AN INTRODUCTION TO ASTROPHYSICAL MAGNETOHYDRODYNAMICS
J. Braithwaite

1 Basic equations

In this section the MHD equations are derived, starting whith non-magnetic fluid equations and then using
Maxwell's equations to add the magnetohydrodynamic terms.

1.1 The hydrodynamic equations

First, we can write down the hydrodynamic equations for am@ssible fluid, in which there are three vari-
ables: velocityu, densityp and pressur®. All are functions of positiorr and timet. The conservation of
momentum, mass and energy give us partifibdéntial equations containing the time derivatives ofdéhbsee
guantities. First of all, the application of Newton’s seddaw to a fluid element gives us:
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where the terms on the right hand side represent variousddper unit volume). These forces fall into two
classes. First there are body forces such as grayitythe local gravitational force per unit mass). In the next
section, we look at the electromagnetic body force. Segotidl surface forces, where the force on a fluid
element comes from its immediate neighbours: the pressadiamt force, present in all fluids, and the viscous
force. D/Dt is the Lagrangian (co-moving) derivative, which is relatedhe Eulerian (stationary) derivative
d/ot by

—=—+U-V, (3)

in other words, the co-moving rate of change of a quantity pauicular fluid element momentarily located at
r is equal to the rate of change at that locatiguius the spatial derivative in the direction of the fluid \atp
multiplied by the magnitude of the fluid velocity.

Imagining a volume/ with boundaryS, the rate of change of mass in the volume is equal to the mass flu
pu into the volume through the boundaries, giving

% pdV:—SEpu-dS. 4)

This leads, via Gauss’ theorem, to the usual form of the naityi equation

dp
= =~V (ou). (5)

So far, we have two equations (2) and (5) and three unknoymsndP. To close this set, one option is to
find some way of directly relating to P without involving any new variables. This is known as a ‘heopic’
equation of state wher@ = P(p). A special case is to assume a constant depsityconst, so thap can be
replaced by in (2) and (5) reduces t¥ -u = 0. However, in the general case the equation of state of titk flu
must be treated as a more compkex P(p, X) whereX is some other thermodynamic variable. For instance,
the ideal gas equation of stateAs= pRT/u whereR is the gas constang, is mean molecular weight (in units
of the hydrogen atom mass) aids temperature. In most astrophysical contexts, fluid camdaded as ideal
gas. Having introduced this new variable, we now need oma exfuation to close the set — this equation comes
from conservation of energy. Consider the internal energyupit volumee, which from thermodynamics we



know is related to pressure By = (y — 1)e, where the ratio of specific heatsys= c,/c,, equal to 33 in a
monatomic gas. The rate of changeeddt a fixed location contains three contributions: rate ot aededQ,
advected internal energy — note the similarity between @ddeenergy and advected mass in (5) — and work
done by compression (aW = —p dV). Putting the three together gives us the heat equation

oe
E = Q—V'(eu)—PV‘U,
%g = (y-1)Q-yPV-u. (6)

where the second form is obtained with some manipulat@meould contain contributions from thermal con-
duction, viscous heating, dissipation of electric cursemtuclear energy generation, release of latent heat,
radiative cooling, and so on. Note that there are varioussvedywriting down this equation. Being sloppy
with units, we can also write it down for instance @fn Pp~")/Dt = Q/e, which makes the relation to the
thermodynamic equatiomdS = dQ more obvious; remember th& = a + bIn(Pp™) wherea andb are
constants.

1.2 The MHD equations

I now expand this set of equations (2), (5) and (6) to includeagnetic field. This results in an extra term —
the Lorentz forcé — in the momentum equation (2) and a new partifflediential equation called the induction
equation.

The force on a single patrticle of chargevith velocity v in an electromagnetic field is given by:

F=q(E+<xB), (7)

whereE andB are the electric and magnetic fields arnid the speed of light.Note that this is valid only in the
non-relativistic limit where terms in?/c? can be ignored; we will use the non-relativistic limit agaiow.
Now, in MHD we are interested in the force on the fluid as a whiateer than on individual particles — the
total force per unit volume is therefore

Vi Ve
FLor = Fi + Fe = (Nigi + NeQe)E + (niqizI + neQe?e) x B, (8)

whereF; is the total force on the ionsy, g andv; are the number density, charge and mean velocity of
ions and the quantities with subscript e refer to electrofs. have assumed here that all ions have the same
charge, but it is trivial to show that a generalisation toaas species of ion does noffect the end result.
The ratio of the two terms is (E/B)(v/c) te wheree = (nq; + NeGe)/NeCe iS the fractional charge imbalance
which must be extremely small in any realistic astrophytisidgect. For instance, for the electric field not to
overcome the gravity of the Earth and cause it to explode, @gzlrihe charge imbalaneeto be less than
10738, Since the ratiof&/B andv/c will have less extreme values (more on this below), it is $afgnore the
first term. Moreover, because of this charge balance betwlstrons and ions we can simplify the second
term to neQe(Varifc /C) X B, wherene and ge are the number density and charge of the electrons; theinmea
velocity relative to the ions (and therefore the bulk motadrthe fluid, since the ions carry almost all of the
momentum, i.e.u ~ V;) iS Vgiit = Ve — U. It is now convenient to introduce the concept of electricrent
densityJ = neQeVqrit. Note that in astrophysical contextgyirz < u. We can now write

Vdrift
FLor = NeQe c

xB:%JxB. (9)

1There is some disagreement in the literature concernimginetogy, some authors preferring “Laplace force” for thagnetic
force in MHD. Here, | stay with the majority and use “Lorentade”.

2In some sense we can use this asdbgnitionof E andB, by saying that the force on a particle is some function offitsrge and
velocity which can be characterised by two vector fields enftirm of (7).



We still need to answer the question of the origin of thistietavelocity of the electrons to the ions; this
comes essentially from theftkrence in force on the two species. The electrons experfmee relative to
the fluid given by

Fo— Flo = neqe(E + % X B). (10)

This force will accelerate the electrons relative to thesjoand there will quickly be a balance established
between this acceleration and losses through collisiohsdes electrons and ions; the drift velocity (and
therefore current) established will be proportional te thtceleration. This gives us Ohm’s law:

J=o-(E+%><B), (11)

whereo is the conductivity of the fluid, which will depend on densityean free path, etc.

So far, we have added a term (9) to the momentum equationicmgdwo new variable® andJ. Ohm’s
law (11) introduces yet another new variallleso that we need an additional two equations to close the set.
Maxwell’s equations are

V- -E = d7ape, (12)
V-B = 0, (13)
10B
E = -2 14
V x s (14)
10E 4r
B = ——+—1J 15
VX cot ¢ (19)

wherepe is the net charge densityFirst of all, note that if (13) is satisfied at some point in¢ini14) ensures
that it is satisfied at all other times, since the divergerfcthe curl of any vector field is zero. In standard
magnetohydrodynamics we now make the approximation tleatkiarge densitye is small; also that the
displacement current in (15) can be neglected, i.e. thats JE/dt. See section 1.2.1 for a justification.
From Ohm'’s law (11) we obtain an expression for the electeldf = (1/0)J — (u/c) x B, which we can
use in conjunction with (14) to obtain
0B

—:—CVxE:Vx(uxB—EJ), (16)
ot o

and dropping the displacement current from (15) and suitistif for J gives the induction equation

oB c?
E—VX(UXB—%VXB). 17)

1.2.1 The validity of the MHD approximation

In addition to the standard conditions under which the flgidraximation is valid, e.g. collision frequency, etc.
the ‘MHD approximation’ employed above makes two furthesussptions: that the flow is non-relativistic and
that the conductivity of the material is high enough so thatdharge density is low and (12) can be ignored.

In the rest frame of a test particle (in which quantities arrated with a prime), the force experienced is
F’ = gE’. In transforming to an inertial frame, we ignore terms/ic? (so that the Lorentz factdf ~ 1) to
obtain the lab frame relation (7). Returning to the fluid piet a high conductivity- ensures that current can
flow in order to almost neutralise the rest frame electridfi€l= E+ (u/c) xB so thatt’ <« E andE ~ (u/c)B.
We can now justify neglecting the displacement current B),(because it is of ordeE(u/c)/L ~ B(u/c)?/L
wherelL is a typical length scale of the flow. This is smaller by a fagfgc? than the curl of the magnetic field;
meaning thatl ~ cB/L (dropping factors of 4).

3Note the similarity between (12) and the equation relativeggravitational field to densify - g = —47Gp. No constant is required
in the electromagnetic equivalent because it is built iheounit of charge.



Looking at the first of Maxwell's equations (12), also knows @auss’ law, we see that ~ E/L ~
(u/c)B/L ~ (u/c)J/c. Since this law holds in every reference frame it followsnir&’ <« E thatp, < pe.
Current densityJ can be considered equal in lab and co-moving frames sinaenasg thatl' ~ 1 gives
J = J - peu; the ratio of the two terms isu(c)? so that)’ = J. Magnetic field can also be considered frame-
independent, since a transformation assuniingl givesB’ = B — (u/c) x E, and the electric field is itself
smaller than the magnetic field by a factgic so we are left with a ratio?/c? between the two terms so that
B=DPB.

There are obviously astrophysical contexts in which thisDM&pproximation does not hold, for instance
relativistic flows such as GRB jets; these are outside thpesobthis mini-course.

1.2.2 A brief note concerning units

At this juncture it is worth commenting on thefidirence between the c.g.s. units employed here and the S.1.
units often taught in undergraduate courses. The readenetite that the equations above contain only one
constant of nature: the speed of light In contrast, a glance at some of the text books reveals hieaStl.
system is burdened not only withbut also with the rather nineteenth century concepts of énmjbtivity and
permeability of the ethegy andug. Another advantage of c.g.s. is that the electric and magfields have

the same units. However, a word of caution: there exist trana of c.g.s. units, for instance ‘Gaussian c.g.s.’
in which the current density is equal to that defined above divided dy

1.3 Diffusivities

We noted above that a fluid will in general experience someovuis force, which appears in the momentum
equation (2), some contribution to the evolution of the naigrfield from a finite conductivityr, and some
contribution to the pressure from thermal conductivity. & now ready to explore this more formally. First we
look at viscosity (kinetic dtusion) before going onto heat conduction (therm#udion) and finite electrical
conductivity (magnetic diusion), all three of which make a contribution to the heatiate Q in the heat
equation (6). We shall see below that these thréesions are parametrised by thre&ulivities and that it is
convenient to have the same units for the three, namefyschn If these difusivities are set to zero, we speak
of ideal MHD.

1.3.1 Kinetic diffusion

We shall assume here both that the fluidNiswtonian meaning that the viscous stress is proportional to the
deformation, as this is the case in almost all astrophysicals® We also assume that the bulk viscosity is
negligible, which is a very good approximation for monatomsases. | state here without proof that the viscous
force per unit volume is

0 2
Fuisci = . 2ugj - §#5ijv . U)- (18)
]

where | have used the Einstein summation notatqris the Kronecker delta whose value is 1 # j and O if

i # ]. uis the viscosity of the fluid and; is the rate of strain tensor definedeys= (1/2)(0u;/0X; + du;/0X;).

It turns out thaju is normally proportional to density, so it makes sense tandedi kinetic difusivity v = u/p
which depends only on temperature and has unit&scn Furthermore, we can argue that in a subsonic flow
whereV -uis small, it is often a good approximation to take the visgyosutside of the brackets and to assume
that the second term in the viscous stress is negligibléngithe much simpler form

Fuisc = pvV2u. (19)

“Blood and yoghurt are good examples of non-Newtonian flaigisyell as the “nuclear pasta” layer of a neutron star crust.



In addition, deformation of the fluid converts energy fromekic to thermal form at a rate

1 2
Quisc = 2#(&1 - §5ijv : U) (20)

per unit volume.

1.3.2 Thermal diffusion

In many astrophysical contexts we can treat heat transféreasial conduction, where the heat flux obeys the
Fourier lawg = —KVT where the thermal conductiviti is some property of the fluid ant is temperature.
This treatment is valid not only in cases where the heat p@msnechanism is actually conduction, but also
where heat transfer is by radiation, as long as we have Ibeatiodynamic equilibrium (LTE), such as in the
interior of a star. Now, the contribution to the heating naée unit volume from heat conduction is

Qnh=-V-q=V_-(KVT). (21)
Under similar conditions to those applied in making the difigol equation (19), we can simplify this to
Qtn = prCp V2T, (22)

where we have defined a thermaffdsivity x = K/pcp which has units cis L.

1.3.3 Magnetic difusion

If we assume that the electrical conductivityis uniform, we can rearrange the induction equation (1 Hgisi
the constrainV - B = 0 and the vector identitfy x VxA = A(V-A) — V?A, to

0B

=5 = Vx(UxB)+ nV?B, (23)
introducing the magnetic fiusivity n = ¢?/4no-, which, like the other dfusivitiesyv andk, has units cris2.
Note the similarity in the three flusive terms — all contain a filusive codficient multiplied byV? of the
relevant variable. Since the other terms in the MHD equatioontain at most first spatial derivatives, we
can see that all kinds of diusion will be more important on smaller length scales presethe flow and
will dominate on the smallest scale. From analysis of umtssee that there are three characteristitugive
timescales, equal t€?/(v, «, 1) where £ is the characteristic length scale of the system. We retuthis
later.

Finally, it is worth mentioning the heating from Ohmic disaiion: this is equal td - E’ whereE’ is the

electric field in the comoving frame. Expresseffatiently, this means that

1

Qumag = ;JZ = %(V x B)2. (24)

2 Basic concepts

In this section we look at some useful concepts which follovrfthe MHD equations presented in the previous
section.



2.1 Making the equations dimensionless

First let us summarise the set of equations we have so fauding the approximations made in the previous
section and assuming an ideal gas equation of StateRT/u.

p% = -VP+ 4—]7'T(V><B)><B+va2u +pg, (25)
B = ), (26)
= = -1R-PY-u 27)
aa—? = V x(uxB)+nV?B. (28)

The Lorentz force has been rearranged with the aid of (159.HHating rate is given by
Q= 2pv8j@; + pkCEV2T + 2L (V X BY + Qotner (29)

It is now informative to assign typical flow parametefsU and7 = L/U — typical length scale, velocity
and timescale, and to compare the size of various terms iaghations. We can rewrite equations (25) and
(28), dropping gravity as well as factors of order unity sasly, in terms of non-dimensional variables and
gradients, such as = Uu (where we drop the prime below), as:

Du c2 A 1,

ﬁ = _WVP-’- W(VXB)XB-’-R_GV u,
-1 —VP+1(V><B)><B +iV2u (30)
N VE B Re

9B 1,

i Vx(uxB)+EV B, (32)

wherec? = dP/dp = yP/p andvi = B?/4np are the sound and Alfvén speeds and=R&(L/v and Re, =

U L/n are the Reynolds number and magnetic Reynolds number taghgcneasures of the ratio of inertia
to diffusivity of two kinds. We can also define a plaspa 87P/B? ~ ¢2/v2, a (likely) ratio of the first and
second terms on the right hand side of the momentum equakioe.Mach number is the ratio of flow speed
to sound speedl = U/cs. We also give hames to the ratios offdsivities: the Prandtl number and magnetic
Prandtl number are defined asv/«x and Pf, = v/n respectively. Clearly, Rg/Re = Pry,.

2.2 Different regimes in MHD

In an unmagnetised fluid, we have two dimensionless parasneteich describe the flow: the Mach number
M and the Reynolds number Re. It can be shown thit i« 1 the flow is roughly incompressible, i.e. that
Dp/Dt ~ 0, which givesV - u =~ 0 via some rearrangement of the continuity equation (26)is Thmes
from the fact that in théVi? ~ E/e whereE ande are the kinetic and thermal energies per unit volume; at low
Mach number there is not enough kinetic energy availableddyre any significant compression or expansion,
since an energy of orderwould be required. This is the regime we assumed in simplifghe viscous force
in the momentum equation. The other parameter of the flowasRéynolds number, which describes the
importance of viscosity. At low Reynolds number, the flow iscous: waves are damped, and the flow is
laminar; at high Reynolds number turbulence often appééote that the viscous term in (30) contains second
spatial derivatives of the velocity, whereas the other t&ras on the right hand side contain only first spatial
derivatives. This means that viscosity will be more impottan the smaller length scales of the flow.

In a magnetised medium, the same applies to the magnétisidin which appears in the induction equation
(31) with a second spatial derivative. We now have two extirameters Rgandg; at low magnetic Reynolds



number the magnetic field will be smooth and at high,Ré&bulence may appear, although this also depends
on Re. The value of the ‘plasnfis very important in MHD. If3 <« 1, a glance at the momentum equation
reveals that the Lorentz force will be much larger than tresgure gradient term. In astrophysical contexts,
the gravitational term is small in most lggvplasmas, so that velocities of order the Alfvén speed (vbn

be very high) will result unless the curreht= (c/47)V x B is almost parallel td, the so-called ‘force-free’
regime (since the Lorentz force goes to zero). Converdegbys 1 then the current need not be parallel to the
magnetic field, and the magnetic field will only have muéieet on the flow in directions where the Lorentz
force is not opposed by the pressure gradient or other strdogces such as gravity.

2.3 Field lines, flux conservation and flux freezing

There are several useful concepts in MHD which can help dpveh intuitive understanding of the subject.
In this section we derive some results for the case of a fluttl finite conductivity § = 0) which can be
considered approximately true in the more realistic cagmé conductivity. Now, ify = 0 then

0B

EZVX(UXB). (32)

Let us define a magnetic fluxas a integral of the normal component®bn a surface S

qb:fSB-dS (33)

and let us calculate the change of flux through that surfatmites with the flow of the fluid:

D _ (9B, .
ﬁ_fs - dS+S|6(u><dI) B, (34)

where the first term comes from the rate of change of flux thidhg surface if it were fixed in space and the
second comes from the movement of the surface from the fluatitye u. The surface is bounded by a lihe
Substituting (32) into this equation and using Stokes’ theq the first term becom#u x B - dl. From the
triple vector product rule we now see that the two terms daaue that the flux through the co-moving surface
is constant in time.

If we now imagine the fluid being composed of small co-movingdfelements, each threaded by a constant
flux, it becomes clear that the concept of field lines and df theing ‘frozen’ into the fluid are useful tools in
understanding MHD. This will be discussed below at greategth.

2.4 Magnetic pressure, tension and energy density

The Lorentz force can be written in an alternative form, mgkiise of a vector identity and the solenoidal
constraintvV -B =0
1 1 B2
Flor=—(VxB)xB=—(B-V)B-V|—|. (35)
A Ar 8r
The second term looks like the pressure gradient telhP, so the quantityB?/8rx is called themagnetic
pressure The first term on the right can be thought of as a magnetiaddendHowever, we need to remind
ourselves that the total Lorentz force is always perpetaido the magnetic field, so that the components of
these two terms parallel to the field must cancel. After soraeipulation we can rewrite the Lorentz force
without these cancelling components as
B? B2
Flor=k— -V, —, 36
Lor '1471_ 1gr (36)
wherek is the curvature vector (directed along the radius of cureabf the field and equal in magnitude to
the reciprocal of that radius) ard , is the part of the gradient perpendicular to the field. The fasn can



now be called the ‘curvature force’ and resembles tensianstring in that it will tend to restore a perturbed
straight field line to its original shape.

It can be shown that the magnetic pressBrfg¢8r is also the energy density of the magnetic field; to
demonstrate this in a non-rigorous way is reasonably sitfaigvard. Imagine that we have a slab, infinite in
they andz directions but bounded at= 0 andx = |, containing a uniform magnetic fie® = By wherey is
the unit vector in the direction. Outside the slaB = 0. The Lorentz force clearly has ryoor zcomponent
but its x component has delta functions at the two boundaries whietbalanced by delta functions in the
thermal pressure gradient if we have an external thermabpre equal t@®?/87. Now imagine we changke
adiabatically so that flux is conserved, meaning Blat k = const. If the magnetic field has energper unit
volume, then the energy per unit area of the sla@l.is=rom the d) = —pdV relation in thermodynamics we
therefore have @) = —(B%/87)dl = —(k?/8n)I2dl and so assuming that at the total eneejgoes to zero at
| = co we can integrate frortf = oo to | to give

el k2 | > k2 BZ
fo del) :_§L| dl — el= o — e=g-. (37)

2.5 Magnetic helicity

In section 2.3 we saw that the magnetic flux through a co-mgpflinid surface is constant in the limit of high
conductivity. We can now look at an additional quantity whis also conserved in this limit. Magnetic helicity
is a global guantity defined as

HEfVA-de (38)

whereA is the vector potential defined froBi= V xA. Now, since the curl of the divergence of a scalar is zero,
we can add any gradient of a sca\@p to the vector potential without changing the magnetic fibtalyever this
will in general dfect the magnetic helicity. It can be shown in the followingmiaough that magnetic helicity

is gauge invariant provided that no magnetic field lines passigh the surface of the volume of integration.
Consider some new vector potentill = A + V¢. The helicity is now

H = f[A.B+(v¢).B]dv (39)
\Y%
= H+f[V-(¢B)—¢(V-B)]dV (40)
\Y%
_ H+55¢B.ds, (41)
S

since the first term on the first line is simply equal to the ioadjhelicity; the second term was expanded with
a standard vector identity to give the expression on thergetine. Since the magnetic field is solenoidal, the
second of the new terms vanishes, and the first can be rawwitte the aid of Gauss’ theorem to give a surface
integral. Therefore iB - dS = 0 everywhere on the boundary, the helicity is unchanged lamefiore gauge
invariant.

Helicity is a useful concept because of its conservatiorp@mies. It can be shown that it is perfectly
conserved in the limit of infinite conductivity: let us firsbte that in this limit, (28) becomds; = V x (u x B)
and soA; = u x B. Now

oH
ot

de[At-B+A‘Bt]:de[uxB‘B+A-V><(u><B)]
Vv v

de[(uxB)-VxA—V-(Ax(uxB))]
v

—9§ds-A><(u><B). (42)
S



We simply require then that the velocity goes to zero on thendary of the domain.

In a fluid with finite conductivity it is still approximatelyanserved — we can see this from an argument with
units. Now, the dtusive timescale on which the magnetic field decays due tefoonhductivity, as we saw
above, ist ~ £2/n. This is shorter on shorter length scales so that when miaggrergy is converted to heat
via Ohmic dissipation, it is mainly the small-scale struetwhere the energy is converted. Helicity however
has units of length times energy and is therefore present indhe large scale components of the magnetic
field than the magnetic energy, and less is therefore lostaldigfusive processes on small scales. Often then
during MHD processes where the flow contains a range of lesggles, energy is lost at the smallest scales
while helicity is roughly conserved.

Helicity also has units of flux squared, and can in fact be ghowf in some sense of the product of two
fluxes of diferent components of the magnetic field. It is often said tleétity is a measure of the ‘twist’ of
the magnetic field, because a twisted field must contain st te@ components. As we have seen, that twist is
conserved even as magnetic energy is lost.

2.6 MHD equilibria

In many astrophysical contexts, we are interested in dmjuiln situations where the forces are balanced.
However, before we proceed, it is important to clarify wha mean by equilibrium. If we simply set the
velocity to zero, the momentum equation (25) gives us aicglddetweerP, B andpg, so that any combination
of the three which satisfy that relation will be an equilibri. Now, both sides of the continuity equation (26)
go to zero, but the heat equation (27) contaiyswvhich does generally not go to zero whenr= 0 due to its
terms withk andn. Likewise, the term withy in the induction equation (28) will not in general vanish.eTh
result of this is that the magnetic field and pressure fielteviblve, giving rise to a non-zero velocity field — a
truly stationary state is in general achievable only wheten = 0. However, provided that thesdftisivities
are small, we can still find dynamic equilibriurby settingu = 0 and balancing forces. This equilibrium will
not chance appreciably on a dynamic timescale, i.e. thetaken for a sound or Alfvén wave to travel across
the domain; rather, it will evolve over a longer timescale tluthe dffusive terms.

So, finding a (dynamic) equilibrium is simply a matter of finglia solution to the following equation:

-VP+ %(VxB)xB-%pg:O, (43)
T

together with the constrairWv - B = 0. It is interesting to explore some of the properties of dysation. First
of all, note that in the non-magnetised case it reduces teghation of hydrostatic equilibrium which one often
sees in the forndP/0z = —pg where gravity is directed downwards along thaxis. In the magnetised case,
taking the dot product witB, the unit vector in the direction of the magnetic field, gives

~ ~ dpP
B-VIP=p@-B) o T =pg (44)

wheredP/dsis the derivative along a field line amgd is the component of gravity along the field line. In other
words, in an MHD equilibrium there is hydrostatic balamdeng field lines

In a situation wherg > 1 and the Lorentz term in (43) is much smaller than the pressud gravity terms,
we can imagine first constructing a non-magnetic equilibrivhereVP = pg, adding a weak magnetic field
and then making small adjustments to the pressure and yéesits to balance the Lorentz force. In principle
this should be possible, because an arbitrary magneticdieldts associated Lorentz force have two degrees
of freedom — three dimensions minus the one constr&Mmtg = 0) — and we also have two degrees of freedom
in balancing the Lorentz force since we can adjust both thegure and density fields independently of each
other® Note that in a fluid with a barotropic equation of st&e= P(p) we only have one degree of freedom

SStrictly speaking, adjusting the density field wiffect the gravitational field, but if only small adjustments to the non-magnetic
equilibrium are needed it is hard to imagine that changepatll prevent the existence of an equilibrium.



in adjusting the pressure and density fields, so that depgrati the context it may be either mordfaiult or
impossible to construct an equilibrium.

In the special case without gravity we see from (44) thatsanesis constant along field lines. Also, the
gradients in thermal pressuReand magnetic pressui#?/8r must be comparable unless we can construct an
approximately force-free field where current and magnetid fare almost parallel. Also note that density is no
longer relevant for the structure of the equilibrium, megrthat we now only have one scalar fi€ldo balance
the Lorentz force with its two degrees of freedom, just abédase above with gravity and a barotropic E.O.S.

3 Astrophysical contexts

We now illustrate these principles and introduce furthéngiples in the astrophysical contexts of the solar
corona, jets and accretion discs.

3.1 The solar corona

On the photosphere of the Sun, we observe magnetic fieldeigqulescent regions which are structured on
the granulation scale«(1000km) and hundreds of gauss in strength, and in additiosewective regions with
sunspots of sizes 10 to 100 times the granulation scale iohithe magnetic field is in the range-BkG. The
thermal energy density at the photosphere is about the sarmeragnetic field of aboutk&, which we call
the ‘equipatrtition field strength’. Since the flow speedsmat jaist below the photosphere are roughly sonic, the
kinetic energy density is about the same. This explains wigtdof around 3kG is required to have mudteet
on the appearance of the photosphere. The thermal energipyd@icreases rapidly below the photosphere and
decreases rapidly above it — more rapidly than the magne¢igg density (pressure falls exponentially whereas
the magnetic field tends to fall geometrically) so we cankliha g = 1 surface which lies at or just above
the photosphere. Below this surface, the magnetic field hasther negligible or subtlefiéect on the flow of
gas; above this surface the magnetic field dominates. Thisnmeabove the photosphere is called the corona,
although strictly speaking the two are separated by thenabsphere and the transition region. The corona has
a temperature of around-12 million Kelvin, which contrasts to the photospheric temgtere of 5800K — the
origin of this high temperature, the ‘coronal heating peohl, is one of the best-known unsolved problems in
astrophysics. Itis generally agreed that the magnetic fiiaitsports energy through the photosphere and that it
is converted from magnetic to thermal form in the corona; vighaot understood is how the magnetic energy
is dissipated. Theories normally invoke either reconoectir excitation and dissipation of magnetic waves.
Now let us look at some of the parameters in the cordna: 1P K, p ~ 10 gent3, P = pTR/u ~ 1071
erg cnT3, |g| ~ 3x10* cm s2, B ~ 10 G. This means that the scale height= P/pg ~ 3x10° cm, plasma
B = 87P/B? ~ 3x10°2, sound speeds = \/yP/p ~ 10’ cm s1, Alfvén speedip = B/+/4mp ~ 10° cm s°2.

Figure 1:Images of coro-
nal loops taken in the
Fe IX line at 171A by
TRACE.

Looking at (30) it appears that since the Lorentz force is imgieater than the pressure gradient force,



it must be balanced by the inertia term on the left hand sidsgnimg that flow speeds are comparable to the
Alfvén speed. However, structures such as those in fig. blaserved to last for anything up to weeks, much
greater than the Alfvén timescatg = H/va ~ 30 s. The only way out of this is for the Lorentz to be reduced
by having the current and magnetic field almost parallel thezther — we call this a ‘force-free’ field. The
properties of these fields are explored in the next sectioitenGhowever we observe loop structures in the
corona which, having apparently been in such a force-frediledum for some time, suddenly depart from
equilibrium and convert much of their magnetic energy inéathon a timescale comparable to the Alfvén
timescale. This process is explored in section 3.1.2.

3.1.1 Force-free fields

In any low 3 plasma we see from (30) that the Lorentz force cannot apiharea balanced by the pressure
gradient and it is dficult to imagine a gravitational field with the necessary getsyn balancing the Lorentz
force with inertia, the term on the left-hand side of the matam equation (25), would mean Alfvénic flow
speeds and nothing approaching an equilibrium. We therefpeak of a ‘force-free’ field, where the current
and magnetic field are almost parallel so 1%t x B) x B| < B?/ L. This gives:

V x B = aB, (45)
B-Va=0, (46)

where the second equality comes from taking the divergendkecfirst and using the solenoidal condition
V - B = 0; it means thatv is constant along field lines. In other words, as we follow Hifiee we see that the
neighbouring lines curve around it in the same sense all thealong the line — force-free fields are ‘twisted’
in some sense. If is a constant everywhere, we can write the Helmholtz equétié + V2)B = 0 by taking
the curl of (45).

A special case is wheke = 0, which we call gpotentialor curl-freefield, where the current vanishes. This
is obviously the case in a vacuum, and is a good approximati@ome other astrophysical contexts such as
above the surface of some magnetic main-sequence staralMieqotential field because being curl-free we
can express it as the gradient of a scalar poteBtial V¢. Since the divergence of the field is zero, we have
the Laplace equatioW?¢ = 0. This we can solve if we know the normal componBntn everywhere on the
boundary of the domain.

There is a theorem which states that no equilibrium can beeftree everywhere. Imagine a force-free
equilibrium in a region of volum¥ surrounded by an unmagnetised region, and imagine anisoggpansion
or contraction of the region. Under such a change, the pasitector of any fluid element changes frono
r’ and the field fronB to B’. In a uniform expansion by a factarwe haver’ = ar and from flux conservation
(¢ = Br?is constant) we see thefB’(r’) = r?B(r). The energy of the field after the expansion is

B/2 1 BZ
E' = dav/ == | —dv 47
fv, 8r aJy 8r (47)
since &/’ = a®dV andB’ = a“2B. The region will therefore expand until either some forcpases it, at which

point it is no longer force-free, or it reaches infinite exteandE — 0. [More generally, anything with positive
energy will tend to expand.] A force-free region must be sabjo forces on its boundary.

3.1.2 Reconnection

We saw in above in section 2.1 and from equation (28) thatithescale over which the magnetidtdisivity

acts istqi ~ £L2/5. However, we see in many astrophysical contexts such astherona that changes in
global magnetic topology, i.e. deviations from flux-freegiand the associated dissipation of magnetic energy
can occur on much shorter timescales. For instance, enemgyeiased during solar flares over timescales of
seconds and minutes althougdk = 10°yr, assuming a standard Spitzer conductivity. There arepgsible



reasons for this. The first is that somehow th&ugion is locally brought to work on shorter length scalestha
the global length scal&, the second is that there is some ‘anomalous resistivityighdr than the standard
resistivity — perhaps when the current density is partityllaigh; plasma instabilities may also be involved. It
seems likely that in some situations both mechanisms musibked.

Producing structure on small length scales from a globafigoration initially lacking such small scales
is a common phenomenon in physics. For instance, to mix tirtp#ogether so that they combine on the
microscopic scale, it is sticient to stir with a large spoon. In a turbulent medium, lasgale driving leads to a
cascade of energy to smaller and smaller length scalesastile is reached on which the viscous dissipation
timescale is equal to the flow timescale. In the example @frdtares, we do not see turbulence; rather, the field
is thought to dissipate in thin current sheets which separgions with magnetic field in filerent directions.
This process is known as ‘reconnection’.

The first model of reconnection, tf&wveet-Parkemechanism, is illustrated in fig. 2. Material flows per-
pendicular to the field lines at speegitowards the current sheet. This speed is equated to tiiasiin speed’
within the current sheet, which from the induction equai®equal tor/é6 ~ vo. Assuming incompressibility,
conservation of mass givegL ~ v.5. Now, if we consider the force balance in thelirection it is clear that
there is an excess thermal pressure at the centre of thetsheet, where the magnetic field vanishes, equal to
the magnetic pressure at the boundaries of the sheeB?.8z. The material is accelerated in tReélirection by
this thermal pressure and escapes at the ends of the shdmyeérom the force balance that?/2 ~ B?/8r
which can be rearranged ¥ ~ va = B/\/%. Now we can solve for the reconnection velooity

n  Vapy Vo n -1/2
Vo~ —~ — = — =~ . [— =R , 48
0% 5 VoL Va val i (48)

where Rg is the Alfvénic Reynolds number. This model produces reestion speed ratios #§/va ~ 10°%in

the solar corona and other astrophysical plasmas, whiaffdgstunately rather less than the generally observed
value of~ 0.1. One way out of this is the Petschek reconnection model intwhost of the energy is dissipated
in standing shocks attached to a small central Sweet-Rhikkediffusion region. Some kind of anomalous
resistivity probably also plays a role.

Figure 2: The Sweet- -~ L -
Parker reconnection mech-
anism. Regions of op- " "
posing magnetic fieldB. . .
are brought together, sep- + B +
arated by a thin sheet of —_— - +
thickness. y o ba— —w=U, 5
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* B f
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3.2 Jets: launching, collimation and instabilities

Jets are found in many astrophysical accretion settingseample protostars, neutron stars, AGN. In this
section we examine the magneto-centrifugal model of jetdaing and collimation.

3.2.1 Launching

Imagine a Keplerian disc around a central object threaded imagnetic field. The field which emerges from
the disc is ‘ordered’ in some sense. If, for simplicity, weswase that the field component emerging normal



to the disc is of uniform sign and its strength varies withireytical radius a8, = Bo(@?/@3 + 1) %2, and
then assume that the field above the disc is curl-free (i.eo-aarrent, force-free witlw = 0) we have the
field illustrated in fig. 3. Near the disc the lines are indlireavay from the centre because of the greater field
strength at the centre, but further from the disc they temditds the vertical because of the fact that flux per
unit cylindrical radius increases outwards — in other wpndast of the flux is threaded through the outer disc
and so from a distance the inner part is of lesser importakée expect thaB, « X whereX is the column
density of the disc, so this picture of flux increasing outigas realistic as long asX increases outwards, i.e.
oinX/dInw > -1.

Figure 3:The field above a disc from which T ' '
a vertical field componer, = Bo(w@?/@3 + s
1)"Y2 emerges, assuming the field is curl-
free. Note that the field lines curve towards N 3
the vertical. [From Spruit et al. 1997.] 2f
of
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We now allow material to evaporate from the disc. Just aboeealisc this material will have a low density
in the sense that the magnetic energy denBfy8r is much greater than the thermal (i,2.< 1) and also
than the kinetigpu?/2. This means that the field must be force-free and that ittis Bffected by the material.
Flux freezing requires that the material flows along the figlds, and since the field lines point away from
the central object, the material is centrifugally accakmtaaway from the disc; it can be shown that if the
angle between the field and the vertical exceeds some thdettem this centrifugal acceleration exceeds the
downwards gravitational acceleration. The material isddrto co-rotate with the magnetic field.

As the material is accelerated its kinetic energy densignaally exceeds the magnetic, ice/2 > B?/8x
or alternativelyu > va; we say that this transition happens at the ‘Alfvén surfadsich is analogous to the
sonic point in non-magnetised flows such as in the nozzle ofket engine. Flux freezing holds on both sides,
but whereas inside the Alfvén surface the flow follows thifimes, outside the Alfvén surface the field lines
follow the flow. This means that the material ceases to cateowith the foot points of the field lines; rather,
the field lines are ‘wound up’ so that a significant toroidainpmnentB; is produced.

3.2.2 Collimation

We saw above that the poloidal field may have a tendency taraik the flow (fig. 3). In this section we
examine the collimation after the initial acceleration gdnavhen the energy in tllcomponent of the motion
dominates and thereforg ~ const.

Imagine a jet with circular cross-section of radial) at a distancez from the central object (outside
the Alfvén surface). It contains a spiral magnetic fieldhativroidal and poloidal componenB; and By,. If
the toroidal and poloidal fluxes are both conserved as thenmahtmoves away from the source, then as the
radius of the jet changes we haBe« a* and Bp a2. After the initial acceleration phase the jet will expand
ballistically witha « zin the absence of significant pressure or magnetic forcegioQdly in the non-magnetic
case, if the thermal pressure in the jet is greater than hidie surroundings, the jet will expand faster than
a x z—the jet will be ‘flared’. The poloidal component of the fieldhalso tend to make the jet flare as it exerts
a pressurésg/&r on the jet's surroundings; the toroidal field exerts no presgecause its pressure and tension
forces are equal and opposite. Another way of thinking atiosits in terms of the energy per unit length of the
jet in the toroidal and poloidal components of the fiefi:= 7a?BZ = 7®? andE, = ma?B3 = 03/(a?). Itis
the drop inE, which drives the expansion of the jet. It is therefore neagst have some external pressure for



collimation to occur — one can imagine that with some corigtegssure in the ambient medium the jet would
be flared near the source and then further away would settenatanta when its internal pressuige; + B§/87r
is equal to the external.
It is worth looking in more detail at the collimatingfect of the toroidal field. A jet witlB; = B(w) carries
a current) = 2(¢c/4nw)0(wB;)dw and so the Lorentz force is
. Bt d(@By)

Flor=—©ww——
Lor w47rw 0w

(49)

wherezg is the unit vector in thew direction. At least near the axis this force must be diredtweards:
this dfect is often referred to as ‘hoop stress’. This has lead tortiséeading concept of ‘self collimation’,
according to which a jet can be collimated by its own toroigialgnetic field. The problem with this is that to
avoid having the energy diverge towards infinity, the padeivative must change sign at some radius outside
which the Lorentz force is directed outwards, requiringfiieet some external pressure support.

3.2.3 Instability

We saw above that as a jet expands the poloidal field fallerfalséin the toroidal, which leads eventually to
an instability driven by the free energy in the toroidal field can be shown that the dominant modes have
azimuthal wavenumbers = 0 (sausage mode) amal= 1 (kink mode); here we look at a simple derivation of
the instability criterion for then = 0 mode.

A purely toroidal field is some function of cylindrical radiuB = B(w). Imagine two thin annuli at radii
w andw + dw with magnetic fieldB andB + 6B, each of area and therefore of thicknesség (2rw) and
A/(2n(w + 6w)). The energy per unit length jet of the magnetic field in thedi is

E-= 8—/; [B? + (B+0B)?|. (50)

We now exchange adiabatically the positions of the two ankegping the volume of each constant. In general,
the most unstable modes of any instability will be incomgitde (density unchanged), since compressing the
gas will require work to be done by the magnetic field. Sinee\vblumes of the annuli remain the same,
the total thermal energy is unchanged. Since flux is condethe new fields at locations andw + §w are
(B+ 6B)w/(w + 6w) andB(w + éw)/w, so that the new energy is

((B + 6B)w)2 N ( B(w + 5w))zl

w + 0w w

A
E+6E=—
* 8

(51)

For stability we need the exchange to have increased thgner. 6E > 0. Subtracting (50) from (51) and
dividing by A/8r we have

B+6B)w\’ (B(w +6w)\?
(M) +(M) _B2-(B+6B)?>0 (52)
w+ 0w w
B oB? 2 ’ B 0B
14298 L OB (14207 L0 11, 207 0T g (14298, 98 >0, (53)
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where the zeroth and first order terms cancel; keeping oelgdicond order terms we have

dlnB

ow-6B>0 or <
onw

(54)

This corresponds to the result of Tayler (1957). For obvimasons, this is known as an ‘interchange’
mode. A more general treatment including the non-axisymimetodes reveals thah > 1 modes are stable
if dInB/dInw < m?/2 — 1, meaning that then = 1 mode (the ‘kink mode’) sets in first. Note that to avoid a



current singularity we needlin B/dInw > 1 on the axis, so it is impossible in practice to constructraitial
field which is stable everywhere. The growth timescale ofraltes is comparable to the dynamical timescale,
i.e. the Alfvén timescales/va.

A jet contains not only a toroidal component, of course, lisib @an axial componerB, which can help
to stabilise the jet against this instability. We can seea@amately how strong this component needs to be
by means of the following energy argument. It is clear thathasinstability grows, work needs to be done
against the axial component of the field and for stabilityg tihust be greater than the energy released from the
toroidal part of the field via the instability. Now, sinée= o-2¢ where the growth rate = va/w@, them = 1
mode releases an energy per unit volume equapts = 1p0%£2. As the axial field lines are stretched, they
exert a restoring forc% B2¢/12 wherel, is the length scale of the instability in tlzedirection, which is equal
to 1/k, = A,/2r. The work to be done therefore g B2¢2/12, which for stability needs to be greater than the
energy released so that

1 1

- B2 > Spoe? (55)
which can be rewritten as

B21
— = 56

BZ 2 BZ
=7 .o (57)
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The axial field therefore stabilises the shortest wavekendiecause it is the shortest wavelengths which have
to bend the axial field lines to a greater degree for a gigenAnother way of expressing this result is that
instability sets in for wavelengths greater than the distasver which a field line makes one full circle around
the jet. This is often referred to in the literature as Kraskal-Shafranowcondition. Unfortunately, the ratio
Az/@ could be very large in a narrow jet so this instability is ected to be present in essentially all collimated
jets; work continues therefore on its non-linear developme

3.3 Angular momentum transport in discs

Accretion discs are found in many astrophysical contexish s during star formation, mass transfer in binary
systems, and accretion of gas onto supermassive black Hdben matter is accreted, it falls deeper into a
gravitational potential well and energy must be lost froma flystem, generally via radiation. However, it is
not possible for a disc of material in isolation to accrettirely onto the central object because of angular mo-
mentum conservation — angular momentum must be removedtfreraccreting material by transfer to other
material which does not accrete. Therefore the lowestggnend-state of a disc in isolation is to have an in-
finitesimally small amount of mass move outwards towardsityfeand infinite specific angular momentum and
the rest of the mass accreted onto the central object. Téisres transport of angular momentum outwatds.
Since all systems like to relax to energy minima, we shoufzeekto find some mechanism operating in discs
for the outward transport of angular momentum. Accordinghtomodel of Shakura & Sunyaev (1973), the
observational properties of accretion discs can be regamtiwell by imagining there is some viscous stress
equal in magnitude to some fractianof the thermal pressurB. However, microscopic viscosity is far too
small to account for valuas ~ 0.1 inferred from the observations; we turn our attentiondfae to possible
instabilities which could generate turbulence and thelt@su'turbulent viscosity'.

5Transport is outwards in the Langrangian sense of each fleidemt transfering its angular momentum to its outside higogr.
Imagining the rate of change of angular momentum inside a fixdume containing the central object (whose angular maumeris
increasing as itis spun up and becomes more massive) anof pasteady-state disc, we see that net transport mustzeds in other
words, the inwards advection of angular momentum exceedsahsport though turbulent stress, albeit only by somel smmepunt.



An example of a shear instability in afféirentially rotating flow is the Rayleigh instability, anenthange
instability. Imagine exchanging two annuli of equal voluamel density between two radii andw + 5w which
are initially moving with angular velocitieQ andQ + 6Q. The kinetic energies before and after the exchange
areE andE + 6E:

v
E = gf[w%f+(w+5wfaz+5gfy (59)
V 4 4
E+0E = ”—[wz(mm)z(‘””“) +(w+aw)292(L)]. (60)
2 w + 0w
5inQ
5E ~ 20Va2Q%inwm?|2+ 20 61)
onw

so that the stability condition ig= dInQ/dInw > —2, or in other words that the specific angular momentum
@?Q increases outwards. An accretion dige{—3/2) is therefore stable to this mechanism. However, another
kind of shear instability, thenagneto-rotational instabilityas the stability condition that> 0.

3.3.1 Magneto-rotational instability: physical mechanisn and stability condition

The physical mechanism can be thought of in the following.w@gnsider two fluid elements, initially at the
same radius, one above the other so that they are threadbd bgrne field line. They are given a perturbation
in the radial direction, in opposite senses. Initially thigular momenta remain unchanged so that the element
which has been perturbed inwards moves faster than the @thér moves forwards with respect to the other,
the field line connecting them is stretched so that the infEment pulls on the outer, transferring angular
momentum to it. This causes the inner element to move fuitiveards and the outer element to move further
outwards. In some sense the field line can be thought of asregsphich oscillates at a frequeney /1 where
Ais the wavelength. Clearly the spring has to have a lowengitr frequency than that at which it is driven in
order that it can be stretched instead of oscillating, megthatva /A < Q/2r. The field has therefore to be
‘weak’ in some sense for the instability to proceed.

Another way of imagining the instability is the following.o@sider a fluid element at radigsthreaded by
a vertical magnetic fiel®. In the rotating frame, in equilibrium the centrifugal ferper unit mass at any radius
Q?w is balanced by some net inward-pointing force which in a gisccombination of a pressure gradient and
a gravitational force. The fluid element is now displacedstatlicedz to a radiusw + 6w, while the magnetic
field couples it to the other fluid elements on the same fiell $im that it retains its original angular velocity
(angular momentum is transferred to it). The inward-paiptiorce at this new position i€+ 6Q)*(w + é@)
but the centrifugal force is no®?(w + dw). In addition there is a magnetic restoring force, giving tbtal
(radial) force

2

B ow
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= Q%w|-26nQ- A ——_|,

ﬁ’[ szZ(AZ/ZH)Z]
= -Q%w (20+42), o

where; is the wavelength of the perturbation in the vertical dirm:tvi = B?/4np is the Alfvén speed and
kz = Kva/Q is a dimensionless wavenumber whége= 2r/1 is the vertical wavenumber. For stability we
needF < 0 and therefore

2q+ k2> 0, (63)



remembering thavi = B?/4np. For stability at all vertical wavenumbers, we clearly nees 0, and in the
unstable case the maximum unstable wavelength is givei by2|q|; as we shall see below, these estimates
agree with the more rigorous treatment. Note thds equal to the acceleratia¥?(6w)/ot%; we can replace
8%/0t? with —w? wherew is the oscillation frequency (if real) or the growth rateitifaginary). This gives,
from (62),

—w? = -2 (2q + K§) , (64)

so that the growth rate will generally be comparable to thatian frequency.

3.3.2 The dispersion relation

In our rotating fluid, locally we can look at a small corotgti@artesian volume at distanes) from the centre,
rotating atQ)p, and change variables t0= w — wy; the azimuthal direction ig and the vertical directior.
SinceQ(xX) = Qo + qxQp/wy, the bulk velocity in the rotating frame 19 ~ gQyx (whereq = —3/2 in the
Keplerian case). In a rotating frame of reference, we muségdly add to the momentum equation (25) both
a Coriolis force—20€2y x v (wherev is the total velocity field) and a centrifugal formapfuszg, but here we
can drop the centrifugal term, the steady part of the Carifuiice coming from the basic flowy and thex
component of the gravitational term because they cancél ether, leaving just the Coriolis force associated
with any additional velocity fieldi = v — Uy on top of the basic flow-20€2 x u. In an accretion disc we also
have the vertical part of the gravitational acceleratipit Msz532 = —pzﬂgﬁ, where the assumption is made
thatz <« wq. This vertical stratification may be important in realigiscs, but we shall ignore it for the time
being.

A general linear analysis of the MRI is quite involved, so wake two further simplifications: the initial
magnetic field is of uniform strength and in théirection so thaB = Bz, and we consider only axisymmetric
modes, meaning thdt/dy = 0. The most unstable modes, at least for a weak field, will bermpressible and
we assume that in the following. The perturbation to the redgriield isBb, so thatb is dimensionless. We
now linearise the MHD equations by subtracting equilibri(garo-order) terms in the momentum equation,
and keeping terms to first order in the perturbed gquantitemring the difusive terms. Beginning with the
momentum equation we have

1

ou+U-Vu+u-VU ——V6P+%[(Vx(Bb))xB+(VxB)><(Bb)]—29><u,
p o

atu + yuXa)(U

—%V6P+vi(v x b) x 2 — 202 x u,

U = —}V(SP +VA(V x b) x 2 — Q22 x U + qiuy), (65)
Je,

noting thatU - Vu = 0 andV x B = 0. We can now consider perturbations which vary in space ane &s
gkr-ot) g0 thatd, = ik, and so on:

il = -%w +iV2 (K x b) X 2 — Q(22 % U + Gy, (66)
: . oP . s on -
—iyu = —ik— + iVa(k X b) X 2 - 22 x U — g, (67)
pVA

where we have introduced a dimensionless wavenumbekva /Q and a dimensionless frequengys w/Q.
The induction equation becomes (assuniigu = 0)

0(Bb) = V x(uxB+Ux|(Bb)). (68)
ob = Vx(uxz+Uyxhb). (69)
ob = 9+ qQyby, (70)

—iyb = iku/va + qyby, (71)

iyvab = —«z(iu—qyuy/y), (72)



where the last line was obtained by substitutingldpback into they component of the equation. This can be
substituted into the momentum equation (multiplied/)yo give:

—iyPu = —im/x% —kz[k X (iU — QYU /¥)] X Z — Y(2Z X U + qYUuy). (73)
A

Along with the incompressibility condition we have four efjons and four quantities to be eliminatéé,and
the three components af Therefore:

. , oP .
_|¢’2Ux = —ik—— — ikz(kzUx — kxUz) + 20Uy, (74)
PVA
—iyPuy = —kE(iuy - dUx/y) — (2 + Q). (75)
PVA
From the third of these, we see thdkdP/pva = —i’Uky/k; Which, using the incompressibility condition

kxUyx + kzU; = 0, replaces the first term on the right hand side offt®mponent equation and reduces the set
to two equations and two variableg anduy:

2
iy 2UeX — iUg( + K2) + 2y, (77)
Kz

_i‘ﬁzux

—iy?uy —KZ(iuy = qUy/¥) — (2 + Q. (78)

Collecting terms withu, anduy gives

0, (79)

. 2K2 . 2
(uﬁ — — Ik )ux+2¢uy
Kz

2
(qkz 0, (80)

v 2+ q)l//) Uy + (i? — i) uy

wherex? = «2 + «2. Taking the determinant @ in A - u = 0to be zero we have the following quadraticyif:

LAV 9
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which we rearrange to:
2
St =2(@ + 2+ q)u? + (2 +2q) = 0. (82)
Kz

Solving the quadratic ig? we have

K+ 2+ q+ |42+ (2+ Q)2

It is straightforward to show from this that the stabilitynclition, i.e. the condition that both roots are
postive, is 2 + k2 > 0 which is identical to (63) derived above. For stability kiveavenumbers we require
g > 0, i.e. an angular velocity increasing with radius. et 0, there is instability for a range of wavenumbers
0 < % < 2|g| and the maximum growth rate|ismad = 101/2 at a wavenumbes .., = (1+9/4)|g| (andky = 0).

. (83)
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3.3.3 MRI: remarks

We saw above that an accretion disc with a weak vertical ntagfield sufers an instability with some mini-
mum wavelength. From vertical force balance, we seekhatwcs/vkep WhereH is the thickness of the disc,
Cs is the sound speed amde,, is the Keplerian orbit speed. Evidently, if this instalyilis to be dfective the
minimum wavelength must be less thidnso that since = —3/2 we see from (63) that

L (84)
V3Q ™ Vkep 3y
The magnetic field must not therefore become too strongiveléd the thermal pressure. Also, a strong
magnetic field would be buoyantly unstable.

We looked here at the axisymmetric modes where the unpeduibld is parallel to the rotation axis; in
reality we would expect the field to be dominated by its azlmltomponent since this is the direction of
the shear. The instability does operate on a purely azirhfitid but the modes are non-axisymmetric and
the dispersion relation is more complex. Numerical noimgnalysis of this instability shows a steady-state
dynamo &ect as well as the desired angular momentum transport withakua-Sunyaew parameter of
roughly the right magnitude,.01 to Q1.

Finally, note that in the non-magnetic limif — O the dispersion relation becomes

2 2
=5 =2(2+0)

a (85)

=z
k2’

so that we recover the Rayleigh stability conditgp —2 derived at the beginning of this section.

4 Problems

4.1 Equilibria in non-convective stars

An upper main-sequence star is radiative apart from a sroalective core (which can be ignored); the velocity
field is therefore zero everywhere. The star contains a ntigginedd in ‘dynamic equilibrium’, meaning that
the only evolution is due to theftlisive terms in the MHD equations and that the equilibriumhm@nonsidered
static on the dynamic (Alfvén or sound-crossing) timescal

(a) The equilibrium is axisymmetric. Using cylindrical edinates ¢, ¢, zZ) show that the field can be
expressed as the sum of poloidal and toroidal components as

wB=Vyxo+Fo (86)

wheregﬁ is the azimuthal unit vector angdandF are functions ofto andz, and that the poloidal and toroidal
fields are associated with toroidal and poloidal curremspectively. By considering azimuthal force balance,
show that contours df in the meridional plane are parallel to those/gfi.e. thatF = F(y). [Hint: show that
(Vy) x (VF) =0]

(b) In contrast to many other astrophysical objects, theriots of stars havg > 1. Show that an arbitrary
axisymmetric magnetic field configuration can be added t@aatd an equilibrium constructed by making
small adjustments to the pressure and density fields. Igeorace &ects as well as any changes in the
gravitational potential. Argue that this result can be galiged to non-axisymmetric fields.

(c) Assuming that the equilibrium is structured on lengthles comparable to the size of the star, use the
Spitzer conductivity to make an order-of-magnitude estinofithe difusive timescale on which the equilibrium
evolves, and compare this to the main-sequence lifetimiesotar and to the dynamic (Alfvén) timescale for a
magnetic field of 1kG.



4.2 Kink instability in solar coronal loops

A coronal loop of magnetic field links two sunspots of oppogiblarity. According to one theory of solar
flares, reconnection events are triggered when a loop @ tisseink instability threshold.

(a) In a straight flux tube, the growth rate of the kink= 1 instability is comparable to the Alfvén frequency,
defined aswa = \/j’i/w wherevﬁ is the Alfvén speed associated with the azimuthal compioBgrof the
magnetic field and is the cylindrical radius. An axial field componeBj can stabilise the field by providing
an extra tension against which the instability must do wamnka tube whereB; o @, by consideration of the
force balance perpendicular to the tube axis show that #imlisy criterion is

By
k;B; > Ea (87)

wherek, = 2/ 1, is the wavenumber of the instability. [Hint: first show whatde is required to produce the
growth ratewa and then equate this to the restoring Lorentz force from xied &ield.]

(b) We can make the approximation that the stability ciaterfior a curved flux tube does noffidir enor-
mously from that in a straight tube. The field between the tuspots is initially untwisted, i.eB, = 0 and
then one of the spots slowly rotates. Calculate the enemgyined to twist one sunspot up to the instability
threshold by consideration of the Lorentz force in a shallayer in the sunspot wher, changes from to
its value in the coronal loop. As the tube is twisted, it pasgeasi-statically through a series of force-free
equilibria; show that the parameter in the force-free equati®x B = aB increases from 0 up to some value.
When the instability threshold is passed, the field in th@wcarelaxes back to the lowest energy state, i.e. the
curl-free fielda = 0; make an estimate of the energy released in the flare anteahisto the sunspot-rotating
energy calculated eatrlier.



