) and cur-
rent density Rajlj (multi-
plied by Ra out of consider-
ation for units) (thin lines),
for the two runs with the
atmospheric di®usion term
switched on (solid line) and
o® (dotted line), at times
t = 5:4 (upper plate) and
t = 381 days (lower plate).

In Fig. 3.9, we can seehow the torus changesasit di®usesoutwards. At two times
(t = 226 and 319 days) "eld lines are plotted { it is clear that at the time of the
“rst snapshot, the "eld is mainly toroidal, but then the poloidal componert grows
in relation to the toroidal.

As the "eld di®usesfurther outwards, the shape of the "eld changes. The torus
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starts distorting asif it werea loadedspring trapp ed inside a hollow ball { it changes

“rst from a circular shape to the shape of the line on the surface of a tennis ball,

and then to an more contorted shape, as shown in Fig. 3.17.
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Figure 3.9: Snapshotsof the ducial run at resolution 96°. Upper left, at t = 22:6 days,
“eld lines are plotted, in addition to the magnetic axis M (the arrow) and a transparent
sphere of radius R.. Lower left, the same viewed from a di®erert angle. Upper right and
lower right, the sameat alater time t = 31:9 days. It is clear that the "eld in the atmosphere
has relaxed to a poloidal "eld, while the interior is both toroidal and poloidal.
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Chapter 3 Stable magnetic "elds in stellar interiors

3.7.1 Tests

The validity and accuracyof the code canbe judged from the setof resultsin Chapter
2. In these calculations, a seriesof stability calculations for toroidal “eld con gu-
rations in stably strati ed stars are reported and comparedwith known analytical
results. The good agreemen found there demonstratesthe applicability for problems
like the presen stellar MHD problem.

As described in Sect. 3.3.3 a resaling procedureis usedto increasethe speed
of the calculation. Since this procedure can be formally justied only in the limit
"=R¢ va ¢ G, tests were done comparing the evolution of a giveninitial “eld with
and without this procedure. The result of such a test is shawvn in Figs. 3.10 and
3.11 Plotted, for both runs, are the total magnetic energyasa function of time and
its decay rate. The gures show that the rescaling scheme reproduces eld decay
properly, at least when the “eld's ewlution is primarily on the dynamic time scale
and not Ohmic. Once the stable "eld has appearedand di®usive processesecome
important, the schemeceasego speedup the ewlution. This manifestsitself in the
two “gures in a divergenceof the two runs at later times: the processbecomesless
accurate when di®usive processegake over from dynamic evolution.

Fig. 3.12 comparesthe end result of the ewlution of the "eld in the two cases
at time of t = 4:5 days. This shows the level of di®erenceintroduced in the "eld
con guration by the rescalingprocess.
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Figure 3.10: Test of the "eld amplitude rescaling scheme: The magnetic energy E (t) is
plotted against the time t, with rescaling (solid line) and without (dotted line).
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Figure 3.11: As Fig. 3.10, but showing the "eld decay rate E=E.

Figure 3.12: Projections of the “eld lines without (left) and with (right) the "eld ampli-
tude rescaling scheme (see Sect. 3.3.3), at a common time t = 4:5 days. Also plotted is a
surface of constant radius r = 0:4R., which helps to provide a background against which
to view the “eld lines.
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3.7.2 The size of the initial eld con guration

The ewlution is found to depend on the initial state of the magnetic "eld, or at
least, on the initial length scaler, (cf. Eq. (3.2) of the "eld. For smallr,, the "eld
con guration is concerirated more towards the certre of the star. Runs were done
with di®erert valuesof rn, but with the sametotal magnetic energy The eld nds
the torus con guration only if r, is below a certain value, so that if rp, is smaller
than this value, the torus produced di®usesgradually outwards until at somepoint
it starts the “tennis ball' distortion described above. The smaller r,, is, the smaller
the torus produced is, and the longer this di®usiwe phaselasts. If ry, is above the
critical value, the "eld goes straight into the distorted state without ever reaching
the regular torus shape. Soits value has no e®ecton the nal state of the “eld, i.e.
one of fast decay causedby dynamic instability. In the runs described above, we
usedr, = 0:25R.. To look at the e®ectof ry,, we did otherwise identical runs at
resolution 72 with rp, = 0:14R., 0:25R., 0:39R. and 0:57R.. Theseruns can be
comparedby looking at the poloidal "eld energyasa proportion of the total energy
{ seeFig. 3.13 It can be seenthat the value of r,, a®ectsthe route taken to reacth
the nal state, but has no e®ecton the nal state itself. The run with r, = 0:57Rs
never reachesany stable state at all; the other three runs with smaller r, do reach
it, and stay in it longer the smallerry, is.

This can be con rmed by looking at the rate of decay of the eld, as plotted in
Fig. 3.14. It can be seenthat the greater rp,, the sooner the point is reaced at
which the "eld beginsto decay quickly.
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Figure 3.13: The e®ectof the length scaleof the initial "eld con guration on the evolution
of the "eld. The poloidal fraction of the magnetic energy is plotted for r,m = 0:14R. (solid
line), 0:25R. (dotted), 0:39R. (dashed) and 0:57R. (dot-dashed). It can be seenthat the
initial conditions merely determine the route taken to the nal state, not the nal state
itself.
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Figure 3.14: The rate of decay of the "eld, for the four runs with di®erert valuesof rp,.

3.7.3 A quantitative look at the di®usive phase of evolution

Once the stable torus "eld has formed, it gradually di®usesoutwards. If the con-
“guration was initially concerrated towards the certre, it is then possiblethat the
strength of the "eld on the surfaceincreasesdespitethe fact that the total magnetic
energy goesdown.

To look at this in a quartitativ e manner, we have intro duceda di®usivity with the
functional form of the Spitzer's (1962) conductivity for ionised plasmas, applicable
in stellar interiors:

"o = KTI 32 (3.8)

Here K ¥4 7£ 10" Ino wherethe Coulomb logarithm In o is of order 10 in a stellar
interior.

Adding this di®usivity to the code would result in the "eld ewlving much too
slowly to be computationally practical. We can make useof the fact that, in the stage
we are interestedin here, the "eld is ewolving on the di®usive time-scale. In this case,
an increaseof the di®usivity by a constart factor, while maintaining the functional
dependence(3.8), is equivalent to a decreasen the time-scaleof ewolution. Thus, we
usea di®usivity of the form (3.8), with K adjusted to yield a speedof ewolution that
is suzciently long comparedwith the Alfv &ntime-scale,but still short enoughto be
computationally feasible. The ewolution can then be scaledafterwards to a realistic
time axis.

As the initial conditions, we usedthe output from the “ducial run at resolution
96° at a time t = 4:4 days { oncethe stable torus “eld has formed. The numerical
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Chapter 3 Stable magnetic "elds in stellar interiors

di®usionscheme, which is required to hold the code stable when the "eld is ewolving
on a dynamic time-scale,was switched o®for theseruns. The "eld rescalingroutine
(Sect.3.3.3 wasalsoswitched o®. Weran the codewith ~ =" equalto 101, 1:7£ 10,
3£ 101, 55£ 10, 1012, 1:7£ 10'2 and 3£ 10%2.

We are interested in what happensto the "eld strength on the surfaceof the star
during this phaseof ewolution, sinceonly the surface eld is obsened. Fig. 3.15is
a plot of this surface eld (to be precise,the root-mean-squareof its modulus) as
a function of time, for the runs with di®eren valuesof “="y. The "eld strength is
indeedfound to increase;the higher the di®usivity, the faster the surface eld grows.

Looking at the result of Hubrig et al. 2000a,which suggestghat Ap starstypically
becomevisibly magnetic after 30% of their main-sequencdifetime (which works out
at around 3£ 10° years), it would be interesting to seehow quickly the surface eld
in theseruns is rising. We can obtain a time-scaleif we divide the "eld strength by
its time derivative. If we do this for the “="o = 10'2 case,we obtain the time-scale
0:8 days; we can therefore infer that if we set” = ", we would measurea timescale
2 £ 10° years. This is somewhat larger than the main sequenceifespan, but still
within an order of magnitude.

We concludethat Ohmic di®usionof an internal magnetic eld is a plausible model
for the increaseof the surface magnetic "eld with time implied by the obsenations
of Hubrig et al. Quartitativ e improvemerts in the physics used (stellar structure
model, precisevalue of “) and numerical resolution will be needed,however, to test
this idea more securely

It is usefulto ched that the time-scale really is dependert on the di®usivity in
the way we have assumed,i.e. that the two are inversely proportional. To this end,
we have plotted the reciprocal of the timescale measuredas a function of “="¢ in
Fig. 3.16. The two are found to be proportional to ead other, except at the two
ends of the range where other numerical e®ectscomeinto play.

3.7.4 The nal, unstable phase of evolution

As mentioned above, when the stabletorus "eld di®usesoutwardsto a certain radius,
it evertually becomesunstable and decays. The shape of the "eld changesfrom an
ordered, large-scaleshape to a disordered, small-scaleshape which then constartly
changesand movesaround. This fall of length scalebrings about an increasein the
rate at which energyis lost via Ohmic di®usion, sincethe time-scale over which the
latter occursis proportional to the squareof the length scale.

Fig. 3.17 shows the ewolution of this nal instability, from the momert when it
beginsto atime whenthe length scalehasfallen signi cantly. Fig. 3.18is a projection
onto two dimensionsof the "eld's radial componert B, on the stellar surface. The
axis M at the time of the third picture (t = 319 days) is used for the projection,
although this axis movesby lessthan "v e degreesbetweenthen and the time of the
last picture in the sequence.The third, fourth, fth and sixth framesin Fig. 3.18
correspond to the four framesin Fig. 3.17.
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Figure 3.15: Root-mean-squareB; at the surface of the star, asa function of time. Sewen
values of di®usion: 10" (solid), 1:7 £ 10", (dotted), 3£ 10", (dashed), 5:5£ 10",
(dot-dashed), 10'? o (dot-dot-dot-dashed), 1:7£ 10", (long-dashed) and 3£ 102" (solid).
The higher the di®usion, the faster the "eld on the stellar surface increases.
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Figure 3.16: The reciprocal of the time-scale on which the surface “eld is increasing,
B,=@8,, asa function of "="o.
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Figure 3.17: Large plates: the magnetic "eld in the atmosphere of the star. The light and dark
shading on the surface represent positive and negative B, the radial component of the "eld. The
arrow denotes the magnetic axis M calculated in Eq. (3.3). The four snapshots are taken at times
t = 31:9, 33:7, 35:6 and 38:5 days; top-left, top-right, bottom-left, bottom-righ t respectively. In the
rst, the "eld has settled from the initial state into a fairly regular circular torus. In the next three
we can seethe instabilit y grow (see Sect. 3.7.4). Small plates: at the sametimes, on the same scale,
“eld lines in the stellar interior. To make it easierto trace their path, a surface of constant G (see
Sect. 3.6 and Eq. (3.6)) has been added, as well as a sphere of radius 0:3Rx.
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Figure 3.18: Projections onto 2-D of the radial component B, on the stellar surface,
for the Tducial run at resolution 96°, at times t = 0;22:6;31:9; 33:7; 35:6; 38:5; 43:2; 46.0
days, using the axis M. The plots are arranged in the following order: top-left, top-right,
upper-middle-left, upper-middle-right, etc.
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Figure 3.19: W, plotted above, is de ned as the length of the line separating positive
from negative B, on the surface of the star, divided by 2¥R.. During the di®usive phase,
this hasits dipole value of unity; when the "eld becomesunstable it grows.

It would be interesting to seethe length scalefalling in some quartitativ e way.
To this end, we needto nd a way to de ne a length scale{ we use the quantity
W de ned in Sect. 3.6. asthe total length of the line(s) on the surface of the star
which separate(s) regions of positive and negative B, divided by 2¥R,. We may
then expect that the typical length scaleL is given by the area of the surfaceof the
star divided by the length of this B, = 0 line, sothat L » 2R,=W. The quantity W
in the "ducial run at resolution 96 is plotted in Fig. 3.19. The length scalebegins
small, grows to its maximum value as the torus "eld forms, and then suddenly falls
asthis unstable regime is reached.

It is alsointeresting to look at the decomposition into spherical harmonics of B,
on the stellar surface. While the stable torus “eld is gradually di®using outwards,
almost all of the energyis in the dipole componert. When the "eld becomesaunstable,
the energy goesinto the higher componerts, as can be seenin Fig. 3.20

The beginning of this unstable phasemarks the end of the gradual outwards dif-
fusion of the "eld. This can be seenby looking at the value of the magnetic radius
am (de ned in Eq. (3.7)), asplotted in Fig. 3.21
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Figure 3.20: The energy of the B, componernt on the surface of the star, broken down
into its dipolar, quadrupolar, octupolar and higher componerts, as proportions of the total
energy. The dipolar energy is represeried by the spacebetweenthe x axis and the thick
line, the quadrupolar energy is represerted by the spacebetweenthe thick line and the one
above it, etc. The transition from stable to unstable at t % 35 days can be seen, as the
dipole component suddenly losesits energy and the surface eld becomesdominated by
higher components, rst by quadrupole and octupole, then by even higher orders.
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Figure 3.21: The magnetic radius am againsttime. It canbe seenthat during the di®usive
phase, the "eld movesslowly outwards, and that the "eld enters the unstable phase only
once this outwards di®usion has ended. This transition to instabilit y, as can be seenfor
instance in Fig. 3.20, occurs at t ¥2 35 days.
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3.8 Comparison with observations

The main result of this study is the existenceof a stable eld which can survive for
a long time, at least as long as an A-star main sequencelifetime. At the surface
of the star, this "eld is found to be mainly dipolar, with smaller contributions from
guadrupole and higher componerts. This is largely in agreemen with the obsena-
tions described in Sect. 3.1.1; it is obsened that the eld on the surfaceof Ap stars
is ordered on a large scaleand mainly dipole in form.

We should like to make this comparisonbetweenthe result of this study and the
obsenations in a slightly more quantitativ e manner. To this end we can calculate
from the results found here some quantities which can be directly obsened. This
bypasseshe processesnvolved in reconstructing the surface eld from obsenations.

The most commonmethod for looking at the magnetic eld of a star is the analysis
of the Stokes| and V pro les and of frequency-irtegrated StokesQ and U proles.
This can yield various quartities depending on factors sud as the rotation velocity
of the star (which broadensthe spectral lines and therefore makesthe analysis more
dizcult). The most easily obtained of these quantities are the longitudinal "eld
B, and the "eld modulus B, which are obtained from weighted averagesover the
visible hemisphereof the line-of-sight componert hB,i and of the modulus hBi of
the “eld respectively. They are weighted with the function Q(£), where £ is the
angle betweenthe normal to the stellar surfaceand line of sight, which is given by
(Landstreet & Mathys 2000)

Q(E) =[1i 2c(Lj cosf)][1 i (L cosE)]; (3.9)

where 2. and 2, are limb darkening and line weighting coezxcients, given the values
0:4 and 0:5. As the star rotates, thesequartities B, and Bs change;we can calculate
them asa function of rotational phase. We just needto choosea rotational axis, and
an anglei betweenthis rotational axis and the line of sight. Sinceit seemsthat the
magnetic and rotational axesare closeto ead other (Landstreet & Mathys 2000),
we put the two 30* away from ead other. For i, we choosethe median value (the
distribution is of courserandom) of 60*.

We calculate the longitudinal "eld and "eld modulus from the "ducial run de-
scribed in Sect. 3.7. We have done this at two points in time while the stable torus
“eld is presen, t = 22:6 and 31.9 days (corresponding to the secondand third frames
of Fig. 3.18), the surface eld being signi cantly stronger at the later time. These
quartities are plotted, asa function of rotational phase,in Figs. 3.22, 3.23 3.24and
3.25

At the later of thesetwo times, both the longitudinal "eld and the "eld modulus
are variable in a sinusoidal fashion, which is what is obsened in most Ap stars. At
the earlier time t = 22:6 days, the variation is not purely sinusoidal. This behaviour
has been obsened for instance in the slowly rotating Ap star HD 187474 (Khalack
et al. 2003).
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Figure 3.22: Longitudinal "eld B, as a
function of rotation phase,att = 22:6 days.
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Figure 3.24: Longitudinal "eld B, as a
function of rotation phase,att = 31:9 days.
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Figure 3.23: Field modulus Bs asa func-
tion of rotation phase, at t = 22:6 days.
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Figure 3.25: Field modulus Bs asa func-
tion of rotation phase, at t = 31:9 days.
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3.9 Discussion and conclusions

We have modelled an Ap star and ewolved its magnetic "eld in time using numerical
MHD, starting with a random "eld con guration in the interior of the star. Any
random “eld con guration is in generalunstable and will decay on a timescalecom-
parable to the time taken by an Alfv §n wave to crossthe star; this is indeed exactly
what happensin these simulations. The "eld ewlvesinto a stable “twisted torus'
con guration, which is then stable on an Alfv §n time-scale (dynamic stabilit y).

The con gurations found were always of the samekind: a nearly axisymmetric
torus insidethe star, with toroidal (azimuthal) and poloidal (meridional) componerts
of comparable strength. Depending on the particular random “eld preser at the
beginning, the torus which emergesis either right or left handed, and is in general
a little displacedfrom the certre of the star. This torus forms the stable core of the
con guration. Wrapped around it are poloidal eld lines that extend through the
atmosphere. These eld lines causethe surface eld to form an approximate dipole,
with smaller contributions from higher multip oles.

The “rst conclusionto be drawn from this study is therefore the probable existence
of stable "eld con gurations in stably strati ed stars. Our results provide the rst
plausible "eld con gurations that explain both the stability and the surfaceappear-
anceof A-star "elds. We considerthe results to be strong evidencein favour of the
“fossil eld’ model for Ap stars.

The secondmain result concernsthe secularewolution of the stable "eld con gu-
rations. By Ohmic dissipation the "eld di®usesslowly outwards, while maintaining
its overall shape. In the process,the strength of the "eld on the surfaceincreases
and the topology of the "eld in the interior undergoesa gradual change,from mainly
toroidal to mainly poloidal. To understand why this happens, one rst needsto
understand that the toroidal "eld can only thread through those poloidal "eld loops
which are closedinside the star. If toroidal "eld were presert in regionswhere the
poloidal "eld lines go all the way through the star and closeoutside, the "eld lines
would bein e®ectentering the star at the north pole, twisting around inside the star,
and exiting at the south pole. Due to the rapid relaxation of the atmospheric "eld,
this twist is removed almost instantaneously, such that the toroidal "eld componert
is always small outside the star. As a result, the "eld line doesnot support a torque
any more, and the interior part of the "eld line unwinds on an Alfv §n time-scale
(by azimuthal displacemens) until only its poloidal componert remains. This is
sketched in Fig. 3.26. As seenin a projection on a meridional plane, the toroidal
“eld componert is restricted to those "eld lines that are closedwithin the star. As
these closed eld lines di®useto the surface, their toroidal componert is released,
increasingthe ratio of poloidal to toroidal eld energy

At some point, when the torus of closed eld lines is closeto the surface of the
star, the (relativ e) increaseof the poloidal "eld causesthe torus to looseits circular
shape. Its core, now located just below the surface, twists out of the plane. At
“rst, this twist is like the seamson a tennis ball and thereafter becomesincreasingly
complicated. This cortinuesuntil the di®usive time-scale L2=" falls to the Alfv &n
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C)

Figure 3.26: Left: The toroidal "eld lines (represerted by the shadedarea) thread through
those poloidal “eld lines which are closedwithin the star. Right: at a later time the "eld has
di®usedoutwards and the toroidal component has beenreduced compared to the poloidal.

time-scale. The "eld then decays on an extremely short time-scale comparedto the
lifetime of the star.

The di®usive ewolution of the "eld thus agreeswith the obsenational result in
Sect.3.1.10f Hubrig et al. (2000a),that Ap stars are typically more than 30% of the
way through their main-sequencdife. The time-scalefor this increaseis found to be
around 2£ 10° years,somewhatlonger than 30% of the main-sequencdifetime of an
A star (30% of 10° years), but it should be stressedthat any accurate determination
of this di®usiwe time-scalewould have to usea more accurate modelling of the stellar
structure and the magnetic di®usivity than that employed here.

For our results to hold asan explanation of A-star magnetic elds, the stars must,
at the time of their formation, have contained a strong “eld. This initial "eld can
be of arbitrary con guration, exceptthat it must have a nite magnetic helicity and
must be con ned mainly to the core. Why only someA stars show a strong "eld is
another question. There is of coursethe obvious possibility that the c.90%of A stars
not obsened to be magnetic simply cortained, for whatever reason,no strong eld
at birth. There are however two other possiblereasons,albeit alsowith no obvious
explanation for the birth state required. Firstly, it is possiblethat most A stars are
born with a strong "eld which is not suzciently concerirated into the core, so that
it quickly or immediately becomesunstable and decas, analogousto the run with
rm = 0:57R. described in Sect. 3.7.2 and Figs. 3.13and 3.14. Secondly the eld in
most A stars could be more concertrated towards the certre than in Ap stars, so
that it doesnot have time to manifestitself at the surfaceduring the main sequence.

It may seemunnatural that a newly born star should have its magnetic “eld
concerrated into the core. Howewer, this may be a logical consequenceof °ux
consenation during formation. Assuming that the "eld in the progenitor cloud is
of uniform strength, and that the topology of the eld does not change, the eld
strength in the newly formed star will be proportional to ¥473. In a polytrop e of
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Chapter 3 Stable magnetic "elds in stellar interiors

index 3, as we have used for this model, the ratio of thermal to magnetic energy
densities” = 8¥e%=B will be constart, independert of radius. This is roughly the
situation we havein the “ducial run in this study with r, = 0:25R (seeFig. 3.4), and
that is indeedsuzciently concerirated to producea stable torus "eld. To complicate
matters however, the star is expectedto gothrough a phase,during formation, during
which convection occursin part or all of the star. This is thought to destroy some
of the °ux corntained in the original gascloud, but, at leastin stars above about 2
solar massesthe e®ectshould not be very great (Moss 2003).

There are examplesof binary systemscortaining both a magnetic A star and a
non-magnetic A star. This rules out chemical composition as the reason for the
di®erence. It also rules out the eld strength in the cloud from which the star
condenses.It doesnot rule out the initial angular momertum distribution, and the
e®ectthis may have on any kind of dynamo driven by di®erertial rotation. Nor does
it rule out di®erencesn the preciseshape of the "eld in the accretion discsthat feed
the growing protostar. Some elds of random shape will nd their way to the stable
con guration faster than others, losing lessmagnetic °ux in the process. This may
also have an e®ecton the size of the torus produced, which may then, as described
in the previous paragraph, determine whether any "eld is obserwed on the surface.

The results of this study addressone of the main ditculties which the fossil "eld
model of Ap star magnetism has experienced so far, namely that it requires the
existence of a stable "eld able to survive in a star for the whole of its lifetime.
Although we have demonstratedthe existenceof such a eld, there remain someother
dixculties for this model, for instance, that only someA stars display a magnetic
“eld, in constrast to late-type stars which essetially all display magnetism. A
possible explanation for this is that a fossil eld, unlike a dynamo-generated eld,
dependson initial conditions, in particular the helicity of the initial state, which may
be sensitive to details of the history of massaccretion.

That only some A stars are magnetic is also of coursea problem for the core-
dynamo model, especially becauseof the lack of a nice correlation betweenmagnetic
“eld strength and rotation speed. Another issuefor the core dynamo model is the
fact that the "eld hasto rise through the stable radiativ e envelope to be seenon the
surface. Simple estimateswould suggestthat this is a very slow process.A scenario
for how this can happen hasbeenexploredrecertly by MacGregor & Cassinelli (2003
and referencegherein, seealso Maheswaran & Cassinelli1992).

The main strength of the fossil "eld model as compared with the core dynamo
model is its generic nature: any initial "eld except very special oneswill yield a
stable con guration of a type compatible with the obsenations. In cortrast to the
dynamo model, it applies also to magnetic White Dwarfs and Magnetars. Finally,
with the numerical results presenied here, it has a solid quartitativ e basis.

68



Chapter 4

Evolution of the magnetic eld in magnetars

Abstract:  We usenumerical MHD to look at the stability of a possible
poloidal "eld in neutron stars (Flowers & Ruderman 1977), and follow
its unstable ewolution, which leadsto the complete decay of the eld.

We then model a neutron star after the formation of a solid crust of high
conductivity. As the initial magnetic eld we usethe stable "twisted torus'

“eld which wasthe result of our earlier work (Chapter 3), sincethis eld

is likely to exist in the interior of the star at the time of crust formation.

We follow the ewolution of the “eld under the in°uence of di®usion, and
nd that large stressesbuild up in the crust, which will presumably lead
to cracking. We put this forward asa model for outbursts in soft gamma
repeaters.

4.1 Intro duction

The soft gammarepeaters (SGRSs) are characterisedby cortin uousemissionof X rays
of luminosity 10%° ; 10°® ergs ! (Rothschild et al. 1994 and Hurley et al. 1999a))
and X-ray outbursts, ead lasting lessthan a second,but in total accourting for a
similar luminosity to the cortinuous emission. Theseoutbursts are extremely bright

(10*? ergs 1) and therefore super-Eddington (10*Lgqq ), and in two of these objects
(the whole classcortains only four known specimens)a much brighter outburst has
beenobsened. In SGR 0526-66an outburst on 5th March 1979releasedX rays to

the tune of an estimated 4 £ 10* erg, and SGR 1900+14 released1 £ 10* erg in

its 27th August 1998 outburst (Cline 1982 and Mazets et al. 1999). These giant

outbursts consistedof a short intenseburst of a fraction of a second,followed by an
afterglow lasting about v e minutes. Regular variabilit y in the X-ray °ux from these
objects has been detected, which can most easily be interpreted as the rotational

period, P. The periods range from 5 to 8 seconds.If one measuresthe period over
a long period of time, one can measurethe rate of change of period P- and hence
calculate a characteristic ageP=R. For two SGRs, valuesof around 3000yearshave
beenmeasured(Kouveliotou et al. 1998and Woods et al. 2000).

Six further objects have beenclassi ed asanomalousX-ray pulsars (AXPs) { their
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Chapter 4 Evolution of the magnetic eld in magnetars

obsenational characteristics are essetially those of SGRswithout outbursts. They
emit X rays at the sameluminosity, rotate at the samespeed (6 to 12 seconds)and
have the same characteristic ages. This similarity suggeststhat AXPs are nothing
but SGRsin somekind of dormant state (Thompson & Duncan 1996and Mereghetti
2000).

That most of these objects have beenassaiated with young supernova remnarts
leads naturally to the hypothesisthat they are neutron stars. The question of the
nature of the energy sourcefor their X-ray emissionhas beenanswered in seweral
ways, although most authors now agreeon a strong decaing magnetic eld, the
magnetar model, rst proposedby Duncan & Thompson (1992). According to this
model, the obsened X-ray luminosity (in quiescenceand in outburst) is powered by
the releaseof magnetic energyin a very strong (B > 10*G) “eld. In cortrast, the
accretion and fossil-ring models have run into signi cant ditculties in recert years.

The evidencefor such a strong “eld is the rapid rotational spindown of these
objects (see, for example, Shapiro & Teukolsky (1983) p.277 for an explanation of
the relevant physics). A magnetic eld of the inferred strength will cortain about
10*" erg{ enoughto accourt for the obsened luminosity for around 10* years. This
is signi cantly more energythan thesestars cortain in the form of rotational kinetic
energy{ a neutron star rotating with a period of 6 secondswill cortain just 5£ 10*
erg. The spindown luminosity (the rate of change of this rotational kinetic energy)
of SGRs is measuredat 10** ergs !, between one and two orders of magnitude
too small to account for the X-ray luminosity. These objects can therefore, unlike
classicalpulsars, not be poweredby spindown alone. This is the main motivation for
the magnetic decay model for SGR/AXP emission.

In this paper, we develop the magnetic decay model a little further by presering
stable eld con gurations obtained from 3D numerical simulations, and by comput-
ing the pattern of crustal stressthat developswhen such a eld ewlvesby di®usion.

4.1.1 Powering by magnetic eld decay

In the magnetic decay model the primary causeof the deca is energy releaseby
someform of rearrangemer of the magnetic eld con guration in the star. Most of
the magnetic energy is contained in the interior, and a smaller (but possibly com-
parable) amourt in the atmosphere. Rearrangemeits therefore releaseenergy both
in the atmosphereand in the interior. To the extent that this is a slow continuous
process(‘creep'), it powers quiescet emission,both in thermal form (heating of the
interior) and non-thermal (the energyreleasedn the atmosphere). Apparently, some
rearrangemert takesplace suddenly (‘fracture’). The atmospheric energy releasein
sudch an event powers the obsened outbursts while the internally dissipated energy
leaksout more slowly, adding to the quiescen emission(Thompson & Duncan 1996).
A straightforward extensionof this interpretation is the possibility that the outburst
episades actually involve crading of the neutron star crust and consequen release
of magnetic energy in the atmosphere (Thompson & Duncan 1995). A slow steady
changein the interior "eld, with the surface eld kept in place by the solid crust,
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would slowly build up magnetic stressat the crust/core boundary, which is released
in crustal quakes.

4.1.2 Origin of the eld

The magnetic elds of neutron stars were probably already presen at birth (the
possibility of a later origin by thermomagnetic e®ectsseemdesslikely, cf. Blandford
et al. 1983). One possibility could be convection in the proto-neutron star, when
unstable density gradierts are producedby neutrino cooling. Possible eld strengths
up to 10*® G may be generatedby a corvective dynamo (e.g. Thompson & Duncan
1993). Another possibility is that the magnetic eld is formed by compressionduring
core collapse,from a eld already existing in the progenitor star.

In either case,the magnetic eld formed is likely to be out of equilibrium and
unstable directly after the collapse,raising the question how much of the magnetic
“eld cansurvive in the subsequeh ewolution when the star is still °uid. Oncea solid
crust hasformed we may assumethat at leastthe surface eld is frozen, with further
ewlution taking place only on a much longer di®usive time-scale. It is thought
that the crust will not begin to form until around 100 s after the collapse. If the
“eld irbthe interior is of order 10'® gauss,the Alfv &n crossingtime will be of order
ta =  4YF/R,=B Y, 0:1 s. Thus any unstable "eld has had ample time to either
ewlve, either into a stable con guration of lower energy (if this exists) or deca/ to
nothing, beforeit can be “frozenin' by the crust.

This estimateis modi ed alittle whenwetakeinto accourt that the star is likely to
be rapidly rotating, with a period P which may be shorter than the Alfv §n crossing
time ta. In this case,the magnetic instabilit y time-scaleis lengthened by a factor
ta=P. For a plausible rotation period of 10 ms, the instability time-scale is then
increasedto Y41 s, still short comparedwith the time till crust formation.

An important question is thus what happensto an initially unstable "eld con g-
uration, and iffhow it can ewlve into a stable form.

4.2 Stable and unstable eld con gurations

We are interested in 'nding a eld con guration which could accourt for the be-
haviour of these neutron stars. It is unclear what kind of eld a neutron star may
be born with, or rather, what kind of "eld it will have when the crust has formed.
In a di®ererially rotating star, purely toroidal "eld con gurations (azimuthal “elds)
form naturally from a weak initial "eld by winding up of "eld lines (Spruit 2002
and referencegherein). The proto-neutron star may well be a strongly di®ererially
rotating object that would nicely wind up “eld lines. It is known, however, that pre-
dominantly toroidal "elds are all unstable on an Alfv &n crossingtime (Tayler 1973,
Acheson1978, Pitts & Tayler 1986,and Chapter 2).

At the other extreme, one can think of a purely poloidal eld (eld lines con ned
to meridional planes, B4 = 0). Such a "eld is again known to be unstable on an
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Figure 4.1: The Flowers-
Ruderman “eld.

Alfv §n crossingtime (Wright 1973 and Markey & Tayler 1973,1974)if it has eld
lines that are closedinside the star. If the "eld lines closeonly outside the star, the
stability analysisis slightly di®erert but the result the same. A well-known simple
example of this caseis a con guration consisting of a uniform “eld inside the star,
with a matching dipole outside the star (Fig. 4.1). An argumert by Flowers and
Ruderman shows why this “eld is unstable in the absenceof a crust. Since this
example has played somerole in the discussionof neutron star magnetic “elds, we
study it in somedetail below, with a numerical simulation in Sect. 4.3,

4.2.1 An unstable eld con guration

Flowers and Ruderman (1977) consider a uniform “eld in the neutron star interior
with a potential "eld outside it. They nd this to be unstable on a dynamic time-
scale(Alfv §n crossingtime-scale). A simple way to understand this (seeFig. 4.2) is
to imagine the uniform “eld asa collection of parallel bar magnets. Two bar magnets
side by side, pointing in the samedirection will repel ead other, sincethe north pole
of onewill be next to the north pole of the other. They will tend to rotate sothat the
north pole of oneis next to the south pole of the other, reducing the magnetic energy
outside but not inside the magnets. In a °uid star, without stabilising solid-state
forces, the equivalent processwould be to cut the star in half along a plane along
the “eld lines, and rotate one of the halvesby 18C¢. This reducesthe energyin the
potential “eld outside the star in the sameway as in the caseof the bar magnets,
whilst all energyforms inside the star (magnetic, thermal and gravitational) remain
unchanged,also asin the caseof the bar magnets.

Flowers and Ruderman then consider ways in which a "eld may be stabilised.
Firstly, the solid crust of the neutron star, if it forms quickly enough, could prevert
the decay of a "eld. Secondly the addition of a toroidal componert could stabilise
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SO

Figure 4.2: Two bar magnets are free to rotate about a common axis. If pointing in the
samedirection, they are unstable and will rotate until pointing in opposite directions.

the "eld, becausdts energywould necessarilyincreaseduring the motion depictedin
Fig. 4.2. To understand this, imagine wrapping an elastic band around the two bar
magnets. Rotating the magnetsnow will stretch the elastic band, requiring energy
Field lines behave in a similar way, becauseto stretch them also requires energy

4.2.2 Stable eld con gurations and the role of helicity

It waspredicted by Prendergast(1956) that a stable eld inside a star may consistof
a polar dipole componert stabilised by a toroidal componert of comparablestrength.
This principle is applied with successin the design of fusion reactors. Recenly it
has become possible to follow the ewlution of an arbitrary “eld with numerical
magnetotydrodynamics. This was donein Chapter 3, where the related problem of
the origin and ewlution of the "elds of magnetic A stars was studied. The main
result from this work is the emergenceof a stable eld con guration, independert of
the initial "eld con guration.

The stable eld is approximately axisymmetric, and doesindeedhave both poloidal
and toroidal componerts of comparable strength. The form of the resulting "eld
is always similar: a torus-shaped con guration embedded inside the star, with an
approximately dipolar "eld connectedto it outside the star. Most of the "eld lines,
projected onto a meridional plane, are closedinside the star, but with someextending
outside it (seeFig. 4.3). Since the atmospheric eld is potential, it cannot be
twisted and does not support internal torques. For an axisymmetric con guration,
this meansthat the azimuthal "eld componert vanisheseverywherealonga "eld line
that extends outside the star. The azimuthal "eld componert is thus con ned to a
torus de ned by the lines that are closedinside the star. The "eld lines extending
outside the star de ne an approximate dipole, possibly somewhat o®setfrom the
certre. This is in fact just what is obsened in the magnetic A stars. This apparert
dipole is not represenativ e of the con guration as a whole: in the interior, it looks
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Figure 4.3: The stable linked
poloidal-toroidal  torus “eld.
Poloidal "eld lines are drawn;
the shaded areas represert the
azimuthal "eld componert.

o ®

very di®eren. This solvesone of the theoretical puzzlesof the "elds obsened in A
stars: they would be violently unstable if the nearly dipolar “elds seenat the surface
if were represertativ e also of the interior.

The strength of the "eld found in the simulations depends on initial conditions
and, as should be expected, the orientation of the "nal con guration is random (at
least in the absenceof rotation).

The conclusion from these results is that an arbitrary unstable initial "eld does
not in general decay completely, but gets stuck in a stable equilibrium at some
amplitude. That this should be so becomesunderstandable (Mo®at 1990) in terms
of the approximate consenation of magnetic helicity. If A is a vector potential of
the eld B ,Zthe quartit y

H= A ¢BdV; 4.1)

where the integral is taken over the volume inside a magnetic surface, is called
the magnetic helicity (Woltjer 1958). [Issuesrelating to the gaugeusedfor A are
involved, but of no consequencen the present context.] The helicity is consened
under arbitrary displacemerts, aslong as magnetic di®usion and reconnection may
be neglected.

If an initial eld con guration hasa nite helicity, it can not decay further than
the lowest energy state with the same helicity (again as long as reconnection may
be ignored). In practice, reconnection cannot be ignored since di®usion will be
important on small length scales,and rapid reconnectioncan happenthrough regions
with dynamically-generated small length scales. Nevertheless, it is found that in
practice helicity consenation is often a good approximation on a large scale, even
when reconnectiontakes place on smaller scalesinside the con guration.
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A good example is the "eld con guration in the solar corona, where magnetic
helicity is obsened to accurnrulate in large scale structures like polar crown promi-
nencesand the pre-eruption con gurations of two-ribbon °ares (Zhang & Low 2003
and referencestherein).

In this interpretation, the orientation and strength of the nal con guration of an
unstable magnetic "eld in a °uid star is determined by the helicity that happensto
be presert in the initial con guration.

The stable "eld produced in this way then ewlveson a longer time-scale, under
the in°uence of di®usion, as a sequenceof quasi-static, stable equilibria. In the
simulations, this is obsened as a slow outward expansion of the con guration. In
the process,the "eld lines that are closedinside the star lose their azimuthal "eld
componert as soon as they crossthe surfaceof the star. As the azimuthal "eld de-
creasesn this way, and the poloidal componert starts dominating, the con guration
evertually becomesdynamically unstable and decays to a low value (seeChapter 3
for further discussion).

4.3 Instability of a dipolar eld

As described in Sect. 4.2.1, a dipolar "eld in a ball of conducting °uid is expected
to be dynamically unstable, but the argumert given does not say anything about
how the magnetic eld will ewlve in the non-linear regime. We usea 3D numerical
simulation to seehow the "eld ewolvesunder this instabilit y, and what it evolvesinto.
The code usedis that of Nordlund (seeNordlund & Galsgaard 1995 for a detailed
description). The setup employed for the presert problem is described in detail in
Chapter 3. In short, we model a self-gravitating ball of perfectly conducting (up
to numerical di®usion) plasma (a polytrop e of index n = 3) embeddedin a poorly
conducting atmosphere. The “eld in the atmospherestays near a potential (current-
free) "eld, which adjusts quickly to the changing magnetic "eld distribution at the
surface of the star. We start with a "eld of uniform strength and direction within
the star, and a potential "eld in the atmosphere. This "eld is illustrated in Fig. 4.1
A spatial resolution of 144 cubed is usedhere.

In principle, we could have modelled a neutron star more accurately by using a
more realistic equation of state. Howewer, this would have involved a fair amount of
work and it was felt that the result could not be a®ectedsigni cantly by using the
equation of state of an ideal gas.

Since the ewlution of the "eld advanceson an Alfv &n timescale, the ewlution
slows down as the eld decays. This is impractical for numerical reasons, since
the minimal time step is governed by the sound speed, which stays the same. The
ertire ewlution of an unstable magnetic con guration, however, takes place on an
Alfv §n time scale. Field con gurations which are the sameexcept for an amplitude
factor ® will therefore ewlve in the same way, with only the speed of ewlution
di®ering by a factor ®. Except at very high “eld strength, when the Alfv §n speed
becomescomparableto the sound speed,and on small length scales,where di®usion
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becomesimportant, the amplitude of the "eld thus comesin only through the time-
scaleon which the "eld ewolves. We make use of this by rescalingthe "eld strength
periodically by an overall factor, soasto keepthe total "eld energy approximately
constart. By keepingtrack of the rescalingfactors applied, the correct "eld strengths
and time axis can be reconstructed.

Since, for numerical reasons,the magnetic energy density in the calculations is
only a factor 30 or so smaller than the thermal energy density, and di®usion does
have an e®ecton small scales,some error is introduced by this rescaling process.
Test results given in Chapter 3 shaw that the processis accurate enough for the
presen purpose,in which the "nal state reached by the "eld con guration is of more
interest than the exact dynamical ewolution to this state.

4.3.1 Result

As expected,the eld is unstable and decays over a timescaleof a few Alfv §n crossing
times. One of the bestways to visualisethe resultsis to look at the radial componert
of the "eld on the surfaceof the star. This is plotted in Fig. 4.4, projectedin a simple
manner onto two dimensionsby mapping longitude to the x coordinate and latitude
to the y coordinate. It can also be looked at with the aid of IRIS Explorer (Fig.
4.5).
D The initial "eld was of such a strength that the Alfv §n crossingtime (given by
4Y},R,=B, where Y2and R, are the density and radius of the star) is roughly the
sameas the temporal separation of the last three framesin Figs. 4.4 and 4.5. This
con rms that the "eld decays on an Alfv §n time-scale.

If the code is kept running, it is found that the “eld cortinuesto deca in the same
way inde nitely , never nding any stable state. This can be understood in terms of
the magnetic helicity introducedin Sect. 4.2.2 The initial state usedin this example
has zero magnetic helicity, hencehelicity consenation doesnot imposea lower limit
on the "nal-state "eld. In principle, it is of coursepossiblethat stable "eld con g-
urations exist with zero total helicity. An example could consist of two concerric
tori with "elds twisted in opposite directions. Apparently, such con gurations are
not easily reached in the presert case.

4.4 Evolution of a stable twisted torus eld in a
neutron star with a solid crust

In earlier study of stellar magnetic elds (Chapter 3) we found stable magnetic elds
that can exist in the interior of a star. This "eld is a nearly axisymmetric, twisted
torus shape. We found that such a "eld in an A star will slowly di®useoutwards
until becomingunstable at somepoint. It is not known what kind of "eld may exist
in a neutron star after it is formed, but it seemspossiblethat before the crust of
the star forms, the eld ewlvesinto just sudch a twisted torus form. After the solid
crust hasformed, the magnetic eld in the °uid interior will cortinueto evolve under
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Figure 4.4: Evolution of the
magnetic “eld at the stellar sur-
face. The initial state is a uni-
form magnetic eld in the in-
terior and a potential "eld in
the atmosphere (cf. Fig. 4.1).
The frames are taken at times:
t = 0, 4:4, 5.0, 5:7, the time unit
used being the Alfv &n crossing
time. The radial component
B: is represened by light (pos-
itiv e) and dark (negative) shad-
ing. Also plotted, in black, is
the line where B, = 0.
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Chapter 4 Evolution of the magnetic eld in magnetars

Figure 4.5: Projections created with IRIS Explorer, showing the "eld lines in the stellar
atmosphere. Also shown is the sign of B, on the surface { areaswhere B, is positive are
shaded light and areaswhere B, is negative are shaded dark. The four shots are taken at
the sametimes asthose in Fig. 4.4, in order top-left, top-right, bottom-left, bottom-righ t.
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4.4 Evolution of a stable twisted torus "eld in a neutron star with a solid crust

the in°uence of di®usion, and stresswill build up in the crust owing to the Lorentz
forces, possibly leading eventually to cracks, rather like the processesn the Earth's
crust. This buildup of stresscan be modelled with our numerical simulations.

The medhanical properties of the crust are not well understood and no attempt is
made here to model its behaviour. We simply look at the Lorentz forcesacting on
it beforeit cradks, not at the crading processitself.

The setup of the MHD code is described in Sect. 4.3 and in detail in Chapter 3.
For this calculation we usethe twisted torus as the initial eld, preciselythat eld
which is produced by the ewolution with the same code of a random initial “eld.
Sincewe are only interestedin what happensinside the star and the crust, and not
in what happensin the atmosphere,we model a smaller volume than was modelled
in our previous study { the computational box is a cube of side 2:2R,, as opposed
to the 4:5R, usedin the previous study and in the runs described in Sect. 4.3.1

To the code which we have used previously we just needto add the solid crust.
We model this as a zonebetweentwo radii in which the velocity "eld is held at zero
(betweenr = 0:86R., and r = 1:.07R. where R, is the radius of the star) and in
which the magnetic "eld is held constart.

4.4.1 Visualising and understanding the results

We are wanting to look at the stressesthat build up in the solid crust, as thesewill
ewventually causethe crust to crack. In areal star with an in nitely conducting crust
and a di®usiwe °uid interior, we would expect to seea discortinuity in the "eld at
the lower boundary of the crust, and a current sheet. In a more realistic crust of
high but "nite conductivity, the "eld lines would bend within a thin layer at the
bottom of the crust, without any discortinuity in the magnetic eld. The Lorentz
force created by the changein the eld will act on the crust in this thin layer. This
is illustrated in Fig. 4.6.

At the upper boundary we would not expect to seeany signi cant discortinuity
since the "eld outside is essetially a potential "eld and will consequetly remain
constart after the crust has formed.

An MHD code of the type used here cannot model surface currents, yet we are
trying to model a crust of in nite conductivity, in which the magnetic "eld is held
constart. In order to look at the stressacting on the crust, therefore, we needto
integrate the Lorentz force over a layer of at least a few grid spacingseither side of
the lower boundary of the crust. But what kind of Lorentz force are we interested
in?

At the momert when the crust freezes,there will already be a non-zero Lorentz
force. If we expressthis force asthe divergenceof a scalar plus the curl of a vector,
the former will already be balanced by pressure(buoyancy) forces. The latter will
give rise to °uid currents which will then have the e®ectof reducing the driving
force itself { we can therefore expect this componert of the force to be small at the
momert when the crust freezes. To look at the stresseson the crust, therefore, we
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/ current
/% / layer
momernt that the crust freezes. In the middle, after the "eld in the interior of the star has
contains, after time t, a thin conducting layer (of thicknessof order = ).

needto subtract from the Lorentz force that which was present at the momert of
freezing.

If the “eld is of order 10*® gauss,a typical length scaleL is 1 km and the crust
has a density of 10 gcmi 3 then the Lorentz force per unit masswill be around
B2=4¥1 % » 10 cms 2. The force of gravity per unit masswill be GM=R? Y,
2£ 10 cms' 2, which is balancedby pressure. The vertical componert of the Lorentz
force can therefore be balanced by the changein gravitational force brought about
by a vertical displacemen of just 0:3 cm.

We feel it is safe to assumethat the crust is °exible enoughto accommalate
vertical movemerts of this size without cradking. The vertical component of the
Lorentz force, therefore, is not of any great interest to us. Of the remaining Lorentz
force, that is, the horizontal componert minusthat at the momernt of crust formation,
it is only the part which canbe expressedasthe curl of a vector normal to the surface
which interests us, as the other part can be supported by pressureforces. This is
the part of the Lorentz force given by

_1@B,B,)
Fx = W, @ and

1 @B;By)
F = —_ = = 77 4.2
Y NG (4-2)

This is then integrated over a zonefrom r = 0:79R, to r = 0:93Rs (the inner
boundary of the crust is at r = 0:86R.), and can be plotted as arrows on a 2-D
projection of the star. The projection usedis that where longitude forms the x-axis
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4.4 Evolution of a stable twisted torus "eld in a neutron star with a solid crust

90
Figure 4.7: The radial compo-
nent B, of the magnetic "eld on
the surfaceof the star, projected
onto two dimensions. Light rep-
reserts positive B, dark repre-
serts negative B, and the black
line shows the location of B, =
0.
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Figure 4.8: The modulus of
the magnetic "eld, jBj, on the
surface of the star, projected
onto two dimensions. Light
represerts the regions of strong
“eld and dark represerts regions
of weak “eld.
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and latitude forms the y-axis; to do this an axis is of courserequired { we usethe
dipole axis of the radial componert B, of the "eld on the surface.

It is alsousefulto calculate an averagelLorentz stressover the whole of the crust,
to seehow it changeswith time. This is done by simply taking a root-mean-square
of the componernt described above.

4.4.2 Result

The ewlution of the "eld inside a star with a solid crust wasmodelled at a resolution

of 96°, producing a crust 9 grid spacingsthick. The code runs for a time (around 10

Alfv &n crossingtimes) before crashing, as the stressesbecometoo large. This does
not matter to us, sincewe are only interested in looking at the buildup of stresses
and not in the cradking processitself.

The initial conditions for the run are taken from the output from an earlier run in
which an initial random "eld con guration ewlvedinto a twisted torus (seeChapter
3). The radial componert of the "eld on the surfaceis showvn in Fig. 4.7. It can
be seenthat the "eld is chie®y dipole in nature. Fig. 4.8 shavs the modulus of the
“eld, which is strongestjust above the magnetic equator { the dipole "eld is slightly
o®setfrom the certre of the star.

We can also plot the initial magnetic eld using IRIS Explorer, which allows us
to trace the eld lines { seeFigs. 4.9 and 4.10. The twisted torus shape is clearly
visible.
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Chapter 4 Evolution of the magnetic eld in magnetars

Figure 4.9: Projection of the "eld lines at the beginning of the run, i.e. asthe crust forms.
A transparent sphererepreserting the surface of the star is also plotted.

Figure 4.10: As Fig. 4.9, but viewed from above.
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Figure 4.11: Root-mean-square stress as a function of time. The unit used is the mean
magnetic pressure B2=8v4in the stellar interior at t = 0.

In Fig. 4.11is plotted the rms stressper unit area as a function of time. It can
clearly be seenthat the stressincreasesbeforereaching a point at which the code is
unable to cortinue.

Fig. 4.12is a 2-D projection of the stress(as described in the previous section) at
four times after the freezing of the crust at t = 0, at roughly equal intervals. It can
be seenthat there are lines separating areaswith their Lorentz stressin opposite
directions (these show up asblack lines betweenthe bright areason the right-hand-
side of Fig. 4.12 they are mainly presen in the equatorial zone). It is presumably
along theselines that the fault lines will appear. There are also patterns where the
Lorentz force is exerting a torque on a part of the the crust; this is visible mainly in
the polar regions.
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Figure 4.12:
of stress in the
solid crust, at four
roughly equal tem-
poral intervals:
t = 5:3;10:4; 15:6; 20:7
Alfv §n crossing-times
respectively from top
to bottom. On the
left hand side, maps
showing the direction
and strength of the
Lorentz stress and
on the right hand
side (on the opposite
page), maps showing
the magnitude of the
Lorentz stress.
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4.4 Evolution of a stable twisted torus "eld in a neutron star with a solid crust
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Chapter 4 Evolution of the magnetic eld in magnetars

4.5 Application: scenaio for magnetar evolution

The results of this study lead logically to a model for magnetar evolution. First,

we require the crust to have a much higher electrical conductivity than the interior,

sothe eld is “frozen'into the crust while the eld cortinuesto ewlve in the °uid

interior. The magnetic di®usivity ~ of the interior hasto be sud that the timescale
of the “eld's ewlution, L?=" (where L is a typical length scale),is of the order of 10*
years, the obsened lifetime of these objects. The secondrequiremert of the model
is that the star contains a stable eld at the momert when the crust starts to form,
of the order of 10*® gauss.

The hypothesis then is that this stable "eld in the °uid interior ewlves under
the in°uence of di®usion, while the “eld in the crust is held relatively constart by
higher conductivity. This causesstressto build up in the lower part of the crust,
which at somepoint becomesstrong enoughto causefracturesto appear, and energy
is releasedby two mecdhanisms. In the movemernt of the crust, magnetic energy is
converted to kinetic energy and then to heat. In the atmosphere,the movemert of
di®erent parts of the crust causesthe “eld lines to becometwisted, giving rise to
large currents in the tenuous medium. This results in Ohmic heating and evertual
relaxation badk to a potential “eld.

4.6 Summary

We have studied the releaseof magnetic energy in a strongly magnetised neutron
star, with a view to "nding an explanation for the high luminosity of the soft gamma
repeatersand anomalousX-ray pulsars. Theseobjects are obsenedto releaseenergy
over a timescale of around 10* years, much greater than the Alfv &n timescale (the
time taken for an Alfv §n wave to travel acrossthe star, 0:1 s) on which an unstable
“eld ewlves. This leadsusto the conclusionthat the magnetic "eld must gothrough
a sequenceof quasi-static, stable equilibria, possibly occasionally punctuated by
instability. A certral question is thus what this stable magnetic equilibrium looks
like and how it can form.

By following the decay of arbitrary initial "eld con gurations with 3D magneto-
hydrodynamic simulations we have shovn in Chapter 3 that a stable con guration
existsin the form of a torus of linked poloidal-toroidal "eld. [That stable eld con g-
urations of link ed poloidal-toroidal type could exist was rst proposedby Prendergast
(1956) but had never beenproven.] In all cases,the “eld either reachesthis torus
“eld, or it decays to nothing; no other end-stateswere found. Whether the “eld
ewlvesinto the stable torus shape was found to depend on how concerrated the
“eld is in the certre of the star. A "eld concerirated in the stellar core can reach
the torus con guration, whilst a eld whoseenergy distribution extendsto greater
radii and into the atmosphereusually decays to nothing.

This result can be understood in terms of helicity consenation. In the absenceof
reconnection, helicity is a consened quartit y, sothat an arbitrary “eld will ewolve
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4.6 Summary

to the lowest energy state with the same helicity. This appearsto be the linked
poloidal-toroidal torus. If the initial "eld is buried lessdeeply in the star and has
too strong a cortact with the atmosphere,an ervironment wherereconnectioncannot
be ignored, helicity consenation is no longer valid and both the helicity and "eld
energy can decg to zero.

A con guration consideredbeforein connectionwith the stability of magnetic elds
in neutron stars is the Flowers-Ruderman eld: a uniform "eld inside matching to
a pure dipole outside the star. This "eld has zero helicity, hencewe should expect
it to decay inde nitely , on an Alfv §n time-scale, sincethe initial state cannot ewolve
into a torus “eld with non-zero helicity. It can also be explained by a symmetry
consideration: any torus must have an axis, which can only be parallel to the original
axis; the toroidal componert must then go around this axis in one direction or the
other, but there is no way to decidewhich direction, sothe "eld hasno option but to
decay to nothing. However, this argumert doesnot ertirely rule out the existenceof
stable "elds with zero helicity as end states of unstable ewolution. For instance two
tori on top of eat other, with opposite "handedness'. It appears from our results
that if such a state exists, it is dizcult to read.

We have studied the slow ewlution of this stable conguration in the di®usive
interior of a neutron star, underneath a solid and perfectly-conducting crust. As
the "eld changesunder the in°uence of di®usion, stressdewelopsin the crust. We
‘nd that this stressis dominated by patterns that would causestrong rotational
displacemerns on the neutron star surfacewhen released,consistert with the model
of SGR outbursts developed by Thompson & Duncan (1995, 2001).
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Chapter 5

A magnetic dynamo in a di®erentially rotating
star

Abstract:  We presert numerical simulations of a self-sustaining mag-
netic “eld in a di®ererially-rotating non-corvective stellar interior. A
weak initial “eld is wound up by the di®ereriial rotation; the unstable
decay of the resulting azimuthal “eld producesa new meridional "eld
componert, which is then wound up anew, thus completing the “dynamo
loop'. This e®ectis produced both with and without strati cation.

5.1 Intro duction

It haslong beenknown that magnetic elds canbe generatedby a dynamo operating
in the convective zoneof a di®erertially rotating star (e.g. Parker 1979). A toroidal
“eld is produced by winding-up of the poloidal (meridional) componert, and the
bubbles of gasmoving upwards and downwards move perpendicular to thesetoroidal
“eld lines, bendingthem and creating a new poloidal componert, closingthe “dynamo
loop'. This type of dynamo has beenthe subject of extensive researd over the last
few decades.

In the convective dynamo, a small-scalevelocity eld is createdby a hydrodynamic
instability, (i.e. cornvection) and imposedon the magnetic eld. It is also possible
to produce a dynamo in a di®erent way. A magnetic "eld can produce its own
small-scaleperturbations from its own instabilit y, without recourseto an externally
imposedperturbation. This principle was rst demonstratedin the context of accre-
tion discs,wherea dynamo was producedwhen di®erertial rotation wound up a eld
which was then subject to magnetohydrodynamic instability (Hawley et al. 1996).
The sameprinciple was applied by Spruit (2002) to di®ereriially rotating stars. In
this scenario,a toroidal "eld is wound up by di®ererial rotation from a weak seed
“eld. The "eld remainspredominartly toroidal, subject to decay by instabilit y of the
“eld, but is continuously regeneratedby the winding-up of irregularities produced
by the instability. This scenariohas beenapplied in stellar ewolution calculations of
the internal rotation of massiwe stars by Hegeret al. (2003) and Maeder & Meynet
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Chapter 5 A magnetic dynamo in a di®erenially rotating star

(2003). The processis conceptually similar to the small-scale self-sustained elds
found in MHD simulations of accretion discs, but operates on a di®erent form of
MHD instability (pinch-type or Tayler instability as opposedto magnetorotational,
cf. Spruit 1999).

A self-sustained eld of this type could have important implications for not only
the magnetism of a star, but also for the transfer of angular momertum. Di®eren-
tial rotation is created, when the star is formed, as a consequenceof consenation
of angular momertum when parts of it contract or expand, and through angular
momertum loss through a stellar wind ("magnetic braking'). In the absenceof a
magnetic “eld, kinetic viscosity would eventually damp di®erertial rotation, but
only on a time-scale much longer than the lifetime of the star. If a weak magnetic
“eld were preseri in a star with in nite conductivity, the "eld would be wound up,
its Lorentz force exerting a force badk on the gas, tending to slow the di®ererial
rotation. If we assumethat no magnetohydrodynamic instabilities were presen, the
energy of the "eld would becomeeventually comparableto the kinetic energy of the
di®erertial rotation, and the "eld would exert a force on the gas strong enoughto
reversethe di®erertial rotation. Oscillations would follow, with energy cortin uously
being transferred from kinetic to magnetic and bad again (Mestel 1953). Finite
conductivity would have the e®ectof damping these oscillations. Howewer, if the
magnetic "eld becameunstable, as we expect it to, the energy of the "eld need
never reach a level comparableto the kinetic energyand the direction of di®ererial
rotation would never be reversed. Instead, di®ererial rotation would gradually be
slowed, and the magnetic "eld held at a low steady-statelevel. This could be what
has happenedin the radiativ e core of the Sun, explaining the near-uniform rotation
there (Schou et al. 1998and Charbonneauet al. 1999).

While sudch a dynamo processs plausible, it hassofar beendescribed only in terms
of an elemenary scaling model (Spruit 2002). With the calculations presered here
we verify, rst of all, the existenceof a self-sustained eld generation process. At
the next level, the goal is to compare the properties of the numerical results with
the predictions of the model, in particular concerningthe certral role of Tayler-
instability. The "eld strength resulting from the dynamo processdepends on the
balance betweenthe decay of the toroidal "eld and the winding up of irregularities.
The model only preseris the basic scaling of this balance with parameterslike the
strength of the di®ereriial rotation. With the results preseried here,a rst estimate
of the numerical coexcient in this scaling can be made. The value of this coexcient
translates directly to the exciency of angular momertum transport by the process
(the “e®ectie viscosity').

In Sect.5.1.1, the nature of the magneticinstabilit y by which this dynamo process
works is reviewed. In Sect.5.1.2, an overview is given of the properties we expect
this dynamo to have.
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5.1 Introduction

5.1.1 Instability of a toroidal eld

Tayler (1973) and Acheson (1978) looked at toroidal "elds in stars, that is, “elds
that have only an azimuthal componert B4 in some cylindrical coordinate frame
($;A;z) with the origin at the certre of the star. With the energy method, Tayler
derived necessaryand suzcient stability conditions in adiabatic conditions (no vis-
cosity, thermal di®usionor magnetic di®usion). The main conclusionwasthat suc
purely toroidal "elds are always unstable at someplace in the star, in particular to
perturbations of the m = 1 form, and that stability at any particular place doesnot
depend on "eld strength but only on the form of the "eld. An important corollary
of the results of Tayler (1973, esp. the Appendix) was the proof that instability
is local in meridional planes. If the necessaryand suztcient condition for instabil-
ity is satis ed at any point ($;z), there is an unstable eigenfunction that will 't

inside an in nitesimal environment of this point. The instability is always global
in the azimuthal direction, however. The instability takes place in the form of a
low-azimuthal order displacemert in a ring around the star. Connectedwith this is
the fact that the growth time of the instability is of the order of the time it takes
an Alfv §n wave to travel around the star on a "eld line. This and other instabilities
were reviewed by Spruit (1999).

In Chapter 2 we investigatedthis instabilit y, the results con rming the conclusions
from the previous analytical work. We showed that a toroidal "eld of strength
B = Bo$ =%, (Wwhere By and $ ¢ are constarts) in a stably stratied atmosphere
is unstable on the axis to perturbations of the m = 1 type. We con rmed that the
growth rate ¥sof the instabilit y is approximately equalto the local Alfv &n frequency
! A, given by:

Va _ I"B §0

| = = .
$ $" s $o A

A

(5.1)

where v, is the Alfv §n speedand “is the density. We also con rmed that rotation
about an axis parallel to the magnetic axis can suppressthe instability if - > 1 4.
However, this is only for the casewith neither thermal nor magnetic di®usion (- =
" = 0). It is not ertirely certain what e®ectrotation may have when thesetwo are
presen, although it seemsvery likely that in the limit - A ! A, the growth rate is
merely reducedby a factor | o=, sothat:

Ya¥al a - ¢ 'a) (5.2)
12 R

Yalo A (- A ) (5.3)

In the unstratied casewhere the magnetic di®usivity is zero (" = 0), all vertical
wavelengthsare unstable. However, strati cation stabilisesthe longestwavelengths.
This is becauseit discouragesany vertical motion, which is greatestin the long-
wavelength modes. Magnetic di®usion sti°es the shortest wavelengths, since °uc-
tuations in the magnetic "eld produced by the instabilit y are smoothed out by the
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Chapter 5 A magnetic dynamo in a di®erenially rotating star

di®usionat a rate which dependson the length scaleof the °uctuations. If n is the
vertical wavenumber of the unstable mode, then

3 2
,/" 25 N (5.4)

where $ o is somemeasureof the sizeof the "eld in the horizontal direction.

The two e®ectscan conspire to kill the instability completely if the upper and
lower limits on wavelength meet ead other. This puts a lower limit on the "eld
strength for instabilit y, expressedby the inequalities:

/N2
3> 57 ¢ A (5.5)
0
4 e 2
fa, N7 - A1) (5.6)
- $0

For the core of the presert Sun, this yields a minimum “eld strength of the order
3£ 10° G.

5.1.2 Properties of the dynamo

A weak initial "eld is wound up by di®erertial rotation. After only a few dif-
ferertial turns the “eld is predominartly toroidal (B4 A Bg and Bx A B,).
Eventually the "eld strength at which instability setsin will be reached (given by
Egs. (5.5 and (5.6)). There are various time-scalesof relevance here, the short-
est being the reciprocal of the Brunt-V AisAJA (buoyancy) frequency N, given by
N2 = (g=T)(dT=dz + g=g,). Provided the star is rotating at lessthan the break-
up rate, the rotational frequency- will be smaller than N. In most stars, - will
however be greater than the magnetic frequency! 5 (seeEq. (5.1)). The di®ereriial
rotation time-scaleis given by

ir = ($0@-) ' 1 (5.7)

It is this time-scale ¢4 which will determine how quickly the initial “eld is wound
up into a predominartly toroidal “eld.
Spruit (2002) derives properties of the dynamo in the casewhere:

NA-A!,: (5.8)

This is the most realistic regime. In addition, we expect in a real star to have ¢4 of
the sameorder as, but in most regions probably greater than, - i 1.

At the time when the instability setsin, the growth time of the instability is so
long (from Egs. (5.2) and (5.3)) that the "eld is still being wound up faster than it
is able to decay. Howewer, asthe "eld grows, and the instabilit y growth rate 3rises,
a point will be reached wherethe "eld is decaying and being wound up at the same
rate { we call this “saturation'. The time-scale ¢5 on which the "eld componernt B,
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is wound up into an azimuthal componert of comparable strength to the existing
azimuthal "eld is given by

2T o (5.9)

Thus, the greater B,, the shorter the ampli cation time-scale. At this point, we
needto know the value of B,. This is provided by the instabilit y which producesa
vertical componert from the azimuthal "eld by the unstable °uid displacemertts. If
these have a vertical length scalel and horizontal scale$ o, we have

B, YaBAl=%o; (5.10)

So, B, is greatestfor the unstable modeswith greatestwavelength, i.e. with lowest
wavenumber n = 1=l. If we equate this minimum ampli cation time-scaleto the
instabilit y time-scale¥i *, we get, using Egs. (5.4) and (5.10),

I A Ya (5.11)

N éar
in the casewhere- A ! . In the slowly rotating (- ¢ ! a) case,we nd that ! A
drops out of the equation leaving N = g(;rl . In this case,therefore, the "eld will
either grow until it is strong enoughto kill the di®ererial rotation itself, or it will
decay until the - A ! 5 regimeis readed. If ¢, < % 1, the "eld will grow, i.e. if

N < i b (5.12)

In real star, of course,this will not be the caseexceptin or near a convective zone.
Therefore, the “eld will decay until the regime- A ! 5 is reaced.

5.2 The model

Wetake advantage of the fact that the Tayler instabilit y is localisedon the meridional
plane, and model just a small section of the star on the rotation axis. This is similar
to the arrangemert usedin Chapter 2, where we looked at the Tayler instability in
the absenceof di®erertial rotation, modelling only a small volume on the magnetic
axis of symmetry.

Inside the computational box, the plasmais rotating in the horizontal plane about
an axis passingthrough the certre. The rotation speed- is independert of distance
from the axis $ and a function of just height z. The bottom face of the box liesin
the plane z = 0. The computational box hasa height L and width 2L.

We use a system of Cartesian coordinates. At rst glance one might instead
considerusing cylindrical coordinates, astheseappearto be more suited to the task.
This is indeedthe caseif oneis wanting to handle the problem analytically. However,
cylindrical coordinates not only make numerical modelling more time-consuming per
grid box, but alsointroduce special points (the z-axis). This coordinate singularity
is a known problem in all grid-basedcodesin cylindrical and spherical coordinates.
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Figure 5.1: The compu-
tational box. The cylin-
der represerts the volume
wherethe gasis being acted
on by the rotational forcein
Eqg. (5.13).

Since the phenomenonwe wish to investigate lies on the z-axis, it is better to use
Cartesianssothat we can be sure that our results are not merely an artefact of the
code. The disadvantage is that somespacein the cornersof the computational box
is wasted. When the output of the code is analysed, a conversion into cylindrical
coordinates is ‘rst performed.

The computational setup is illustrated in Fig. 5.1

5.2.1 Driving the gas

We want the gasto rotate at arate - = - o + zd- =dz. We apply a force F per unit
massof the form:
F($:2)= (Voi V)=¢ where  vg = (;—_Zz$ €A (5.13)

where v is the velocity “eld, ¢ is a time-scale, which can be chosen,and ej is the
azimuthal unit vector. No force was applied in the vertical direction. The gas at
z = 0 is therefore not rotating. We could in principle add a constart - ( to the
rotation speed, but this would result in the gas moving more quickly, and the time
step of the code would go down. It is better to include - ¢ indirectly: we transform
to the rotating frame and add the Coriolis force2v £ - o to the momertum equation.
The certrifugal force can be ignored sinceits only e®ectwould be a changein the
equilibrium state.

This force F is applied to the gas out to a radius L, i.e. to the sides of the
computational box. This meansthat the cornersescage this force. This was found
to be the best way to reducethe e®ectof the geometry of the box on the physical
phenomenonof interest { the gasin the cornersis roughly stationary and its e®ect
on the rotating gasin the middle is minimal.
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5.2 The model

In a star, di®ererial rotation is driven by two medanisms: magnetic braking,
which acts on the surfaceof the star, and ewolution, whenradial shellsare contracting
and expanding. The former would be ditcult to model, as exerting a force at the
boundaries could be expected to causeproblems at those boundaries. Exerting a
torque by meansof a distributed force, as is done here, is a good way to model
di®ererial rotation causedby ewolution.

5.2.2 Boundary conditions

In all three directions, we employ mirror-lik e boundary conditions. This meansthat

unknown gquartities just outside the boundariesare copied from the samequartities

just inside the sameboundary. This is somewhatmore ditcult to implement than
the periodic conditions usedin Chapter 2, but is necessaryfor the following rea-
son. The gasin this caseis rotating in a horizontal plane; with periodic boundary
conditions the gas at the boundary would be moving in the opposite direction to
the gasimmediately adjacert on the other side of the boundary. This would cause
turbulence { we are only interestedin onekind of instabilit y and intro ducing another
would surely confusethe issue. In fact, periodic boundary conditions were tried at
“rst, and it wasfound that a dynamo processwas produced even in the caseof uni-
form rotation (d- =dz = 0), as a result of the hydrodynamic turbulence created at
the boundaries. This argumert doesnot of coursehold at the vertical boundaries,
but there is a good reasonfor having the sameconditions there. Sound and internal
gravity waves can propagate upwards, their amplitude growing asthey do so. With

periodic conditions at the vertical boundaries, a wave can go through the top of the
computational box and comebadk at the bottom, to cortinue its upwards travel. Its

amplitude rises exponertially on a timescale roughly equalto Ni ! and will even-
tually get out of control. In Chapter 2 we prevented this by having gravity point
in opposite directions in the top and bottom halves of the volume modelled, the
drawbadk being the computational expenseof having to model the samething twice.
The method usedin this study is, asfar asthe end result is concerned,the sameas
that previous method, but computational cost hasbeenexdangedfor programming
complexity.

5.2.3 Initial conditions

We begin with uniform temperature; pressuredecreaseexponertially with increas-
ing z, in hydrostatic equilibrium. The initial velocity "eld we create by running the
code with no magnetic "eld until a steady state has beenreaced. The initial mag-
netic “eld should in principle be unimportant, exceptthat it must have a vertical
componert and must be weak. We choose therefore the simplest "eld imaginable:
a uniform vertical "eld B = Bge,, where e, is the vertical unit vector. The "eld
energy must be weak comparedto both the thermal energy and the kinetic energy
or in other words, the Alfv §n speed must be much lessthan both the sound speed
and the rotation speed. By is chosensothat the ratio of thermal to magnetic energy
densities™ = 10°, or sothat the ratio of soundto Alfv§n speedsis 240. The ratio of
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Chapter 5 A magnetic dynamo in a di®erenially rotating star

rotation speedto Alfv§n speeddependsof courseon the valueswe choosefor - ¢ and
d- =dz. We want the gasto be rotating asfast aspossible(to maximise the chances
of creating a dynamo) but still comfortably below the soundspeed. With a magnetic
“eld this weak, there is still plenty of spaceto 't the rotation speed between the
sound and Alfv §n speeds.

5.2.4 Free parameters

The goalis to produce a self-sustainingmagnetic "eld, but there are few cluesasto
precisely what conditions may be necessary We have a fair number of parameters
to play with.

The values of - o and d- =dz will have an e®ect. It is expected that a value of
- o above ! o will slow the growth rate of the Tayler instability. This would then
increasethe saturation “eld strength. Whether this makes a dynamo any more or
lesslikely to appear in our model is not clear. What is certain, howevwer, is that a
large value of d- =dz will be conducive to the appearanceof a self-sustaining eld.
We set this therefore in all runs to the highest possiblevalue with which the gasis
still moving at much lessthan the sound speed{ to be precise,the gasis moving at
a maximum of one Tth of the sound speed,d- =dz = cs=5L2.

We are alsofreeto setthe driving forcetime-scale¢;. We would expect that setting
it too low would inhibit the instability, asit would hold the plasmato too sti® a
velocity "eld. Too high a value, on the other hand, may meanthat the driving force
is insuxcient to make the plasmarotate in the required manner. Various valueswill
have to be tried.

The code cortains an arti cial di®usion scheme designedto maintain stability.
In the simulations preseried in Chapter 2, it was possibleto turn o® this scheme
completely, since we were dealing with a body of plasma which was stationary at
t = 0 and whosemovemert we only wishedto follow while the velocities were small.
This is unfortunately not the casehere, as the plasma is necessarilymoving fairly
quickly. It includesall three types(kinetic, thermal and magnetic), which meansit is
dizcult to look explicitly at the e®ectof magnetic and thermal di®usion separately
We shall simply setthis arti cial di®usivity to the minimum level, sinceit is natural
to assumethat a low di®usivity will be conducive to the production of a dynamo.
An increasein resolution is, in e®ect,the sameas a decreasen di®usivity.

Using the perfect simulation, all possiblewavenumbers between zero and in nit y
would be modelled, including all of the unstable wavenumbersbetweenthe two limits
in Eq. (5.4). In practice, however, we can only model wavenumbers between two
limits: the lower limit is set by the vertical size of the computational box, and the
upper limit is set by the spatial resolution (the Nyquist spatial frequency):

—>n> — (5.14)
To seean instability at all, we needthese physical and numerical rangesgiven by

(5.4) and (5.149) to overlap eact other. Although this is a restriction, it could have
someinteresting consequences.
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5.3 The numerical code

5.3 The numerical code

We usea three-dimensionalMHD code developed by Nordlund & Galsgaard (1995),
with extensive modi cations, chie®y the mirror-lik e boundary conditions described
in Sect. 5.2.2 The code usesa staggered mesh, so that variables are de ned at
di®eren points in the grid-box. For example,%is de ned in the certre of each box,
but uy in the certre of the face perpendicular to the x-axis, sothat the value of x is
lower by %dx. Interpolations and spatial derivativesare calculated to "fth and sixth
order respectively. The third order predictor-corrector time-stepping procedure of
Hyman (1979) is used.

The high order of the discretisation is a bit more expensive per grid point and
time step, but the code can be run with fewer grid points than lower order schemes,
for the sameaccuracy Becauseof the steep dependenceof computing cost on grid
spacing (4th power for explicit 3D) this results in greater computing econony.

For stability, high-order di®usive terms are employed. Explicit use is made of
highly localiseddi®usivities, while retaining the original form of the partial di®eren-
tial equations.

5.4 Results

We present results for a number of di®erent setups. First, we look at the non-
stratied case,both with and without rotation (- ¢ = 0 and - o 6 0). Then, the
strati ed case,again both with and without rotation.

We ran the code at a resolution of 64 in the horizontal direction and 32 in the
vertical, given the available computational resources.The reasonfor this seemingly
low resolution is that theseruns needto last for a very long time. The time stepis
set by the sound crossingtime, but the time-scalesof interest to us are necessarily
much higher.

5.4.1 The unstrati ed case

We shall ‘rst run the code in the absenceof gravity. In this case, there is no
maximum unstable wavelength (see Eqg. (5.4)). Sinceit is the maximum unstable
wavelength which determineshow quickly the “eld is wound up, the dynamo never
becomessaturated; the "eld simply continuesto grow until it is strong enoughto
kill the di®ererial rotation.

However, the fact that we are conducting this simulation inside a box of nite di-
mensionschangesthings somewhat, by imposing an arti cial maximum wavelength.
This enablesthe "eld to 'nd a saturation level. At this level, though, only the longest
wavelengthsare unstable.

The main result of this unstrati ed test is the production of a statistically steady,
self-sustainedmagnetic “eld.

Totry to understandwhat kind of "eld is generated,it is usefulto seethe evolution
of the mean magnetic energy density, split up into its poloidal and toroidal compo-
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Chapter 5 A magnetic dynamo in a di®erenially rotating star

nerts. To this end, B{=8%:and B2=8Y4= (BZ+ B} )=8%are plotted in Fig. 5.2 The
time on the horizontal axis of this graph is expressedn units of the sound-crossing
time ¢s = L=cs. The “eld, initially poloidal, becomesmainly toroidal asit is wound
up by the di®erernial rotation. This happensvery quickly, over the time-scale ¢4 .
Both componerts then grow, more slowly, until the saturation level is reached, when
the "eld is being destroyed by the instability at the samerate at which it is being
ampli ed by the di®erertial rotation.
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Figure 5.2: The means of B%=8 (solid line) and B§:81/4 (dotted line), in units of the
thermal energy density. The “eld is predominantly toroidal. Time units of ¢s, the sound
crossingtime, are used.

Fig. 5.3is contour plots of the vertical componert of the magnetic "eld B, and of
the azimuthal component Bj4, averagedin the azimuthal direction, asa function of
$ and z. The nine plates are taken at nine di®erert times: t = 513, 664, 694, 724,
754,785,815, 845 and 875;5. At the time of the rst frame, the azimuthal mean of
B, is positive everywhere, asit is at the beginning of the run. B 4 hasbeenproduced
from the winding-up of this positive B, by di®erertial rotation of positive d- =dz,
sois also positive almost everywhere. Then the instabilit y producesa new vertical
componert which points predominantly downwards: B, switches from positive to
negative. The azimuthal componert doeslikewise.

Looking at Fig. 5.2, it can be seenthat the mean eld strength is lower than
usual during this reversalperiod. This reversalin the prevailing direction of the "eld
happensthree times during this run (also at t = 2200and 300Q;), and there is no
reasonnot to presumethat it should cortinue to happen were the run cortin ued.

A changeof the "eld direction throughout the ertire cylindrical volume may seem,
prima facie, unusual, but it is not surprising whenonetakesinto accoun the fact that
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Figure 5.3: Contour plots of B, (positive shaded light, negative shaded dark) and Bx
(black lines, with ticks pointing towards negative values), averagedin the azimuthal direc-
tion, asa function of $ (horizontal axis) and z (vertical axis). The thick lines show where
B, and B4 are equalto zero. The nine plates are taken at nine di®erert times: t = 513, 664,
694, 724,754, 785, 815, 845 and 875¢s, arranged top-left, top-middle, top-right, middle-left,
etc.
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only the longestwavelengthsare unstable. Most of the unstable range of wavelengths
lies outside of the rangewhich canbe seenin this simulation { we cannot seeunstable
wavelengthslonger than the size of the computational box. In reality, we would see
instabilit y over a range of length scales;in this unstratied case,up to innity. It

may still be, howewer, that one length scalewould dominate and that we would still

seethis reversal-of-polarity phenomenon.

Torques

We can calculate the torques produced by the dynamo process. Thesevary through
the box. As an averagemeasureof the magnetic torque, we integrate the azimuthal
componert of the Lorentz shearstress,multiplied by the leverarm $ , over a horizon-
tal plane. We want to ched that the torque acting on the plasmareally is magnetic
in origin, and not kinetic, sincethe velocity eld also producesa shear stress. We
calculate the two respective torques in the following way:

z 2Ya YA L BiB
Tm(z;t) = $ dA d$ $ 22 (5.15)
A=0 $ =0 4%
z 2% z L
T(z;t) = $ dA d$ $ Yuv,: (5.16)
A=0 $ =0

The averagesover z of thesetwo torques are plotted in Fig. 5.4. This con rms that
the torque is chie®y magnetic. The torque from the velocity “eld is sometimeseven
negative, i.e. it hasthe e®ectof increasing the di®erertial rotation.

DOOS0F T T T T T T T T T T T T T T

0.0040

0.0030

0.0020

0.0010

0.0000

[EETENEETE

—0.0010

O rrrrrrrrrT USRS R A R R R R AN RN RN

Figure 5.4: Mean torque from the magnetic "eld T, (solid line) and the velocity "eld T,
(dotted line), in units of (2=3)¥PL3. The magnetic torque is clearly much greater than the
kinetic.
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The units in which T, and T, are plotted are equalto (2=3)¥P L 3, the torque which
would exist if the shearstresswere equal to the gaspressureP, which is the casein
an accretion disc of ® = 1. In fact, it is of someinterest to comparethe shearstress
in this model to that found in an accretion disc, since they are causedby similar
processes.That the stressin an accretion disc is of the order of the gas pressure
should not be surprising, sincethe kinetic energy of the orbital motion, which drives
the dynamo, is of the sameorder as the thermal energy In a di®ererially rotating
star, however, the energy available to power the dynamo, i.e. the kinetic energy of
the di®erertial rotation, is much lessthan the thermal energyof the star. We should
therefore also expect the magnetic energyto be much lessthan the thermal energy
asit cannot be greater than the kinetic energy However, precisely how the kinetic
and magnetic energiesrelate to one another is rather complicated, and they should
not necessarilybe comparableto ead other.

We have seenthat the torque exerted by the magnetic eld is much lessthan the
torque which would exist if the shear stresswere equal to the gas pressure,as we
expected. A more interesting quantit y to compareit to, in this context, is the torque
which would exist if the shearstresswere equal to the magnetic pressureB?=8v4 To
do this, we calculate a dimensionlessetciency coezcient 2, de ned such that:

Z 2Ya 3 Z L B2
Tm(zZ;t) = 2(z;1) $ dA ds $ —: (5.17)
A=0 $ =0 8va

This exciency 2, or rather, the averageof it over all z, is plotted is Fig. 5.5.
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Figure 5.5: Exciency coezcient 2, asde ned in Eq. (5.17). Non-strati ed, non-rotating
case.
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After the initial winding-up phase,its value tends to stay at around 0:08, except
for the "eld-reversal phaseswhen the “eld is weaker. If the vertical and azimuthal
componert of the "eld were everywhere equal, and if the componert in the $ di-
rection were zero, we should expect that 2 = 1. That this is not the casecould be
accourted for by the fact that the eld is mainly azimuthal. Comparing Egs. (5.15
and (5.17), and assumingthat the ratio Bs=B, is the same everywhere and that
Bg = O:

BAB,=4%:, _2(Ba=B,)
B2=8Y4 1+ (Ba=B,)?’

21,

(5.18)

Looking at Fig. 5.2, we can estimate that Bxs=B, ¥4 1.8, and the above equation
givesus 2 ¥ 0:8. The main reasonfor the low torque exciency may then be that the
ratio B4s=B; is not constart, rather, it is low at small $ and high at large $. This
is con'rmed by looking at the last frame of Fig. 5.3, for instance: B, is strongest
very closeto the axis, asthe Tayler instabilit y is strongestthere, and B 4 is strongest
somewhatfurther from the axis, becausethe winding-up e®ectis stronger at larger
$.

Parameter dependence

For the run discussedabove we had set- o = 0, and ¢ = ¢s. If other valuesof ¢
are used, this self-sustaining eld is not produced. If too low a value is used, the
velocity “eld istoo “sti® and the instabilit y is unable to take hold, although the eld
doesread the required strength. If ¢ is too high, on the other hand, the di®ererial
rotation is slowed down by the Lorentz forcesfrom the magnetic "eld before the
necessary eld strength for instabilit y has beenreaded.

The code wasrun with a range of valuesof ¢, the following multiples of the sound
crossingtime ¢s: 0:1, 1:0, 10and 100. To follow the ewolution of the magnetic eld, we
plot the mearbmagnetic energy density B2?=8Y,and the mean local Alfv n frequency
I o = jBAj=$" 4% in Figs. 5.6 and 5.7 respectively. It can be seenfrom thesetwo
“gures that only in the casewhere ¢s=¢s = 1is a self-sustaining eld produced. It was
also found that the dynamo is not producedif a lower spatial resolution is used. It
therefore seemsthat wherethe dynamo was produced, the conditions were only just
suzcient. Soit should not be surprising that it also only works in a narrow range
of the parameter ¢. A higher spatial resolution will be neededto obtain dynamo
action in a lessrestricted range of parameter values.

Rotation

Having managedto produce a working dynamo, we now investigate the e®ecton it
of net rotation, i.e. the parameter - o, which appearsthrough a Coriolis force added
to the momertum equation. We nd that rotation above a certain speedis able to
stop the dynamo from working.
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Figure 5.6: Mean magnetic energy density against time, for runs with the following values
of ¢=¢s: 0:1 (solid line), 1:0 (dotted), 10 (dashed) and 100 (dot-dashed). The units of
energy density usedare equal to the thermal energy density, and time is expressedin sound
crossing times ¢s. Only in a narrow range of ¢=¢s is the magnetic "eld maintained in a
steady-state.
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Figure 5.7: Mean local Alfv §n frequency ! o against time, for the sameruns asin Fig. 5.6.
I o is expressedin units of the reciprocal of the sound crossing time.
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Figure 5.8: Mean magnetic energy density against time, for runs with the following values
of - o=¢l 1: 0 (solid line), 0:1 (dotted), 0:3 (dashed) and 1:0 (dot-dashed). The units of
energy density used are equal to the mean thermal energy density. Result: rotation Kkills
the dynamo.

We run the code asabove, but with valuesof - ¢ which will put usinto the- A ! o
regime: - o=¢i 1 = 0:1, 0:3 and 1:0. Fig. 5.8 shows the magnetic energy density as
a function of time, for theseruns, as well as for the - ¢ = 0 run. It can be seen
that when the rotation speedis above some certain threshold, the “eld, although
still wound up at rst, decays againwithout reaching a steady state. This behaviour
is not fully understood. It is expected that rotation will slow the growth of the
instabilit y, and will therefore increasethe minimum unstable wavelength (Eq. (5.4)),
which dependson di®usivity. This could meanthat the “eld never becomesunstable.

5.4.2 The strati ed case

We shall now look at the e®ectof strati cation. The main result will turn out to be
that a self-sustaining magnetic "eld is much easierto create in the strati ed case.
Whereasin the non-strati ed case,a self-sustained eld was only produced within
a narrow range of parameters, with strati cation the range of parametersis much
wider. Rotation doesnot destroy the dynamo, evenwhen- = N.

There are oneor two other di®erences.The eld builds up to saturation much more
slowly { in the non-stratied case,saturation was reached over one or two Alfv§n
crossingtimes (Alfv §n crossingtimes at the initial “eld strength). In the strati ed
case,it takesat least v e times longer. Also, the "eld energyis much steadier; the
°uctuations do not seemto be aslarge.
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Figure 5.9: The means of BZ=8Y (solid line) and BZ=8% (dotted line), in units of the
thermal energy density. The “eld, likein the non-strati ed case,is predominantly toroidal,
although here even more so (Fig. 5.2 is the equivalent graph for the N = 0 case).

Fig. 5.9 shaws the toroidal and poloidal componerts of the magnetic energy for
arun with N = ¢i ! and ¢ = 10;. This shows that the energy in the toroidal
componert is around 30 times larger than that in the poloidal componert, a larger
di®erencethan in the absenceof strati cation (cf. Fig. 5.2).

As in Sect. 5.4.1, we calculate an exciency coezxcient 2 (seeEq. (5.17)). This is
plotted in Fig. 5.10for this strati ed run. The value settlesat around a value a little
lower than that in the non-stratied case,at around 0:05. In this case, however,
the ratio B 4=B; is much greater (comparing Figs. 5.2 and 5.9), sowe expect a lower
exciency 2. The reasonthat the samevalue of 2 is measureddespite a higher average
of the ratio B4=B, must have something to do with the respective distributions as
a function of $ of the vertical and azimuthal componerts of the "eld.

We cantry using other valuesof the driving-force time-scale ¢, to seehow robust
the dynamo is. For theseruns, we useda somewhatstronger initial magnetic “eld,
where ™ = 10°, as opposedto 10° asusedin the previous runs. This helpsto speed
up the initial ewolution a little, but hasno e®ecton the nal steady state.

We use values of ¢=¢ of 1, 10 and 100. In this last case,the time-scale ¢; is
much greater than other relevant time-scales,which will also be the casein a real
star. The magnetic energyin theseruns is plotted in Fig. 5.11 The self-sustaining
“eld appearsin all three cases,although the saturation eld strength does depend
to someextent on the value of ¢. This in fact doesre®ect reality { the faster the
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Figure 5.10: Ezciency coezcient 2, asde ned in Eq. (5.17). Strati ed, non-rotating case.
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Figure 5.11: Mean magnetic energy density against time, for the strati ed case. The three
lines represen three values of the driving-force time-scale ¢:=¢s: 1 (solid line), 10 (dotted)
and 100 (dashed). A self-exciting "eld is produced in all three cases.
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Figure 5.12: Mean magnetic energy density against time, for the rotating, stratied case.
The three lines represern three values of the driving-force time-scale ¢:=¢s: 1 (solid line),
10 (dotted) and 100 (dashed). A self-exciting "eld is produced in all three cases,and an
intriguing oscillatory behaviour can be seen.

di®erertial rotation is being driven, the stronger we expect the excited eld to be.

We have now looked at three cases: non-rotating non-strati ed; rotating non-
strati ed; and non-rotating strati ed. The fourth combination { rotating strati ed
(- A 1aand N A 1,) { will existin almost the ertire non-corvective zone of
almost all stars, and is therefore the most interesting to us. To be sure that we are
in this regime, we shall set both N and - ¢ to the reciprocal of the sound-crossing
time, i.e. to ¢i 1.

It is found that the self-sustaining eld is still produced, unlike when rotation was
added to the non-strati ed case. The "eld produced is of comparable strength to
that producedwhen rotation is absen, but oscillatesin a seeminglyregular fashion.
The mean valuesof B4 and B, go from positive to negative, and badk again. We
sav somethinglike this in Sect.5.4.1, but there, the reversal of the "eld wasa more
chaotic processwith, one presumes,no regular period. Fig. 5.12 is the rotating
equivalent of Fig. 5.11 Except at the highest value of ¢, the "eld energy can be
seento jump up and down in a regular way.

These oscillations appear similar to oscillations obsened in nature: the regular
oscillation in this strati ed caseresenblesthe 22-year solar cycle, whilst the chaotic
“eld reversalin the non-strati ed casehas somethingin common with the Earth's
magnetic "eld, whosepolarity is reversedperiodically, but irregularly.
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5.5 Discussion and Conclusions

We have constructed a dynamo which feedso® di®erertial rotation only, and not
from any imposed small-scalevelocity "eld. The toroidal (azimuthal) componert
of the "eld is produced from the winding-up of the existing poloidal (meridional)
componert. This toroidal "eld is unstable, and produces, as a result of its deca,
a new poloidal componert, which can then be wound up itself { in this way, the
‘dynamo loop' is closed. A weak seed eld is amplied in this way until a certain
saturation level is reached, at which the "eld is being wound up by di®ereriial
rotation at the samerate asit is decaying through its inherent magnetohydrodynamic
instabilit y.

This dynamo is therefore fundamertally di®erert from the traditional cornvection-
powered dynamo, in which a non-magnetic instabilit y createsa small-scalevelocity
“eld which bendsthe toroidal “eld, creating a poloidal componert, which is wound
up into toroidal again by the di®erertial rotation.

The dynamo found hereis, in this sensesimilar to the dynamo found in accretion
discs(Hawley et al. 1996) which is powered by the gradiernt in - in the radial direc-
tion, not requiring any hydrodynamic turbulence but producing its own “turbulence'
from the instabilit y in the magnetic "eld itself.

There is an important di®erence,however, between this dynamo and both the
convective dynamo and the accretion-discdynamo. In the convective zone of a star,
the energywhich drivesthe dynamo comes,indirectly, from the nuclear energybeing
released.In an accretiondisc, the energycomesfrom the orbital motion, which comes
from the accretion of matter itself. In a di®erertially rotating star, on the other hand,
the energyavailable to power a dynamoiis limited. If di®erenial rotation is destroyed
by a magnetic eld, the energysourceis gone,and we have to wait until somechange
is brought about by the ewolution of the star to seethe dynamo in action again. How
quickly the di®erertial rotation is likely to be destroyed dependson various factors,
but it is likely to happen on a time-scalemuch shorter than the stellar lifetime, and
it and this time-scale over which di®erertial rotation is driven. This would explain
the uniform rotation of the solar core, for example.
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Ho ofdstuk 6

Samenvatting

Het hoofdthema van dit proefsdrift is de stabiliteit en instabiliteit van magnetishe
veldenin sterren. Dit zijn in feite tweeversdillende onderwerpen. In de eersteplaats

gaat het om zgn. "'magnetiste sterren’: sterren van versadillende typen die gemeen
hebben dat ze eensterk magneetweld bezitten, dat niet of maar zeerlangzaam ve-
randert. De belangrijkste theoretische vraag bij deze sterren is welke magnetisthe
kon guratie in zo'n ster dezehoge mate van stabiliteit mogelijk maakt. Daarnaast
hebben ook de overige “normale’ sterren missdien magneeteldenin hun inwendige;
dit zou bijvoorbeeld de eigenaardig uniforme rotatie van het zonsinvendige verk-

laren. Een tweededeel van dit proefsdrift behandelt een medanisme waardoor

zulke velden opgewekt kunnen worden door de di®erertiele rotatie van eenster. In

tegenstelling tot de eersteklassezijn dit sterk variabele en zwakkere velden, die in

het algemeenniet aan het oppervlak zichtbaar zijn, maar wel van groot belang voor

de ontwikkeling van eenster.

Magnetisc he sterren

In het tijdp erk waarin de magnetohydrodynamica ontwikkeld werd, rond het mid-
den van de twintigste eew, werden ook magnetisde veldenin Ap-sterren ontdekt.
Na de zon waren dit de eerstesterren waarin magnetisde velden gevonden werden.
Vanzelfsprelend trokk en dezesterren de aandadit als eenbijzondere gelegenheidde
nieuwe theorie te testen. De aard en oorsprong van hun magnetisde veldenis daar-
door eenvan de belangrijkste onderwerpen in de studie van kosmiste magnetisthe
velden. Om dezeredenligt de nadruk in dit proefsdirift dan ook op Ap sterren.

Er zijn tweeconcurrerendeverklaringen voor de Ap-velden: het dynamo model en
het “fossieleveld'-model. Beide werden oorspronkelijk ontworpen ter verklaring van
het magneetweld van de zon, en daarna voor Ap-sterren aangepast. In het dynamo
model is het aan het oppervlak waargenomenveld een manifestatie van eenin de
convectieve kern opgevekt veld; in het fossiele-eld model is het eenoverblijfsel van
eenmagneetweld dat bij het ontstaan van de ster aanwezig was. Voor dezelaatste
theorie is het natuurlijk noodzakelijk dat het magneetweld stabiel is. Het gebrekaan
eenvoorbeeldvan zo'n stabiel veld is het voornaamstestruik elblok voor dezetheorie
geweest. Een willekeurige veldcon guratie is in het algemeeninstabiel en vervalt in
een korte tijd, van de orde van de looptijd van een Alfv §n-golf door de ster, zeer
kort in vergelijking met de leeftijld van een ster. De stabiliteit van versdillende
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veldcon guraties is onderzacht, maar reedsde viuchtigste blik op de literatuur laat
zien dat het, helaas,veel makkelijker is instabiele veldente vinden dan de stabiliteit
van eenbepaaldeaannemelijk ogendecon guratie te bewijzen.

Terwijl het debat over de oorsprongvan de magneetweldenvan Ap-sterren in volle
gang was, werden magneetwelden van soortgelijke geometrie en totale °ux in een
aantal witte dwergengewnden. Dit was een sterke steun voor de fossiele-eld hy-
pothese,aangeziendezesterren geenconvectieve kern hebben. Strikt genomenhoeft,
zelfsals het veld in eenwitte dwerg eenfossielveld is, dit nog niet te betekenendat
het veld van een Ap-ster ook fossielis. Maar door de ontdekking van magnetisthe
witte dwergenkreeg de fossielehypotheseeensterke steun.

Meer recert zijn fossieleveldenter sprake gebradit in de context van het zgn. mag-
netar model, als eenmogelijkheid om de intenseR@ngenstralingvan bepaaldeneutro-
nensterrenter verklaren. Net alsin witte dwergenis er geenbekend dynamo-process
in neutronensterren, en de waarnemingenwijzen op eenzeersterk magneetweld dat
op eentijdschaal van 10° j 10* jaar vervalt. Dit veld moet dus ook dynamisch sta-
biel zijn, aangezieneeninstabiel veld in een neutronenster binnen enkele seconden
zou vervallen. Dynamische stabiliteit is noodzakelijk tenzij de vaste korst van de
neutronensterin staat is eenoverigensinstabiel veld te stabiliseren.

De magnetisc he A-sterren

Een klein percertage van de A-sterren (nhauwkeuriger: sterren van spectraaltype B8
tot FO) wordt als Ap geklassi cieerd. De gestiedenisvan dezesterren begon meer
dan eeneew geleden,toen Maury (1897) opmerkte dat het spectrum van ®CVn
(eenvan de helderste sterren van de klasse, met magnitude 2.9) zeer ongewoon en
variabel was. Pas met de ontdekking van eenmagnetist veld door Babcock (1947)
begonde oorzaak van dit bijzondere spectrum duidelijk te worden. Alle Ap-sterren
bleken een sterk magneetweld te hebben, van enkele honderden tot tienduizenden
Gauss(meerdereTesla). De variabiliteit van het spectrum en de veldsterkte blijk en
het gewlg van de rotatie van de ster: het oblique rotator model, voor het eerst
vermeld door Babcock (in 1949, hij verwierp dezeverklaring overigensmeteen). De
spectrale bijzonderhedenwerden verklaard door de invloed van het magneetweld op
de di®usievan ionen van versdillende elemenen.

Complicaties bij de bepaling van de magnetiste veldsterkte in Ap-sterren zijn de
Doppler-verbreding van de spectraallijnen en het feit dat het waargenomenspectrum
eengemiddeldeis over het zichtbare deel van het oppervlak. Met polarimetrie kan
men echter eenaantal karakteristieke grootheden bepalendie eengoede diagnostiek
mogelijk maken. Het makkelijkst te meten is het zogenaamdelongitudinale veld,
het gemiddelde van de veldcomponert langs de geziditslijn. Als de ster langzaam
roteert (zodat de Dopplerverbreding klein is), is somsde splitsing van de spectraal-
liinen in hun Zeeman-commnerten zichtbaar. In dit gewal kan ook de “veldmodulus',
eengemiddeldevan jBj, bepaald worden. Door dezetwee grootheden te meten als
functie van de draaiingshoek van de ster kan de veldverdeling over het opperviak
gereconstrueerdworden (althans van het deel dat van de aarde zichtbaar is), on-
der bepaalde ‘regulariserende’aannamenover dezeveldverdeling. Als bijvoorbeeld
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aangenomenwordt dat het veld alleen dipool- en quadrupool-componerten bevat,
kunnen de waarnemingengereconstrueerdworden in termen van de parametersvan
het model (namelijk de dipool- en quadrupoolsterkten en -oriArtaties).
Diversemodellen zijn op dezemanier getest;in het algemeenis het resultaat dat
het veld door eendipoolkomponert wordt gedomineerd,met kleinere bijdragen van
hogereorden.
Een paar eigensbappen van Ap-sterren die ook nog niet verklaard zijn:

2 Ap-sterren roterenin het algemeeriangzamerdan normale A-sterren: zehebben
perioden van ca. 1 dag tot meerdan 10 jaar, in vergelijking met typische ro-
tatiep erioden van eenpaar uur tot eendag voor normale A-sterren.

2 Een iets minder zekere waarneming is dat Ap-sterren gemiddeld iets verder
gedwolueerd lijk en dan de gemiddelde A-ster, ca. 30% van hun leeftijd op de
hoofdreeksverder.

Dit proefsdrift levert o.a. eenverklaring voor dezelaatste waarneming.

Fossiel veld of convectiev e dynamo?
Er zijn twee mogelijke redenenvoor het magneeteld van deze sterren. Het kan
continu opgevekt worden door eendynamo-processin de kern van de ster (A-sterren
hebben eenkleine corvectieve kern): dit is het convectieve-kernmodel, naar analogie
van het magneetweld van de aarde. De andere mogelijkheid is dat de ster bij z'n
geboorte reedsmagnetisd was en het veld op eenof anderemanier kans heeft gezien
sindsdiente overleven; dit is het fossieleveld model. Een beslissingtussendezetwee
modellen is sinds hun formulering eenhalve eew geledenuitgebleven. De grootste
problemen voor het dynamo-model vormen de afwezigheidin de waarnemingenvan
eenduidelijk e correlatie tussende veldsterkte en de rotatiep eriode, het ontbrekenvan
een model voor het verband tussen het veld in de kern en het aan de oppervlakte
waargenomenveld, en de vraag waarom maar eenklein deelvan overigensidentieke
sterren eenmagneet\eld heeft. Het laatste is overigensook eenvraag voor de fossiele
hypothese. De belangrijkste vraag voor de fossieletheorie is echter de onzelerheid of
er wel eenmagnetisde everwichtscon guratie bestaatdie zolang stabiel kan blijv en.
Een sterkere aanwijzing dat het antwoord op dezevraag positief is zijn de magne-
tische witte dwergen. In rond de 5% van de enkele witte dwergenis eenmagneetweld
gedetecteerd,met sterkten van ca. 10° Gausstot bijna 10° G. Men denkt om ver-
schillende redenendat dezedoor ewolutie van Ap/Bp-sterren kunnen zijn ontstaan,
0.a. op grond van hun aartal, en de waargenomenveldsterkten. Als de kern van een
Ap-ster op de hoofdreeks,met eenveld van 3000G, tot eenwitte dwerg contraheert
met behoud van magnetisce °ux, neem de veldsterkte toe tot ongewer 310" G,
eentypische waarde voor magnetisthe WDs. Dezelfdevraag: fossielof dynamo-veld
kan hier gesteldworden, behalve dat witte dwergengeencorvectieve kernen hebben.
Een goed alternatief voor de fossielehypotheseis er voor witte dwergendus niet.
Magneetweldenzijn nu ook bekend in anderestertypen dan de Ap sterren. Zo zijn
er bijv oorbeeldrecertelijk dipool-achtige velden gedetecteerdin hoofdreeksB- en O-
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sterren, en het is bekend dat neutronensterrensterke magneetwelden hebben. Maar
het veld van eenneutronensterkan, tot eenzekere maximale veldsterkte, in de vaste
korst verankerd zijn. Neutronensterrenzijn dus niet zonder meereenargumert voor
of tegen het bestaanvan stabiele veldcon guraties in sterren in het algemeen.

Op het eerstegezidit lijkt het opmerkelijk dat eenfossielmagneetweld lang in een
ster kan bestaan. Hiervoor is het noodzakelijk dat het stabiel is. Het is echter ingebed
in eenvloeistof die in alle richtingen kan bewegen,in tegenstellingtot laboratorium-
velden die door vaste wanden op hun plaats gehoudenworden. Stabiliteit in de
radidlerichting van eenster is wel aannemelijk, vanwegede stabiele gelaagdheidvan
de ster (onder invloed van de zwaartekracht), maar in de tweehorizontale richtingen
levert de strati catie geenenkele stabiliteit.

Er is nog eenander interessar argumert voor de mogelijkheid van stabiele velden
in sterren. Magnetische heliciteit, eenglobale grootheid gevormd door de integraal
van de het inprodukt van veldsterkte en vektorpotentiaal, is eenbehoudengrootheid
zolang het veld ingebed is in een perfect geleidendmedium. Gezien het zeer hoge
geleidings\ermogenvan het plasmain eensterinwendigekan eendaar aanwezigveld
niet zonder meer zijn heliciteit verliezen, ongeadit hoe stabiel of instabiel. Als het
zZijn heliciteit niet kan verliezen, kan het niet verder vervallen dan de laagste en-
ergietoestand met dezelfde heliciteit. Hoewel magnetisde heliciteit in de praktijk
geenabsoluut behoudengrootheid is, blijkt dit argumert toch eenbelangrijke rol te
spelenbij de interpretatie van de resultaten van de berekeningenin dit proefsdrift.

Analytisch werk heeft onafhankelijk van dit argumert geleid tot het vermoeden
dat er stabielecon guraties zijn met ongeeereven sterke poloidale entoroidale veld-
componerten, en dezehebben eenhoge heliciteit. Soortgelijk e con guraties worden
toegepastin fusiereactors. Van eervoudiger velden zonder heliciteit, zoals zuiver
poloidale en zuiver toroidale velden, is sinds ca. 30 jaar bekend dat ze in sterren
altijd instabiel zijn.

Er zijn dus twee belangrijke vragen te beartwoorden: of stabiele veldcon gu-
raties bestaan,en zo ja of er eenplausibele ontwikk elingsweg naar zulke con guraties
bestaat. Beide problemenworden in dit proefsdirift aangesprolen.

Instabiliteit ~ van toroidale velden

De magneetwelden van Ap-sterren zijn zo sterk dat de magnetiste krachten de
ster in eentoestand van uniforme rotatie kunnen houden. Als het magneetweld van
eenster bij zijn ontstaan edtter zwak genceg is, kan het omgeleerdehet gewal zijn:
een toestand van di®ererti Ble rotatie kan blijv en bestaan zolang het magneetweld
zwak is. Mogelijke oorzaken voor di®ererti Ale rotatie zijn impulsmomertv erlies door
een sterwind, en verandering van de traagheidsmomensverdeling in de ster door
ewolutie.

Hoofdstuk 5 houdt zich bezig met de ontwikkeling van zwakke magneetwelden in
zo'n di®ererieel roterende ster. De eerstestap in dit processis het “opwikkelen'
van magnetisce veldlijnen. De veldlijnen zijn door het hoge elektrische geleid-
ingsvermogenvan de ster “ingevroren'. Een veldlijn die twee punten verbindt die
op versdillende afstand van het certrum van de star liggen, wordt uitgerekt doordat
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de di®ereri Ale rotatie de twee punten van elkaar weg beweegt. Dit produceert een
veldcomponert in de richting van de rotatie, dus in azimuthale richting. Aangezien
de rotatiep eriode van een ster zo kort is in vergelijking met zijn leeftijd, kan zo
heel snel eensterk azimuthaal veld in de ster ontstaan. Ook als het beginveld heel
zwak is, kunnen daardoor de magnetiste krachten toch snelvan belangworden. Er
is om te beginnen dus reden magnetisde instabiliteiten te onderzceken die in een
hoofdzakelijk azimuthaal gericht veld kunnen optreden.

Het is mogelijk een magnetishe evenwichtscon guratie in eenster te ontwerpen
bestaandeuit eenzuiver toroidaal veld, B = Bes waar e; eeneenheidwektor in de
azimuthale richting is ten opzichte van eenas door het certrum van de ster. Het is
bekend door het werk van o.a. Tayler envan Achesondat zo'n veld instabiel is op een
tijdschaal van de orde van de van de tijd die eenAlfv §ngolf nodig heeft rond de ster
te lopen. Dit is zeerkort in vergelijking met de leeftijd van eenster (in de orde van
eenjaar voor eenveldsterkte van 1000G). De instabiliteit is globaalin de azimuthale
richting; meestalzijn alleenlage azimuthale golfgetalleninstabiel, in de eersteplaats
m = 1. In Fig. 2.1 is de vorm van dezeinstabiliteit gestetst: het gas verplaatst
zich hoofdzakelijk in horizontale richting, aangeziendaardoor de energieerliezen
door arbeid tegen de zwaartekracht geminimaliseerdworden, en de divergerie van
het verplaatsings\eld is minimaal zodat arbeid tegen de drukkrachten gering is. In
Hoofdstuk 2 wordt de aard van dezeinstabiliteit (die we hier “Tayler instabiliteit'
noemen) met numerieke middelen in enig detail onderzacht. Doel daarbij was de
resultaten van analytische methoden te veri Aren, en vast te stellen of er evertueel
nog andereinstabiliteiten zijn die door dezemethoden over het hoofd gezienworden.
Tevensdienendezeberekeningenook alstest voor detoepashbaarheidvan de gebruikte
numerieke methode voor de overige berekeningenin dit proefsdrift.

Een door di®erenti dle rotatie aangedrev en dynamo

Het idee dat een magnetisd veld opgewekt kan worden door bewegingenin een
elektrisch geleidendvoorwerp is niet nieuw; het werd in astrofysiscde corntext voor
het eersttoegepast,in de eerstehelft van de vorige eew, om het magneetweld van
zonnevleklen te verklaren. De suggestiewas dat het veld van de zon opgewekt
wordt door samerwerking van twee snelheidselden: de di®ererti dle rotatie en de
convectieve bewegingenin de corvectiezone.

Dit type dynamo is reeds een halve eew lang het onderwerp van een zeer uit-
gebreide literatuur, en missdien vanwege de aldus historisch bepaalde assaiatie
van dynamos met corvectie in sterren is er weinig onderzcoek uitgevoerd naar dy-
namosin niet-convectieve zonesvan eenster. Naast het grootschalige snelheidseld
van de di®ererii Ble rotatie is voor eendynamo-procesnog eentweede(kleinschalig)
snelheidseld nodig; in het bovengen@mde geval wordt dit gelewerd door corvectie.
Een dynamoprocesis ectter ook mogelijk met alleen het grootschalig snelheidseld
van de di®ererti dle rotatie, wanneerkleinscalige verstoringendoor het magneetweld
zelf geleverd worden. Dit is het gewal als het magneetweld, geproduceerd door op-
wikkeling van veldlijnen door het grootschalige snelheids\eld, instabiel is. Er hoeft
dan geenberoep gedaanworden op een andere, externe, instabiliteit zoals convec-
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tie. Dit principe is voor het eerst door Hawley en anderen gedemonstreerdin de
context van akkretieschijven, en is de basis voor een model van Spruit voor een
dynamoprocesin eendi®erertieel roterend sterinwendige. Het veld blijft in dit pro-
cesvoornamelijk toroidaal, is daarbij onderhevigaan verval door Taylerinstabiliteit

(hierboven besdireven), maar wordt voortdurend geregenereeraloor opwikkelenvan
de onregelmatighedenin het veld die door de instabiliteit ontstaan.

Een door di®ereni dlerotatie aangedrewen dynamo kan van belangzijn, niet alleen
als bron van een magnetis veld, maar vooral ook voor de interne rotatie van de
ster. De magnetisde krachten transporteren impulsmomert, en eendynamoproces
dat door di®ererti 8lerotatie aangedreenwordt kan versdillen in rotatiesnelheid veel
snelleruitwissendan door de viscositeit van het plasmamogelijk is. Een magneetweld
lijkt bijvoorbeeld verreweg de meest plausibele verklaring voor de waargenomen,
bijna uniforme, rotatie in de kern van de zon.

De veldsterkte die door zo'n dynamo procesgelewerd wordt hangt af van de balans
tussenhet verval van het toroidale veld en het opwikkelenvan onregelmatighedenin
het veld. Dit evenwicht kan met scenario-atitige modellen sledits heel onbetrouw-
baar besdireven worden. Op z'n minst is eendemonstratie nodig dat eendynamocy-
clus zoalsin dit scenariovoorgesteldinderdaad mogelijk is. Dit is de motivatie voor
de numerieke simulaties die in hoofdstuk 5 van dit proefsdirift worden bestreven.

Magnetars

Het magnetarmaodel is uitgevondenom het gedragvan eenkleine klassevan Rént-
gensterrenin ons melkwegstelselte verklaren. Er zijn vier objecten met eencortinue
Réntgenhelderheidvan 10°° { 10% erg/s, die tevensuitbarstingen vertonen die in de
orde van eenminuut duren. Dit zijn de soft gammarepeaters (SGRs). Een tweede
groep van zesobjecten, de anomalous X-ray pulsars (AXPs) lijkt vrijw el identiek
aan de SGRs, behalwe dat ze geenuitbarstingen hebben. Men neent aan dat het
rustende of uitgebluste SGRszijn.

De uitbarstingen zijn bijna altijd zeerhelder (ca. 10*? erg/s), in tweeobjecten zijn
buitengewone uitbarstingen waargenomentot 410* erg/s. Een vrijw el strikte peri-
odiciteit van helderheidswariaties in AXPs en SGRswordt als rotatiep eriode genter-
preteerd, varidrend van 2 tot 12 s. Een langzametoenamevan dezerotatie periode
kan gemetenworden; de verhouding hiervan tot de periode zelf levert, net als in
gewone radio-pulsars, een maat voor de ouderdom van de ster, de karakteristieke
“afrentijd’. De waarden varigrenvan 10° tot 10° jaar.

De ass@iatie van de objecten met jonge supernova-restensuggereertdat het jonge
neutronensterren zijn. De betrekkelijk snelle verandering van hun rotatiep erioden
wijst er op dat ze eenzeersterk magnetist veld hebben, met aan hun opperviak een
dipoolkomponert van de orde van 10*®> G. Een veld van die sterkte, in eenvolume
als dat van de neutronenster, bevat genceg energie, in de orde van 10*’ erg, om
de waargenomenR@ntgenhelderheid te leveren voor eentijd van de orde van de
waargenomenouderdom van de ster. Het verlies aan rotatieenergie door afremming
is, ter vergelijking, hiervoor eenfactor 100te klein (dit in tegenstellingtot klassiele
radiopulsars, zoals bijv oorbeeld de Crab-pulsar).
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Het model dat AXPs en SGRsals neutronensterreninterpreteert waarvan de stra-
lingsenergiegelewerd wordt door verval van een zeer sterk magneetweld is 10 jaar
geledendoor Thompson en Duncan voorgesteld. De energiedie ontstaat door een
(aangenomen)langzaam verval van het magnetisde veld, verhit het inwendige (en
deelsook de atmosfeer); dit levert in dit model de continue Réntgenstraling. Mag-
netische energie kan ook plotseling vrijk omen als de Lorentzkrachten sterk genceg
Zijn om de vaste korst te breken. Als delen van de korst door deze krachten ten
opzichte van elkaar verdraaien worden de veldlijnen in de atmosfeerook verdraaid.
Dit betekent dat er sterke elektrische stromen door deijle atmosfeerlopen. De resul-
terende verhitting produceert een “vuurbol' die we als RAntgenuitbarsting waarne-
men.

In hoofdstuk 4 worden numerieke simulaties besdreven waarmeeveldcon guraties
zoalsin hoofdstuk 2 gewonden, toegepastworden op het magnetar model. Anders
danin het gewal van de Ap-sterren wordt daarbij het magneetweld aan het opperviak
vastgehouden, als in de vaste korst van een neutronenster, en wordt onderzacht
welke spanningenin de korst ontstaan als het magneetweld langzaam naar buiten
di®undeert.

Samenvatting van de belangrijkste resultaten van dit pro efschrift

2 Uit eenmagneetweld in eenwillekeurige begintoestand blijit in het algemeen
eeneindige, stabiele con guratie van lagere energieover, in de vorm van een
torus met poloidale en toroidale componerten van vergelijkbare sterkte. Dit
liikt de enig voor eenster toegantelijke stabiele con guratie te zijn.

2 Dezeontwikkeling kan begrepenwordenin termen van de magnetischeheliciteit
van de con guratie, eenglobale grootheid die bij benadering behoudenblijft.
De (toevallig aarnwezige)heliciteit van de begintoestand bepaalt de sterkte van
de stabiele eindtoestand. Als de aanvankelijke heliciteit nul is, vervalt het veld
volledig.

2 Dit stabiele veld di®undeert langzaam naar buiten. Daarbij neent de veld-
sterkte aan het oppervlak toe. Dit past goed bij de waarnemingvan Hubrig et
al. (2000a)dat Ap-sterren gemiddeld iets boven de hoofdreeksliggen.

Door deze resultaten is de fossiele-eldhypothese voor het magneetweld van Ap-
sterren en magnetise witte dwergenzeeraannemelijk geworden. De berekeningen
doen eenvoorspelling voor het gedragvan het magneetweld op langeretijdschalen:

2 Het naar buiten di®underendeveld begint zich na enigetijd te vervormen. Het
ontwikkelt daarbij aan het oppervlak hogere multip oolkomponerten, wordt
instabiel en vervalt daarna snel. In dezefase gaat de magnetise heliciteit
verloren door reconnectiein de atmosfeervan de ster.

Een toepassingvan dezeberekeningenop eennauw verwant probleem:
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2 Als een neutronenster een stabiele torus bevat op het momen dat de vaste

korst zich vormt, bouwen zich door di®usievan dit veld schuifspanningenin de
korst op. Als dezede breeksterkte van de korst bereiken veroorzaken ze ver-
schuivendeverplaatsingenzoalsdoor Thompson en Duncan voorgesteldwerden
als model voor de uitbarstingen van SGRs.

Tenslotte werd nog eenheelandereklassevan magneetweldenin sterren onderzacht:

2
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Met numerieke MHD-simulaties werd deinstabiliteit van toroidale magneetwelden
in sterren (Tayler instabiliteit) onderzcacht; daarbij werden analytische resul-
taten betre®endeinstabiliteitscondities en groeisnelhedenge\eri eerd.

Met driedimensionale MHD simulaties van een di®erertieel roterend sterin-
wendigewerd het bestaanaangetand van eendynamo-procesin stabiel gelaagde
zonesvan sterren. In tegenstellingtot dynamo'sin convectieve gebiedenis voor
dit zelf-opgevekte magneetweld geenander snelheidseld nodig dan de di®er-
erti dle rotatie.
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