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1 Basic equations

In this section the MHD equations are derived, starting withthe non-magnetic fluid equations and then using
Maxwell’s equations to add the magnetohydrodynamic terms.

1.1 The hydrodynamic equations

First, we can write down the hydrodynamic equations for a compressible fluid, in which there are three vari-
ables: velocityu, densityρ and pressureP. All are functions of positionr and timet. The conservation of
momentum, mass and energy give us partial differential equations containing the time derivatives of these three
quantities. First of all, the application of Newton’s second law to a fluid element gives us:

ρ
Du
Dt

= Fbody+ Fsurface (1)

= −ρg−∇P+ Fvisc (2)

where the terms on the right hand side represent various forces (per unit volume). These forces fall into two
classes. First there are body forces such as gravity (g is the local gravitational force per unit mass). In the next
section, we look at the electromagnetic body force. Secondly the surface forces, where the force on a fluid
element comes from its immediate neighbours: the pressure gradient force, present in all fluids, and the viscous
force. D/Dt is the Lagrangian (co-moving) derivative, which is relatedto the Eulerian (stationary) derivative
∂/∂t by

D
Dt
≡ ∂

∂t
+ u ·∇; (3)

in other words, the co-moving rate of change of a quantity in aparticular fluid element momentarily located at
r is equal to the rate of change at that locationr plus the spatial derivative in the direction of the fluid velocity
multiplied by the magnitude of the fluid velocity.

Imagining a volumeV with boundaryS, the rate of change of mass in the volume is equal to the mass flux
ρu into the volume through the boundaries, giving

∂

∂t

∫

ρ dV = −
∮

ρu · dS. (4)

This leads, via Gauss’ theorem, to the usual form of the continuity equation

∂ρ

∂t
= −∇ · (ρu). (5)

So far, we have two equations (2) and (5) and three unknownsu, ρ andP. To close this set, one option is to
find some way of directly relatingρ to P without involving any new variables. This is known as a ‘barotropic’
equation of state whereP = P(ρ). A special case is to assume a constant densityρ = const, so thatρ can be
replaced byρ0 in (2) and (5) reduces to∇ ·u = 0. However, in the general case the equation of state of the fluid
must be treated as a more complexP = P(ρ,X) whereX is some other thermodynamic variable. For instance,
the ideal gas equation of state isP = ρRT/µ whereR is the gas constant,µ is mean molecular weight (in units
of the hydrogen atom mass) andT is temperature. In most astrophysical contexts, fluid can betreated as ideal
gas. Having introduced this new variable, we now need one extra equation to close the set – this equation comes
from conservation of energy. Consider the internal energy per unit volumee, which from thermodynamics we



know is related to pressure byP = (γ − 1)e, where the ratio of specific heats isγ = cp/cv, equal to 5/3 in a
monatomic gas. The rate of change ofe at a fixed location contains three contributions: rate of heat addedQ,
advected internal energy – note the similarity between advected energy and advected mass in (5) – and work
done by compression (cf.dW= −p dV). Putting the three together gives us the heat equation

∂e
∂t
= Q−∇ · (eu) − P∇ · u,

DP
Dt

= (γ − 1)Q− γP∇ · u. (6)

where the second form is obtained with some manipulation.Q could contain contributions from thermal con-
duction, viscous heating, dissipation of electric currents, nuclear energy generation, release of latent heat,
radiative cooling, and so on. Note that there are various ways of writing down this equation. Being sloppy
with units, we can also write it down for instance asD(ln Pρ−γ)/Dt = Q/e, which makes the relation to the
thermodynamic equationTdS = dQ more obvious; remember thatS = a + b ln(Pρ−γ) wherea and b are
constants.

1.2 The MHD equations

I now expand this set of equations (2), (5) and (6) to include amagnetic field. This results in an extra term –
theLorentz force1 – in the momentum equation (2) and a new partial differential equation called the induction
equation.

The force on a single particle of chargeq with velocity v in an electromagnetic field is given by:

F = q
(

E +
v
c
× B

)

, (7)

whereE andB are the electric and magnetic fields andc is the speed of light.2 Note that this is valid only in the
non-relativistic limit where terms inv2/c2 can be ignored; we will use the non-relativistic limit againbelow.
Now, in MHD we are interested in the force on the fluid as a wholerather than on individual particles – the
total force per unit volume is therefore

FLor = Fi + Fe = (niqi + neqe)E +
(

niqi
v̄i

c
+ neqe

v̄e

c

)

× B, (8)

whereFi is the total force on the ions,ni , qi and v̄i are the number density, charge and mean velocity of
ions and the quantities with subscript e refer to electrons.We have assumed here that all ions have the same
charge, but it is trivial to show that a generalisation to various species of ion does not affect the end result.
The ratio of the two terms is∼ (E/B)(v/c)−1ǫ whereǫ ≡ (niqi + neqe)/neqe is the fractional charge imbalance
which must be extremely small in any realistic astrophysical object. For instance, for the electric field not to
overcome the gravity of the Earth and cause it to explode, we need the charge imbalanceǫ to be less than
10−36. Since the ratiosE/B andv/c will have less extreme values (more on this below), it is safeto ignore the
first term. Moreover, because of this charge balance betweenelectrons and ions we can simplify the second
term toneqe(vdrift/c) × B, wherene and qe are the number density and charge of the electrons; their mean
velocity relative to the ions (and therefore the bulk motionof the fluid, since the ions carry almost all of the
momentum, i.e.u ≈ vi) is vdrift ≡ v̄e − u. It is now convenient to introduce the concept of electric current
densityJ = neqevdrift . Note that in astrophysical contexts,vdrift ≪ u. We can now write

FLor = neqe
vdrift

c
× B =

1
c

J × B. (9)

1There is some disagreement in the literature concerning terminology, some authors preferring “Laplace force” for the magnetic
force in MHD. Here, I stay with the majority and use “Lorentz force”.

2In some sense we can use this as thedefinitionof E andB, by saying that the force on a particle is some function of itscharge and
velocity which can be characterised by two vector fields in the form of (7).



We still need to answer the question of the origin of this relative velocity of the electrons to the ions; this
comes essentially from the difference in force on the two species. The electrons experiencea force relative to
the fluid given by

Fe− FLor = neqe

(

E +
u
c
× B

)

. (10)

This force will accelerate the electrons relative to the ions, and there will quickly be a balance established
between this acceleration and losses through collisions between electrons and ions; the drift velocity (and
therefore current) established will be proportional to this acceleration. This gives us Ohm’s law:

J = σ
(

E +
u
c
× B

)

, (11)

whereσ is the conductivity of the fluid, which will depend on density, mean free path, etc.
So far, we have added a term (9) to the momentum equation containing two new variablesB andJ. Ohm’s

law (11) introduces yet another new variableE, so that we need an additional two equations to close the set.
Maxwell’s equations are

∇ · E = 4πρe, (12)

∇ · B = 0, (13)

∇ × E = −1
c
∂B
∂t
, (14)

∇ × B =
1
c
∂E
∂t
+

4π
c

J, (15)

whereρe is the net charge density.3 First of all, note that if (13) is satisfied at some point in time, (14) ensures
that it is satisfied at all other times, since the divergence of the curl of any vector field is zero. In standard
magnetohydrodynamics we now make the approximation that the charge densityρe is small; also that the
displacement current in (15) can be neglected, i.e. that 4πJ≫ ∂E/∂t. See section 1.2.1 for a justification.

From Ohm’s law (11) we obtain an expression for the electric field E = (1/σ)J − (u/c) × B, which we can
use in conjunction with (14) to obtain

∂B
∂t
= −c∇ × E =∇ ×

(

u × B − c
σ

J
)

, (16)

and dropping the displacement current from (15) and substituting for J gives the induction equation

∂B
∂t
=∇ ×

(

u × B − c2

4πσ
∇ × B

)

. (17)

1.2.1 The validity of the MHD approximation

In addition to the standard conditions under which the fluid approximation is valid, e.g. collision frequency, etc.
the ‘MHD approximation’ employed above makes two further assumptions: that the flow is non-relativistic and
that the conductivity of the material is high enough so that the charge density is low and (12) can be ignored.

In the rest frame of a test particle (in which quantities are denoted with a prime), the force experienced is
F′ = qE′. In transforming to an inertial frame, we ignore terms inv2/c2 (so that the Lorentz factorΓ ≈ 1) to
obtain the lab frame relation (7). Returning to the fluid picture, a high conductivityσ ensures that current can
flow in order to almost neutralise the rest frame electric field E′ = E+ (u/c)×B so thatE′ ≪ E andE ∼ (u/c)B.
We can now justify neglecting the displacement current in (15), because it is of orderE(u/c)/L ∼ B(u/c)2/L
whereL is a typical length scale of the flow. This is smaller by a factor v2/c2 than the curl of the magnetic field;
meaning thatJ ∼ cB/L (dropping factors of 4π).

3Note the similarity between (12) and the equation relating the gravitational field to density∇ ·g = −4πGρ. No constant is required
in the electromagnetic equivalent because it is built into the unit of charge.



Looking at the first of Maxwell’s equations (12), also known as Gauss’ law, we see thatρe ∼ E/L ∼
(u/c)B/L ∼ (u/c)J/c. Since this law holds in every reference frame it follows from E′ ≪ E that ρ′e ≪ ρe.
Current densityJ can be considered equal in lab and co-moving frames since assuming thatΓ ≈ 1 gives
J′ = J − ρeu; the ratio of the two terms is (u/c)2 so thatJ′ = J. Magnetic field can also be considered frame-
independent, since a transformation assumingΓ ≈ 1 givesB′ = B − (u/c) × E, and the electric fieldE is itself
smaller than the magnetic field by a factoru/c so we are left with a ratiou2/c2 between the two terms so that
B = B′.

There are obviously astrophysical contexts in which this MHD approximation does not hold, for instance
relativistic flows such as GRB jets; these are outside the scope of this mini-course.

1.2.2 A brief note concerning units

At this juncture it is worth commenting on the difference between the c.g.s. units employed here and the S.I.
units often taught in undergraduate courses. The reader will notice that the equations above contain only one
constant of nature: the speed of lightc. In contrast, a glance at some of the text books reveals that the S.I.
system is burdened not only withc but also with the rather nineteenth century concepts of the permittivity and
permeability of the ether,ǫ0 andµ0. Another advantage of c.g.s. is that the electric and magnetic fields have
the same units. However, a word of caution: there exist variations of c.g.s. units, for instance ‘Gaussian c.g.s.’
in which the current densityJ is equal to that defined above divided byc.

1.3 Diffusivities

We noted above that a fluid will in general experience some viscous force, which appears in the momentum
equation (2), some contribution to the evolution of the magnetic field from a finite conductivityσ, and some
contribution to the pressure from thermal conductivity. Weare now ready to explore this more formally. First we
look at viscosity (kinetic diffusion) before going onto heat conduction (thermal diffusion) and finite electrical
conductivity (magnetic diffusion), all three of which make a contribution to the heatingrate Q in the heat
equation (6). We shall see below that these three diffusions are parametrised by three diffusivities and that it is
convenient to have the same units for the three, namely cm2 s−1. If these diffusivities are set to zero, we speak
of ideal MHD.

1.3.1 Kinetic diffusion

We shall assume here both that the fluid isNewtonian, meaning that the viscous stress is proportional to the
deformation, as this is the case in almost all astrophysicalfluids.4 We also assume that the bulk viscosity is
negligible, which is a very good approximation for monatomic gases. I state here without proof that the viscous
force per unit volume is

Fvisc,i =
∂

∂x j

(

2µei j −
2
3
µδi j∇ · u

)

. (18)

where I have used the Einstein summation notation;δi j is the Kronecker delta whose value is 1 ifi = j and 0 if
i , j. µ is the viscosity of the fluid andei j is the rate of strain tensor defined asei j ≡ (1/2)(∂ui/∂x j + ∂u j/∂xi).
It turns out thatµ is normally proportional to density, so it makes sense to define a kinetic diffusivity ν ≡ µ/ρ
which depends only on temperature and has units cm2s−1. Furthermore, we can argue that in a subsonic flow
where∇ ·u is small, it is often a good approximation to take the viscosity outside of the brackets and to assume
that the second term in the viscous stress is negligible, giving the much simpler form

Fvisc = ρν∇
2u. (19)

4Blood and yoghurt are good examples of non-Newtonian fluids,as well as the “nuclear pasta” layer of a neutron star crust.



In addition, deformation of the fluid converts energy from kinetic to thermal form at a rate

Qvisc = 2µ

(

ei j −
1
3
δi j∇ · u

)2

(20)

per unit volume.

1.3.2 Thermal diffusion

In many astrophysical contexts we can treat heat transfer asthermal conduction, where the heat flux obeys the
Fourier lawq = −K∇T where the thermal conductivityK is some property of the fluid andT is temperature.
This treatment is valid not only in cases where the heat transport mechanism is actually conduction, but also
where heat transfer is by radiation, as long as we have local thermodynamic equilibrium (LTE), such as in the
interior of a star. Now, the contribution to the heating rateper unit volume from heat conduction is

Qth = −∇ · q = ∇ · (K∇T). (21)

Under similar conditions to those applied in making the simplified equation (19), we can simplify this to

Qth = ρκcp∇
2T, (22)

where we have defined a thermal diffusivity κ ≡ K/ρcp which has units cm2s−1.

1.3.3 Magnetic diffusion

If we assume that the electrical conductivityσ is uniform, we can rearrange the induction equation (17) using
the constraint∇ · B = 0 and the vector identity∇×∇×A = A(∇·A) −∇

2A, to

∂B
∂t
=∇ × (u × B) + η∇2B, (23)

introducing the magnetic diffusivity η ≡ c2/4πσ, which, like the other diffusivitiesν andκ, has units cm2s−1.
Note the similarity in the three diffusive terms – all contain a diffusive coefficient multiplied by∇

2 of the
relevant variable. Since the other terms in the MHD equations contain at most first spatial derivatives, we
can see that all kinds of diffusion will be more important on smaller length scales present in the flow and
will dominate on the smallest scale. From analysis of units,we see that there are three characteristic diffusive
timescales, equal toL2/(ν, κ, η) whereL is the characteristic length scale of the system. We return to this
later.

Finally, it is worth mentioning the heating from Ohmic dissipation: this is equal toJ · E′ whereE′ is the
electric field in the comoving frame. Expressed differently, this means that

Qmag=
1
σ

J2
=

η

4π
(∇ × B)2. (24)

2 Basic concepts

In this section we look at some useful concepts which follow from the MHD equations presented in the previous
section.



2.1 Making the equations dimensionless

First let us summarise the set of equations we have so far, including the approximations made in the previous
section and assuming an ideal gas equation of stateP = ρRT/µ.

ρ
Du
Dt

= −∇P+
1
4π

(∇ × B) × B + ρν∇2u + ρg, (25)

∂ρ

∂t
= −∇·(ρu), (26)

DP
Dt

= (γ − 1)Q− γP∇ · u, (27)

∂B
∂t

= ∇ × (u × B) + η∇2B. (28)

The Lorentz force has been rearranged with the aid of (15). The heating rate is given by

Q = 2ρνei j ei j + ρκcp∇
2T +

η

4π
(∇ × B)2

+ Qother. (29)

It is now informative to assign typical flow parametersL,U andT =L/U – typical length scale, velocity
and timescale, and to compare the size of various terms in theequations. We can rewrite equations (25) and
(28), dropping gravity as well as factors of order unity suchasγ, in terms of non-dimensional variables and
gradients, such asu′ = Uu (where we drop the prime below), as:

Du
Dt

= −
c2

s

U2
∇P+

v2
A

U2
(∇ × B) × B +

1
Re

∇
2u,

=
1

M2

[

−∇P+
1
β

(∇ × B) × B
]

+
1

Re
∇

2u, (30)

∂B
∂t

= ∇ × (u × B) +
1

Rem
∇

2B, (31)

wherec2
s = dP/dρ = γP/ρ andv2

A = B2/4πρ are the sound and Alfvén speeds and Re≡ UL/ν and Rem ≡
UL/η are the Reynolds number and magnetic Reynolds number respectively, measures of the ratio of inertia
to diffusivity of two kinds. We can also define a plasmaβ ≡ 8πP/B2 ≈ c2

s/v
2
A , a (likely) ratio of the first and

second terms on the right hand side of the momentum equation.The Mach number is the ratio of flow speed
to sound speedM ≡ U/cs. We also give names to the ratios of diffusivities: the Prandtl number and magnetic
Prandtl number are defined as Pr≡ ν/κ and Prm ≡ ν/η respectively. Clearly, Rem/Re= Prm.

2.2 Different regimes in MHD

In an unmagnetised fluid, we have two dimensionless parameters which describe the flow: the Mach number
M and the Reynolds number Re. It can be shown that ifM ≪ 1 the flow is roughly incompressible, i.e. that
Dρ/Dt ≈ 0, which gives∇ · u ≈ 0 via some rearrangement of the continuity equation (26). This comes
from the fact that in theM2 ≈ E/e whereE ande are the kinetic and thermal energies per unit volume; at low
Mach number there is not enough kinetic energy available to produce any significant compression or expansion,
since an energy of ordere would be required. This is the regime we assumed in simplifying the viscous force
in the momentum equation. The other parameter of the flow is the Reynolds number, which describes the
importance of viscosity. At low Reynolds number, the flow is viscous: waves are damped, and the flow is
laminar; at high Reynolds number turbulence often appears.Note that the viscous term in (30) contains second
spatial derivatives of the velocity, whereas the other two terms on the right hand side contain only first spatial
derivatives. This means that viscosity will be more important on the smaller length scales of the flow.

In a magnetised medium, the same applies to the magnetic diffusion which appears in the induction equation
(31) with a second spatial derivative. We now have two extra parameters Rem andβ; at low magnetic Reynolds



number the magnetic field will be smooth and at high Rem turbulence may appear, although this also depends
on Re. The value of the ‘plasmaβ’ is very important in MHD. Ifβ ≪ 1, a glance at the momentum equation
reveals that the Lorentz force will be much larger than the pressure gradient term. In astrophysical contexts,
the gravitational term is small in most low-β plasmas, so that velocities of order the Alfvén speed (which can
be very high) will result unless the currentJ = (c/4π)∇ × B is almost parallel toB, the so-called ‘force-free’
regime (since the Lorentz force goes to zero). Conversely, if β ≫ 1 then the current need not be parallel to the
magnetic field, and the magnetic field will only have much affect on the flow in directions where the Lorentz
force is not opposed by the pressure gradient or other stronger forces such as gravity.

2.3 Field lines, flux conservation and flux freezing

There are several useful concepts in MHD which can help develop an intuitive understanding of the subject.
In this section we derive some results for the case of a fluid with infinite conductivity (η = 0) which can be
considered approximately true in the more realistic case offinite conductivity. Now, ifη = 0 then

∂B
∂t
=∇ × (u × B). (32)

Let us define a magnetic fluxφ as a integral of the normal component ofB on a surface S

φ =

∫

S
B · dS (33)

and let us calculate the change of flux through that surface itmoves with the flow of the fluid:

Dφ
Dt
=

∫

S

∂B
∂t
· dS+

∮

l
(u × dl) · B, (34)

where the first term comes from the rate of change of flux through the surface if it were fixed in space and the
second comes from the movement of the surface from the fluid velocity u. The surface is bounded by a linel.
Substituting (32) into this equation and using Stokes’ theorem, the first term becomes

∮

l
u × B · dl. From the

triple vector product rule we now see that the two terms cancel and that the flux through the co-moving surface
is constant in time.

If we now imagine the fluid being composed of small co-moving fluid elements, each threaded by a constant
flux, it becomes clear that the concept of field lines and of their being ‘frozen’ into the fluid are useful tools in
understanding MHD. This will be discussed below at greater length.

2.4 Magnetic pressure, tension and energy density

The Lorentz force can be written in an alternative form, making use of a vector identity and the solenoidal
constraint∇ · B = 0

FLor =
1
4π

(∇ × B) × B =
1
4π

(B ·∇)B −∇

(

B2

8π

)

. (35)

The second term looks like the pressure gradient term−∇P, so the quantityB2/8π is called themagnetic
pressure. The first term on the right can be thought of as a magnetic tension. However, we need to remind
ourselves that the total Lorentz force is always perpendicular to the magnetic field, so that the components of
these two terms parallel to the field must cancel. After some manipulation we can rewrite the Lorentz force
without these cancelling components as

FLor = κ
B2

4π
−∇⊥

B2

8π
, (36)

whereκ is the curvature vector (directed along the radius of curvature of the field and equal in magnitude to
the reciprocal of that radius) and∇⊥ is the part of the gradient perpendicular to the field. The first term can



now be called the ‘curvature force’ and resembles tension ina string in that it will tend to restore a perturbed
straight field line to its original shape.

It can be shown that the magnetic pressureB2/8π is also the energy density of the magnetic field; to
demonstrate this in a non-rigorous way is reasonably straightforward. Imagine that we have a slab, infinite in
they andz directions but bounded atx = 0 andx = l, containing a uniform magnetic fieldB = Bŷ whereŷ is
the unit vector in they direction. Outside the slabB = 0. The Lorentz force clearly has noy or z component
but its x component has delta functions at the two boundaries which are balanced by delta functions in the
thermal pressure gradient if we have an external thermal pressure equal toB2/8π. Now imagine we changel
adiabatically so that flux is conserved, meaning thatBl = k = const. If the magnetic field has energye per unit
volume, then the energy per unit area of the slab isel. From the dU = −pdV relation in thermodynamics we
therefore have d(el) = −(B2/8π)dl = −(k2/8π)l−2dl and so assuming that at the total energyel goes to zero at
l = ∞ we can integrate froml′ = ∞ to l to give

∫ el

0
d(el)′ = − k2

8π

∫ l

∞
l−2dl′ =⇒ el =

k2

8πl
=⇒ e=

B2

8π
. (37)

2.5 Magnetic helicity

In section 2.3 we saw that the magnetic flux through a co-moving fluid surface is constant in the limit of high
conductivity. We can now look at an additional quantity which is also conserved in this limit. Magnetic helicity
is a global quantity defined as

H ≡
∫

V
A · B dV (38)

whereA is the vector potential defined fromB =∇×A. Now, since the curl of the divergence of a scalar is zero,
we can add any gradient of a scalar∇φ to the vector potential without changing the magnetic field;however this
will in general affect the magnetic helicity. It can be shown in the following way though that magnetic helicity
is gauge invariant provided that no magnetic field lines passthrough the surface of the volume of integration.
Consider some new vector potentialA′ = A +∇φ. The helicity is now

H′ =
∫

V
[A · B + (∇φ) · B] dV (39)

= H +
∫

V
[∇ · (φB) − φ(∇ · B)] dV (40)

= H +
∮

S
φB · dS, (41)

since the first term on the first line is simply equal to the original helicity; the second term was expanded with
a standard vector identity to give the expression on the second line. Since the magnetic field is solenoidal, the
second of the new terms vanishes, and the first can be rewritten with the aid of Gauss’ theorem to give a surface
integral. Therefore ifB · dS = 0 everywhere on the boundary, the helicity is unchanged and therefore gauge
invariant.

Helicity is a useful concept because of its conservation properties. It can be shown that it is perfectly
conserved in the limit of infinite conductivity: let us first note that in this limit, (28) becomesBt =∇× (u ×B)
and soAt = u × B. Now

∂H
∂t

=

∫

V
dV [At · B + A · Bt] =

∫

V
dV [u × B · B + A ·∇ × (u × B)]

=

∫

V
dV [(u × B) ·∇ × A −∇ · (A × (u × B))]

= −
∮

S
dS · A × (u × B). (42)



We simply require then that the velocity goes to zero on the boundary of the domain.
In a fluid with finite conductivity it is still approximately conserved – we can see this from an argument with

units. Now, the diffusive timescale on which the magnetic field decays due to finite conductivity, as we saw
above, isτ ∼ L2/η. This is shorter on shorter length scales so that when magnetic energy is converted to heat
via Ohmic dissipation, it is mainly the small-scale structure where the energy is converted. Helicity however
has units of length times energy and is therefore present more in the large scale components of the magnetic
field than the magnetic energy, and less is therefore lost dueto diffusive processes on small scales. Often then
during MHD processes where the flow contains a range of lengthscales, energy is lost at the smallest scales
while helicity is roughly conserved.

Helicity also has units of flux squared, and can in fact be thought of in some sense of the product of two
fluxes of different components of the magnetic field. It is often said that helicity is a measure of the ‘twist’ of
the magnetic field, because a twisted field must contain at least two components. As we have seen, that twist is
conserved even as magnetic energy is lost.

2.6 MHD equilibria

In many astrophysical contexts, we are interested in equilibrium situations where the forces are balanced.
However, before we proceed, it is important to clarify what we mean by equilibrium. If we simply set the
velocity to zero, the momentum equation (25) gives us a relation betweenP, B andρg, so that any combination
of the three which satisfy that relation will be an equilibrium. Now, both sides of the continuity equation (26)
go to zero, but the heat equation (27) containsQ, which does generally not go to zero whenu = 0 due to its
terms withκ andη. Likewise, the term withη in the induction equation (28) will not in general vanish. The
result of this is that the magnetic field and pressure field will evolve, giving rise to a non-zero velocity field – a
truly stationary state is in general achievable only whereκ = η = 0. However, provided that these diffusivities
are small, we can still find adynamic equilibriumby settingu = 0 and balancing forces. This equilibrium will
not chance appreciably on a dynamic timescale, i.e. the timetaken for a sound or Alfvén wave to travel across
the domain; rather, it will evolve over a longer timescale due to the diffusive terms.

So, finding a (dynamic) equilibrium is simply a matter of finding a solution to the following equation:

−∇P+
1
4π

(∇ × B) × B + ρg = 0, (43)

together with the constraint∇ · B = 0. It is interesting to explore some of the properties of thisequation. First
of all, note that in the non-magnetised case it reduces to theequation of hydrostatic equilibrium which one often
sees in the form∂P/∂z = −ρg where gravity is directed downwards along thez-axis. In the magnetised case,
taking the dot product witĥB, the unit vector in the direction of the magnetic field, gives

(B̂ ·∇)P = ρ(g · B̂) or
dP
ds
= ρgs, (44)

wheredP/ds is the derivative along a field line andgs is the component of gravity along the field line. In other
words, in an MHD equilibrium there is hydrostatic balancealong field lines.

In a situation whereβ≫ 1 and the Lorentz term in (43) is much smaller than the pressure and gravity terms,
we can imagine first constructing a non-magnetic equilibrium where∇P = ρg, adding a weak magnetic field
and then making small adjustments to the pressure and density fields to balance the Lorentz force. In principle
this should be possible, because an arbitrary magnetic fieldand its associated Lorentz force have two degrees
of freedom – three dimensions minus the one constraint (∇ ·B = 0) – and we also have two degrees of freedom
in balancing the Lorentz force since we can adjust both the pressure and density fields independently of each
other.5 Note that in a fluid with a barotropic equation of stateP = P(ρ) we only have one degree of freedom

5Strictly speaking, adjusting the density field will affect the gravitational fieldg, but if only small adjustments to the non-magnetic
equilibrium are needed it is hard to imagine that changes ing will prevent the existence of an equilibrium.



in adjusting the pressure and density fields, so that depending on the context it may be either more difficult or
impossible to construct an equilibrium.

In the special case without gravity we see from (44) that pressure is constant along field lines. Also, the
gradients in thermal pressureP and magnetic pressureB2/8π must be comparable unless we can construct an
approximately force-free field where current and magnetic field are almost parallel. Also note that density is no
longer relevant for the structure of the equilibrium, meaning that we now only have one scalar fieldP to balance
the Lorentz force with its two degrees of freedom, just as in the case above with gravity and a barotropic E.O.S.

3 Astrophysical contexts

We now illustrate these principles and introduce further principles in the astrophysical contexts of the solar
corona, jets and accretion discs.

3.1 The solar corona

On the photosphere of the Sun, we observe magnetic fields in the quiescent regions which are structured on
the granulation scale (∼ 1000km) and hundreds of gauss in strength, and in addition wesee active regions with
sunspots of sizes 10 to 100 times the granulation scale in which the magnetic field is in the range 1− 3kG. The
thermal energy density at the photosphere is about the same as a magnetic field of about 3kG, which we call
the ‘equipartition field strength’. Since the flow speeds at and just below the photosphere are roughly sonic, the
kinetic energy density is about the same. This explains why afield of around 3kG is required to have much effect
on the appearance of the photosphere. The thermal energy density increases rapidly below the photosphere and
decreases rapidly above it – more rapidly than the magnetic energy density (pressure falls exponentially whereas
the magnetic field tends to fall geometrically) so we can think of a β = 1 surface which lies at or just above
the photosphere. Below this surface, the magnetic field has an either negligible or subtle effect on the flow of
gas; above this surface the magnetic field dominates. This region above the photosphere is called the corona,
although strictly speaking the two are separated by the chromosphere and the transition region. The corona has
a temperature of around 1− 2 million Kelvin, which contrasts to the photospheric temperature of 5800K – the
origin of this high temperature, the ‘coronal heating problem’, is one of the best-known unsolved problems in
astrophysics. It is generally agreed that the magnetic fieldtransports energy through the photosphere and that it
is converted from magnetic to thermal form in the corona; what is not understood is how the magnetic energy
is dissipated. Theories normally invoke either reconnection or excitation and dissipation of magnetic waves.

Now let us look at some of the parameters in the corona:T ∼ 106 K, ρ ∼ 10−15 g cm−3, P = ρTR/µ ∼ 10−1

erg cm−3, |g| ∼ 3×104 cm s−2, B ∼ 10 G. This means that the scale heightH = P/ρg ∼ 3×109 cm, plasma
β = 8πP/B2 ∼ 3×10−2, sound speedcs =

√

γP/ρ ∼ 107 cm s−1, Alfvén speedvA = B/
√

4πρ ∼ 108 cm s−1.

Figure 1:Images of coro-
nal loops taken in the
Fe IX line at 171Å by
TRACE.

Looking at (30) it appears that since the Lorentz force is much greater than the pressure gradient force,



it must be balanced by the inertia term on the left hand side, meaning that flow speeds are comparable to the
Alfvén speed. However, structures such as those in fig. 1 areobserved to last for anything up to weeks, much
greater than the Alfvén timescaleτA = H/vA ∼ 30 s. The only way out of this is for the Lorentz to be reduced
by having the current and magnetic field almost parallel to each other – we call this a ‘force-free’ field. The
properties of these fields are explored in the next section. Often however we observe loop structures in the
corona which, having apparently been in such a force-free equilibrium for some time, suddenly depart from
equilibrium and convert much of their magnetic energy into heat on a timescale comparable to the Alfvén
timescale. This process is explored in section 3.1.2.

3.1.1 Force-free fields

In any low β plasma we see from (30) that the Lorentz force cannot apparently be balanced by the pressure
gradient and it is difficult to imagine a gravitational field with the necessary geometry; balancing the Lorentz
force with inertia, the term on the left-hand side of the momentum equation (25), would mean Alfvénic flow
speeds and nothing approaching an equilibrium. We therefore speak of a ‘force-free’ field, where the current
and magnetic field are almost parallel so that|(∇ × B) × B| ≪ B2/L. This gives:

∇ × B = αB, (45)

B ·∇α = 0, (46)

where the second equality comes from taking the divergence of the first and using the solenoidal condition
∇ · B = 0; it means thatα is constant along field lines. In other words, as we follow a field line we see that the
neighbouring lines curve around it in the same sense all the way along the line – force-free fields are ‘twisted’
in some sense. Ifα is a constant everywhere, we can write the Helmholtz equation (α2

+ ∇2)B = 0 by taking
the curl of (45).

A special case is whereα = 0, which we call apotentialor curl-freefield, where the current vanishes. This
is obviously the case in a vacuum, and is a good approximationin some other astrophysical contexts such as
above the surface of some magnetic main-sequence stars. We call it a potential field because being curl-free we
can express it as the gradient of a scalar potentialB = ∇φ. Since the divergence of the field is zero, we have
the Laplace equation∇2φ = 0. This we can solve if we know the normal componentB · n everywhere on the
boundary of the domain.

There is a theorem which states that no equilibrium can be force-free everywhere. Imagine a force-free
equilibrium in a region of volumeV surrounded by an unmagnetised region, and imagine an isotropic expansion
or contraction of the region. Under such a change, the position vector of any fluid element changes fromr to
r ′ and the field fromB to B′. In a uniform expansion by a factora we haver ′ = ar and from flux conservation
(φ = Br2 is constant) we see thatr′2B′(r ′) = r2B(r ). The energy of the field after the expansion is

E′ =
∫

V′

B′2

8π
dV′ =

1
a

∫

V

B2

8π
dV (47)

since dV′ = a3dV andB′ = a−2B. The region will therefore expand until either some force opposes it, at which
point it is no longer force-free, or it reaches infinite extent andE→ 0. [More generally, anything with positive
energy will tend to expand.] A force-free region must be subject to forces on its boundary.

3.1.2 Reconnection

We saw in above in section 2.1 and from equation (28) that the timescale over which the magnetic diffusivity
acts isτdiff ∼ L2/η. However, we see in many astrophysical contexts such as the solar corona that changes in
global magnetic topology, i.e. deviations from flux-freezing, and the associated dissipation of magnetic energy
can occur on much shorter timescales. For instance, energy is released during solar flares over timescales of
seconds and minutes althoughτdiff % 106yr, assuming a standard Spitzer conductivity. There are twopossible



reasons for this. The first is that somehow the diffusion is locally brought to work on shorter length scales than
the global length scaleL, the second is that there is some ‘anomalous resistivity’ – higher than the standard
resistivity – perhaps when the current density is particularly high; plasma instabilities may also be involved. It
seems likely that in some situations both mechanisms must beinvoked.

Producing structure on small length scales from a global configuration initially lacking such small scales
is a common phenomenon in physics. For instance, to mix two paints together so that they combine on the
microscopic scale, it is sufficient to stir with a large spoon. In a turbulent medium, large-scale driving leads to a
cascade of energy to smaller and smaller length scales untila scale is reached on which the viscous dissipation
timescale is equal to the flow timescale. In the example of solar flares, we do not see turbulence; rather, the field
is thought to dissipate in thin current sheets which separate regions with magnetic field in different directions.
This process is known as ‘reconnection’.

The first model of reconnection, theSweet-Parkermechanism, is illustrated in fig. 2. Material flows per-
pendicular to the field lines at speedv0 towards the current sheet. This speed is equated to the ‘diffusion speed’
within the current sheet, which from the induction equationis equal toη/δ ≈ v0. Assuming incompressibility,
conservation of mass givesv0L ≈ v∗δ. Now, if we consider the force balance in they direction it is clear that
there is an excess thermal pressure at the centre of the current sheet, where the magnetic field vanishes, equal to
the magnetic pressure at the boundaries of the sheet, i.e.B2/8π. The material is accelerated in thex direction by
this thermal pressure and escapes at the ends of the sheet; wehave from the force balance thatρv2

∗/2 ≈ B2/8π
which can be rearranged tov∗ ≈ vA = B/

√

4πρ. Now we can solve for the reconnection velocityv0:

v0 ≈
η

δ
≈ vAη

v0L
=⇒ v0

vA
≈

√

η

vAL
= ReA

−1/2, (48)

where ReA is the Alfvénic Reynolds number. This model produces reconnection speed ratios ofv0/vA ∼ 10−6 in
the solar corona and other astrophysical plasmas, which is unfortunately rather less than the generally observed
value of∼ 0.1. One way out of this is the Petschek reconnection model in which most of the energy is dissipated
in standing shocks attached to a small central Sweet-Parker-like diffusion region. Some kind of anomalous
resistivity probably also plays a role.

Figure 2: The Sweet-
Parker reconnection mech-
anism. Regions of op-
posing magnetic fieldB∗
are brought together, sep-
arated by a thin sheet of
thicknessδ.

3.2 Jets: launching, collimation and instabilities

Jets are found in many astrophysical accretion settings, for example protostars, neutron stars, AGN. In this
section we examine the magneto-centrifugal model of jet launching and collimation.

3.2.1 Launching

Imagine a Keplerian disc around a central object threaded bya magnetic field. The field which emerges from
the disc is ‘ordered’ in some sense. If, for simplicity, we assume that the field component emerging normal



to the disc is of uniform sign and its strength varies with cylindrical radius asBz = B0(̟2/̟2
0 + 1)−1/2, and

then assume that the field above the disc is curl-free (i.e. zero-current, force-free withα = 0) we have the
field illustrated in fig. 3. Near the disc the lines are inclined away from the centre because of the greater field
strength at the centre, but further from the disc they tend towards the vertical because of the fact that flux per
unit cylindrical radius increases outwards – in other words, most of the flux is threaded through the outer disc
and so from a distance the inner part is of lesser importance.We expect thatBz ∝ Σ whereΣ is the column
density of the disc, so this picture of flux increasing outwards is realistic as long as̟Σ increases outwards, i.e.
∂ lnΣ/∂ ln̟ > −1.

Figure 3:The field above a disc from which
a vertical field componentBz = B0(̟2/̟2

0 +

1)−1/2 emerges, assuming the field is curl-
free. Note that the field lines curve towards
the vertical. [From Spruit et al. 1997.]

We now allow material to evaporate from the disc. Just above the disc this material will have a low density
in the sense that the magnetic energy densityB2/8π is much greater than the thermal (i.e.β ≪ 1) and also
than the kineticρu2/2. This means that the field must be force-free and that it is little affected by the material.
Flux freezing requires that the material flows along the fieldlines, and since the field lines point away from
the central object, the material is centrifugally accelerated away from the disc; it can be shown that if the
angle between the field and the vertical exceeds some threshold then this centrifugal acceleration exceeds the
downwards gravitational acceleration. The material is forced to co-rotate with the magnetic field.

As the material is accelerated its kinetic energy density eventually exceeds the magnetic, i.e.ρu2/2 > B2/8π
or alternativelyu > vA ; we say that this transition happens at the ‘Alfvén surface’ which is analogous to the
sonic point in non-magnetised flows such as in the nozzle of a rocket engine. Flux freezing holds on both sides,
but whereas inside the Alfvén surface the flow follows the field lines, outside the Alfvén surface the field lines
follow the flow. This means that the material ceases to co-rotate with the foot points of the field lines; rather,
the field lines are ‘wound up’ so that a significant toroidal componentBt is produced.

3.2.2 Collimation

We saw above that the poloidal field may have a tendency to collimate the flow (fig. 3). In this section we
examine the collimation after the initial acceleration phase, when the energy in thez component of the motion
dominates and thereforeuz ≈ const.

Imagine a jet with circular cross-section of radiusa(z) at a distancez from the central object (outside
the Alfvén surface). It contains a spiral magnetic field with toroidal and poloidal componentsBt and Bp. If
the toroidal and poloidal fluxes are both conserved as the material moves away from the source, then as the
radius of the jet changes we haveBt ∝ a−1 andBp ∝ a−2. After the initial acceleration phase the jet will expand
ballistically witha ∝ z in the absence of significant pressure or magnetic forces. Obviously in the non-magnetic
case, if the thermal pressure in the jet is greater than that in the surroundings, the jet will expand faster than
a ∝ z– the jet will be ‘flared’. The poloidal component of the field will also tend to make the jet flare as it exerts
a pressureB2

p/8π on the jet’s surroundings; the toroidal field exerts no pressure because its pressure and tension
forces are equal and opposite. Another way of thinking aboutthis is in terms of the energy per unit length of the
jet in the toroidal and poloidal components of the field:Et = πa2B2

t = πΦ
2
t andEp = πa2B2

p = Φ
2
p/(πa2). It is

the drop inEp which drives the expansion of the jet. It is therefore necessary to have some external pressure for



collimation to occur – one can imagine that with some constant pressure in the ambient medium the jet would
be flared near the source and then further away would settle atconstanta when its internal pressurePjet+B2

p/8π
is equal to the external.

It is worth looking in more detail at the collimating effect of the toroidal field. A jet withBt = Bt(̟) carries
a currentJ = ẑ(c/4π̟)∂(̟Bt)∂̟ and so the Lorentz force is

FLor = − ˆ̟
Bt

4π̟
∂(̟Bt)
∂̟

(49)

where ˆ̟ is the unit vector in the̟ direction. At least near the axis this force must be directedinwards:
this effect is often referred to as ‘hoop stress’. This has lead to themisleading concept of ‘self collimation’,
according to which a jet can be collimated by its own toroidalmagnetic field. The problem with this is that to
avoid having the energy diverge towards infinity, the partial derivative must change sign at some radius outside
which the Lorentz force is directed outwards, requiring in effect some external pressure support.

3.2.3 Instability

We saw above that as a jet expands the poloidal field falls faster than the toroidal, which leads eventually to
an instability driven by the free energy in the toroidal field. It can be shown that the dominant modes have
azimuthal wavenumbersm= 0 (sausage mode) andm= 1 (kink mode); here we look at a simple derivation of
the instability criterion for them= 0 mode.

A purely toroidal field is some function of cylindrical radius, B = B(̟). Imagine two thin annuli at radii
̟ and̟ + δ̟ with magnetic fieldsB andB + δB, each of areaA and therefore of thicknessesA/(2π̟) and
A/(2π(̟ + δ̟)). The energy per unit length jet of the magnetic field in the annuli is

E =
A
8π

[

B2
+ (B+ δB)2

]

. (50)

We now exchange adiabatically the positions of the two annuli, keeping the volume of each constant. In general,
the most unstable modes of any instability will be incompressible (density unchanged), since compressing the
gas will require work to be done by the magnetic field. Since the volumes of the annuli remain the same,
the total thermal energy is unchanged. Since flux is conserved, the new fields at locations̟ and̟ + δ̟ are
(B+ δB)̟/(̟ + δ̟) andB(̟ + δ̟)/̟, so that the new energy is

E + δE =
A
8π















(

(B+ δB)̟
̟ + δ̟

)2

+

(

B(̟ + δ̟)
̟

)2












. (51)

For stability we need the exchange to have increased the energy, i.e. δE > 0. Subtracting (50) from (51) and
dividing by A/8π we have

(

(B+ δB)̟
̟ + δ̟

)2

+

(

B(̟ + δ̟)
̟

)2

− B2 − (B+ δB)2 > 0 (52)

(

1+ 2
δB
B
+
δB2

B2

)

+

(

1+ 2
δ̟

̟
+
δ̟2

̟2

) [

1+ 2
δ̟

̟
+
δ̟2

̟2
− 1−

(

1+ 2
δB
B
+
δB2

B2

)]

> 0, (53)

where the zeroth and first order terms cancel; keeping only the second order terms we have

δ̟ − δB > 0 or
∂ ln B
∂ ln̟

< 1. (54)

This corresponds to the result of Tayler (1957). For obviousreasons, this is known as an ‘interchange’
mode. A more general treatment including the non-axisymmetric modes reveals thatm ≥ 1 modes are stable
if ∂ ln B/∂ ln̟ < m2/2 − 1, meaning that them = 1 mode (the ‘kink mode’) sets in first. Note that to avoid a



current singularity we need∂ ln B/∂ ln̟ ≥ 1 on the axis, so it is impossible in practice to construct a toroidal
field which is stable everywhere. The growth timescale of allmodes is comparable to the dynamical timescale,
i.e. the Alfvén timescale̟ /vA .

A jet contains not only a toroidal component, of course, but also an axial componentBz which can help
to stabilise the jet against this instability. We can see approximately how strong this component needs to be
by means of the following energy argument. It is clear that asthe instability grows, work needs to be done
against the axial component of the field and for stability this must be greater than the energy released from the
toroidal part of the field via the instability. Now, sincëξ = σ2ξ where the growth rateσ = vA/̟, them = 1
mode releases an energy per unit volume equal to1

2ρξ̈ξ =
1
2ρσ

2ξ2. As the axial field lines are stretched, they
exert a restoring force14πB2

zξ/l
2
z wherelz is the length scale of the instability in thez direction, which is equal

to 1/kz = λz/2π. The work to be done therefore is18πB2
zξ

2/l2z, which for stability needs to be greater than the
energy released so that

1
8π

B2
zξ

2/l2z >
1
2
ρσ2ξ2 (55)

which can be rewritten as

B2
z

4πρ
1

l2z
> σ2 (56)

B2
z

4πρ
̟2

l2z
>

B2
̟

4πρ
(57)

Bz

B̟
>

λz

2π̟
. (58)

The axial field therefore stabilises the shortest wavelengths, because it is the shortest wavelengths which have
to bend the axial field lines to a greater degree for a given|ξ|. Another way of expressing this result is that
instability sets in for wavelengths greater than the distance over which a field line makes one full circle around
the jet. This is often referred to in the literature as theKruskal-Shafranovcondition. Unfortunately, the ratio
λz/̟ could be very large in a narrow jet so this instability is expected to be present in essentially all collimated
jets; work continues therefore on its non-linear development.

3.3 Angular momentum transport in discs

Accretion discs are found in many astrophysical contexts, such as during star formation, mass transfer in binary
systems, and accretion of gas onto supermassive black holes. When matter is accreted, it falls deeper into a
gravitational potential well and energy must be lost from the system, generally via radiation. However, it is
not possible for a disc of material in isolation to accrete entirely onto the central object because of angular mo-
mentum conservation – angular momentum must be removed fromthe accreting material by transfer to other
material which does not accrete. Therefore the lowest-energy end-state of a disc in isolation is to have an in-
finitesimally small amount of mass move outwards towards infinity and infinite specific angular momentum and
the rest of the mass accreted onto the central object. This requires transport of angular momentum outwards.6

Since all systems like to relax to energy minima, we should expect to find some mechanism operating in discs
for the outward transport of angular momentum. According tothe model of Shakura & Sunyaev (1973), the
observational properties of accretion discs can be reproduced well by imagining there is some viscous stress
equal in magnitude to some fractionα of the thermal pressureP. However, microscopic viscosity is far too
small to account for valuesα ∼ 0.1 inferred from the observations; we turn our attention therefore to possible
instabilities which could generate turbulence and the resultant ’turbulent viscosity’.

6Transport is outwards in the Langrangian sense of each fluid element transfering its angular momentum to its outside neighbour.
Imagining the rate of change of angular momentum inside a fixed volume containing the central object (whose angular momentum is
increasing as it is spun up and becomes more massive) and partof a steady-state disc, we see that net transport must beinwards; in other
words, the inwards advection of angular momentum exceeds the transport though turbulent stress, albeit only by some small amount.



An example of a shear instability in a differentially rotating flow is the Rayleigh instability, an interchange
instability. Imagine exchanging two annuli of equal volumeand density between two radii̟ and̟+δ̟ which
are initially moving with angular velocitiesΩ andΩ + δΩ. The kinetic energies before and after the exchange
areE andE + δE:

E =
ρV
2

[

̟2
Ω

2
+ (̟ + δ̟)2(Ω + δΩ)2

]

, (59)

E + δE =
ρV
2

[

̟2(Ω + δΩ)2
(

̟ + δ̟

̟

)4

+ (̟ + δ̟)2
Ω

2
(

̟

̟ + δ̟

)4
]

. (60)

δE ≈ 2ρV̟2
Ω

2δ ln̟2
[

2+
δ lnΩ
δ ln̟

]

(61)

so that the stability condition isq ≡ ∂ lnΩ/∂ ln̟ > −2, or in other words that the specific angular momentum
̟2
Ω increases outwards. An accretion disc (q = −3/2) is therefore stable to this mechanism. However, another

kind of shear instability, themagneto-rotational instabilityhas the stability condition thatq > 0.

3.3.1 Magneto-rotational instability: physical mechanism and stability condition

The physical mechanism can be thought of in the following way. Consider two fluid elements, initially at the
same radius, one above the other so that they are threaded by the same field line. They are given a perturbation
in the radial direction, in opposite senses. Initially their angular momenta remain unchanged so that the element
which has been perturbed inwards moves faster than the other. As it moves forwards with respect to the other,
the field line connecting them is stretched so that the inner element pulls on the outer, transferring angular
momentum to it. This causes the inner element to move furtherinwards and the outer element to move further
outwards. In some sense the field line can be thought of as a spring which oscillates at a frequencyvA/λ where
λ is the wavelength. Clearly the spring has to have a lower intrinsic frequency than that at which it is driven in
order that it can be stretched instead of oscillating, meaning thatvA/λ < Ω/2π. The field has therefore to be
‘weak’ in some sense for the instability to proceed.

Another way of imagining the instability is the following. Consider a fluid element at radius̟threaded by
a vertical magnetic fieldB. In the rotating frame, in equilibrium the centrifugal force per unit mass at any radius
Ω

2̟ is balanced by some net inward-pointing force which in a discis a combination of a pressure gradient and
a gravitational force. The fluid element is now displaced a distanceδ̟ to a radius̟ + δ̟, while the magnetic
field couples it to the other fluid elements on the same field line so that it retains its original angular velocity
(angular momentum is transferred to it). The inward-pointing force at this new position is (Ω + δΩ)2(̟ + δ̟)
but the centrifugal force is nowΩ2(̟ + δ̟). In addition there is a magnetic restoring force, giving the total
(radial) force

F = Ω
2(̟ + δ̟) − (Ω + δΩ)2(̟ + δ̟) − B2

4πρ
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)

, (62)

whereλz is the wavelength of the perturbation in the vertical direction, v2
A = B2/4πρ is the Alfvén speed and

κz = kzvA/Ω is a dimensionless wavenumber wherekz = 2π/λ is the vertical wavenumber. For stability we
needF < 0 and therefore

2q+ κ2
z > 0, (63)



remembering thatv2
A = B2/4πρ. For stability at all vertical wavenumbers, we clearly needq > 0, and in the

unstable case the maximum unstable wavelength is given byκ2
z = 2|q|; as we shall see below, these estimates

agree with the more rigorous treatment. Note thatF is equal to the acceleration∂2(δ̟)/∂t2; we can replace
∂2/∂t2 with −ω2 whereω is the oscillation frequency (if real) or the growth rate (ifimaginary). This gives,
from (62),

−ω2
= −Ω2

(

2q+ κ2
z

)

, (64)

so that the growth rate will generally be comparable to the rotation frequency.

3.3.2 The dispersion relation

In our rotating fluid, locally we can look at a small corotating Cartesian volume at distance̟0 from the centre,
rotating atΩ0, and change variables tox = ̟ − ̟0; the azimuthal direction isy and the vertical directionz.
SinceΩ(x) ≈ Ω0 + qxΩ0/̟0, the bulk velocity in the rotating frame isU ≈ qΩ0x (whereq = −3/2 in the
Keplerian case). In a rotating frame of reference, we must generally add to the momentum equation (25) both
a Coriolis force−2ρΩ0 × v (wherev is the total velocity field) and a centrifugal force ˆ̟ρ̟Ω2

0, but here we
can drop the centrifugal term, the steady part of the Coriolis force coming from the basic flowUy and thex
component of the gravitational term because they cancel each other, leaving just the Coriolis force associated
with any additional velocity fieldu = v − Uŷ on top of the basic flow,−2ρΩ × u. In an accretion disc we also
have the vertical part of the gravitational acceleration−ρGMz̟ −3

0 ẑ = −ρzΩ2
0ẑ, where the assumption is made

thatz≪ ̟0. This vertical stratification may be important in realisticdiscs, but we shall ignore it for the time
being.

A general linear analysis of the MRI is quite involved, so we make two further simplifications: the initial
magnetic field is of uniform strength and in thez direction so thatB = Bẑ, and we consider only axisymmetric
modes, meaning that∂/∂y = 0. The most unstable modes, at least for a weak field, will be incompressible and
we assume that in the following. The perturbation to the magnetic field isBb, so thatb is dimensionless. We
now linearise the MHD equations by subtracting equilibrium(zero-order) terms in the momentum equation,
and keeping terms to first order in the perturbed quantities,ignoring the diffusive terms. Beginning with the
momentum equation we have

∂tu + U ·∇u + u ·∇U = −1
ρ
∇δP+

1
4πρ

[(∇ × (Bb)) × B + (∇ × B) × (Bb)] − 2Ω × u,

∂tu + ŷux∂xU = −1
ρ
∇δP+ v2

A(∇ × b) × ẑ− 2Ωẑ× u,

∂tu = −1
ρ
∇δP+ v2

A(∇ × b) × ẑ−Ω(2ẑ× u + qŷux), (65)

noting thatU ·∇u = 0 and∇ × B = 0. We can now consider perturbations which vary in space and time as
ei(k·r−ωt) so that∂x = ikx and so on:

−iωu = − ik
ρ
δP+ iv2

A(k × b) × ẑ−Ω(2ẑ× u + qŷux), (66)

−iψu = −iκ
δP
ρvA
+ ivA(κ × b) × ẑ− 2ẑ× u − qŷux, (67)

where we have introduced a dimensionless wavenumberκ ≡ kvA/Ω and a dimensionless frequencyψ ≡ ω/Ω.
The induction equation becomes (assuming∇ · u = 0)

∂t(Bb) = ∇ × (u × B + U × (Bb)). (68)

∂tb = ∇ × (u × ẑ+ Uŷ × b). (69)

∂tb = ∂zu + qΩŷbx, (70)

−iψb = iκzu/vA + qŷbx, (71)

iψvAb = −κz (iu − qŷux/ψ) , (72)



where the last line was obtained by substituting forbx back into they component of the equation. This can be
substituted into the momentum equation (multiplied byψ) to give:

−iψ2u = −iκψ
δP
ρvA
− κz

[

κ × (iu − qŷux/ψ)
] × ẑ− ψ(2ẑ× u + qŷux). (73)

Along with the incompressibility condition we have four equations and four quantities to be eliminated,δP and
the three components ofu. Therefore:

−iψ2ux = −iκxψ
δP
ρvA
− iκz(κzux − κxuz) + 2ψuy, (74)

−iψ2uy = −κ2
z(iuy − qux/ψ) − (2+ q)ψux. (75)

−iψ2uz = −iκzψ
δP
ρvA

. (76)

From the third of these, we see that−iκxψδP/ρvA = −iψ2uzκx/κz which, using the incompressibility condition
κxux + κzuz = 0, replaces the first term on the right hand side of thex-component equation and reduces the set
to two equations and two variablesux anduy:

−iψ2ux = iψ2ux
κ2

x

κ2
z
− iux(κ

2
z + κ

2
x) + 2ψuy, (77)

−iψ2uy = −κ2
z(iuy − qux/ψ) − (2+ q)ψux. (78)

Collecting terms withux anduy gives

(

iψ2κ
2

κ2
z
− iκ2

)

ux + 2ψuy = 0, (79)













qκ2
z

ψ
− (2+ q)ψ













ux +
(

iψ2 − iκ2
z

)

uy = 0, (80)

whereκ2
= κ2

x + κ
2
z. Taking the determinant ofA in A · u = 0 to be zero we have the following quadratic inψ2:

(

ψ2κ
2

κ2
z
− κ2

)

(

ψ2 − κ2
z

)

+ 2ψ













qκ2
z

ψ
− (2+ q)ψ













= 0, (81)

which we rearrange to:
κ2

κ2
z
ψ4 − 2

(

κ2
+ 2+ q

)

ψ2
+ κ2

z

(

κ2
+ 2q

)

= 0. (82)

Solving the quadratic inψ2 we have

ψ2
=
κ2

z

κ2

[

κ2
+ 2+ q±

√

4κ2 + (2+ q)2

]

. (83)

It is straightforward to show from this that the stability condition, i.e. the condition that both roots are
postive, is 2q + κ2 > 0 which is identical to (63) derived above. For stability at all wavenumbers we require
q > 0, i.e. an angular velocity increasing with radius. Forq < 0, there is instability for a range of wavenumbers
0 < κ2 < 2|q| and the maximum growth rate is|ψmax| = |q|/2 at a wavenumberκ2

z,max = (1+q/4)|q| (andκx = 0).



3.3.3 MRI: remarks

We saw above that an accretion disc with a weak vertical magnetic field suffers an instability with some mini-
mum wavelength. From vertical force balance, we see thatH ∼ ̟cs/vKep whereH is the thickness of the disc,
cs is the sound speed andvKep is the Keplerian orbit speed. Evidently, if this instability is to be effective the
minimum wavelength must be less thanH, so that sinceq = −3/2 we see from (63) that

2πvA√
3Ω

.
̟cs

vKep
=⇒ β &

4π2

3γ
. (84)

The magnetic field must not therefore become too strong relative to the thermal pressure. Also, a strong
magnetic field would be buoyantly unstable.

We looked here at the axisymmetric modes where the unperturbed field is parallel to the rotation axis; in
reality we would expect the field to be dominated by its azimuthal component since this is the direction of
the shear. The instability does operate on a purely azimuthal field but the modes are non-axisymmetric and
the dispersion relation is more complex. Numerical nonlinear analysis of this instability shows a steady-state
dynamo effect as well as the desired angular momentum transport with a Shakura-Sunyaevα parameter of
roughly the right magnitude, 0.01 to 0.1.

Finally, note that in the non-magnetic limitvA → 0 the dispersion relation becomes

ω2

Ω2
= 2(2+ q)

k2
z

k2
, (85)

so that we recover the Rayleigh stability conditionq > −2 derived at the beginning of this section.

4 Problems

4.1 Equilibria in non-convective stars

An upper main-sequence star is radiative apart from a small convective core (which can be ignored); the velocity
field is therefore zero everywhere. The star contains a magnetic field in ‘dynamic equilibrium’, meaning that
the only evolution is due to the diffusive terms in the MHD equations and that the equilibrium canbe considered
static on the dynamic (Alfvén or sound-crossing) timescale.

(a) The equilibrium is axisymmetric. Using cylindrical coordinates (̟ , φ, z) show that the field can be
expressed as the sum of poloidal and toroidal components as

̟B = ∇ψ × φ̂ + Fφ̂ (86)

whereφ̂ is the azimuthal unit vector andψ andF are functions of̟ andz, and that the poloidal and toroidal
fields are associated with toroidal and poloidal currents, respectively. By considering azimuthal force balance,
show that contours ofF in the meridional plane are parallel to those ofψ, i.e. thatF = F(ψ). [Hint: show that
(∇ψ) × (∇F) = 0.]

(b) In contrast to many other astrophysical objects, the interiors of stars haveβ≫ 1. Show that an arbitrary
axisymmetric magnetic field configuration can be added to a star and an equilibrium constructed by making
small adjustments to the pressure and density fields. Ignoresurface effects as well as any changes in the
gravitational potential. Argue that this result can be generalised to non-axisymmetric fields.

(c) Assuming that the equilibrium is structured on length scales comparable to the size of the star, use the
Spitzer conductivity to make an order-of-magnitude estimate of the diffusive timescale on which the equilibrium
evolves, and compare this to the main-sequence lifetime of the star and to the dynamic (Alfvén) timescale for a
magnetic field of 1kG.



4.2 Kink instability in solar coronal loops

A coronal loop of magnetic field links two sunspots of opposite polarity. According to one theory of solar
flares, reconnection events are triggered when a loop crosses the kink instability threshold.

(a) In a straight flux tube, the growth rate of the kinkm= 1 instability is comparable to the Alfvén frequency,
defined asωA ≡ vφA/̟ wherevφA is the Alfvén speed associated with the azimuthal component Bφ of the
magnetic field and̟ is the cylindrical radius. An axial field componentBz can stabilise the field by providing
an extra tension against which the instability must do work.In a tube whereBφ ∝ ̟, by consideration of the
force balance perpendicular to the tube axis show that the stability criterion is

kzBz >
Bφ
̟
, (87)

wherekz = 2π/λz is the wavenumber of the instability. [Hint: first show what force is required to produce the
growth rateωA and then equate this to the restoring Lorentz force from the axial field.]

(b) We can make the approximation that the stability criterion for a curved flux tube does not differ enor-
mously from that in a straight tube. The field between the two sunspots is initially untwisted, i.e.Bφ = 0 and
then one of the spots slowly rotates. Calculate the energy required to twist one sunspot up to the instability
threshold by consideration of the Lorentz force in a shallowlayer in the sunspot whereBφ changes from to
its value in the coronal loop. As the tube is twisted, it passes quasi-statically through a series of force-free
equilibria; show that theα parameter in the force-free equation∇×B = αB increases from 0 up to some value.
When the instability threshold is passed, the field in the corona relaxes back to the lowest energy state, i.e. the
curl-free fieldα = 0; make an estimate of the energy released in the flare and equate this to the sunspot-rotating
energy calculated earlier.


