> s’ q
e

B Bl } L " et : B % . e S g S, |

L7 50> e TS BN

-9

. A - la-.‘.' Ny
., < ond .k’ Qe s
- g [ o 0l
b .
\ .
i - b - - - '8

Statistiques d’ordre supéri;;é.'“'.':

N VI T,
; ,0 i . B AW, . BT ESeE N o

F I W T e

Sandrine Codis

CITA
codis@cita.utoronto.ca

;"L--;'-E(f:Q'I e Euclld201 7,Freu& )


mailto:codis@cita.utoronto.ca

AuUu menu...

I. Introduction
I.1 Rappels champs aléatoires cosmiques
1.2 Rappels PT
1.3 Bispectre

Il. Topologie/géométrie
1.1 De la topologie aux cumulants
1.2 Des cumulants a D(z)
I1.3 Information cosmologique

lll. comptage de galaxies
1.1 Théorie des grandes déviations
11.2 Statistique a 1 point
I1.3 Statistique a 2 points
1.4 Information cosmologique



Partie | : Introduction



Les grandes structures de I’Univers
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Grande échelle : clustering de la matiére noire

Petite échelle : ‘gastrophysique’

Comment utiliser les grandes structures pour
contraindre la cosmologie et la physique
fondamentale (énergie noire, neutrinos, tests de

Comment modéliser la complexité des petites
échelles et leur couplage aux grandes échelles ?

la RG, physique de l'inflation)?

A

= Précisions des mesures avec l'arrivée de grands relevés

de galaxies comme Euclid qui utiliseront :

- le clustering (traceur lumiere)
- l'effet de lentille gravitationnelle (traceur masse)

= La précision des contraintes cosmologiques dépendra de
notre capacité a modéliser ces observables a petite échelle.
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Les grandes structures de I’Univers

. with AGN Baryons

{ First order PT ~git—i feedback
3t Highcr order PT . I (c.g. van Daalen et al 2011)
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- l'effet de lentille gravitationnelle (traceur masse)
= La précision des contraintes cosmologiques dépendra de

notre capacité a modéliser ces observables a petite échelle.

2s petites
s echelles ?




Les grandes structures de I’Univers
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The LSS is sensitive to our cosmological model

Evolution of LSS is sensitive to cosmic
expansion rate H(z) and growth rate of
structures D(z).

Studying LSS then constrains
cosmological parameters, dark energy
e.o.s, modification of gravity...

It usually relies on correlation functions
including Baryon Acoustic Oscillation
peaks (e.g Cole+05, Anderson+14),
redshift space distortions (e.g Guzzo+08,
Samushia+14), lensing.

DM simulation by C. Pichon
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The LSS is sensitive to our cosmological model

Evolution of LSS is sensitive to cosmic
expansion rate H(z) and growth rate of
structures D(z).

Studying LSS then constrains
cosmological parameters, dark energy
e.o.s, modification of gravity...

It usually relies on correlation functions
including Baryon Acoustic Oscillation
peaks (e.g Cole+05, Anderson+14),
redshift space distortions (e.g Guzzo+08,
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How is the cosmic web woven?
How do structures grow in the Universe?

cosmic web: voids, walls, filaments, nodes

Gaussian primordial fluctuations
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models of the early universe

predict ﬁ
the statistics of the ICs

theory of gravity + cosmological
model (dark energy, dark matter...)

to be compared with
observations

theory can not predict our Universe (a single realization) on an object-by-object basis but
Its statistics : expectation + cosmic variance
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How is the cosmic web woven
How do structures grow in the Universe?

Gaussian primordial fluctuations




How is the cosmic web woven?
How do structures grow in the Universe?

Gaussian primordial fluctuations

Comment caracteriser entierement les proprietes statistiques d’'un GRF?
|) Avec sa moyenne et sa variance
2) Avec tous ses moments <O">
3) Avec sa moyenne et son spectre de puissance
4) Avec sa moyenne et sa fonction de correlation a deux points
5) Avec I'ensemble (infini) de ses polyspectres successifs (spectre de
puissance, bispectre, trispectre, etc).

10



How is the cosmic web woven?
How do structures grow in the Universe?

Gaussian primordial fluctuations

Comment caracteriser entierement les proprietes statistiques d’'un GRF?

3) Avec sa moyenne et son spectre de puissance
4) Avec sa moyenne et sa fonction de correlation a deux points

14
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How is the cosmic web woven
How do structures grow in the Universe?

Gaussian primordial fluctuations

12



How is the cosmic web woven?
How do structures grow in the Universe?

Gaussian primordial fluctuations

Initial state fully described by the 2-pt
correlation function (= power spectrum)

12



How is the cosmic web woven?
How do structures grow in the Universe?

CMB as seen by Planck

Angular scale
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Initial state fully described by the 2-pt
correlation function (= power spectrum)
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How is the cosmic web woven?
How do structures grow in the Universe?

Gaussian primordial fluctuations

Initial state fully described by the 2-pt
correlation function (= power spectrum)
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How is the cosmic web woven?
How do structures grow in the Universe?

cosmic web: voids, walls, filaments, nodes

Gaussian primordial fluctuations

gravity

Initial state fully described by the 2-pt ﬁ Subsequent gravitational evolution is
correlation function (= power spectrum) non-Gaussian: need to go beyond 2-pt

and study higher order statistics e.g
3-pt correlation function (=bispectrum)
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How do structures grow in the Universe?

cosmic web: voids, walls, filaments, nodes

Gaussian primordial fluctuations

gravity




How is the cosmic web woven?
How do structures grow in the Universe?

cosmic web: voids, walls, filaments, nodes

Gaussian primordial fluctuations
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How is the cosmic web woven?
How do structures grow in the Universe?

cosmic web: voids, walls, filaments, nodes

Gaussian primordial fluctuations

gravity

Positively skewed PDF:

1

P(x) = G(x) [1 + i

=S30'4

NL evolution driven by o




How is the cosmic web woven?
How do structures grow in the Universe?

cosmic web: voids, walls, filaments, nodes

Gaussian primordial fluctuations

gravity
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To solve the LSS dynamics : numerical simulations
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To solve the LSS dynamics : numerical simulations
or theoretical predictions in some regimes

The Vlasov-Poisson equations (collisionless Boltzmann equation) - f(x,p) is the phase-space

density distribution - are fully nonlinear:
diSeo p O 0 %,

E af(x P, )‘I‘ &f(xapat)_ma—q)( )8 f(X p’ =0

AT pEsat (/fxp, £)d3p —n)

> single flow equations until shell crossing for a seIf—grawtatlng cold fluid:

ma?

0 1
Peebles 1980; Fry 1984; — 4 t SR ) t ; 7t e 0
Bernardeau 2002 Ot (X’ ) a3 a [( g (X7 ))U_ (X )]’
0 i, 8) + Ly, 8) + 2y (3, By (x, ) Lo (x,t) +
— U; (X, —UuU; (X, —u;\ X, 0)U; 5\ X, = s =LA X AV
ot a i 2! A X
(I),,,;z' (X, t) = 47TGﬁ CL2 5(X, t) =aR()

> Exact solutions: spherical collapse (gravitational evolution
of a spherlcally symmetric field)

evolution of a shell of radius r and
AN d?r GM e A
B = S
d¢? r2 3

4L
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density distribution - are fully nonlinear:
diSeo p O 0 %,

E af(x P, )‘I‘ &f(xapat)_ma—q)( )(‘9 f(X p’ =0

A0 = I ([ focp ity —n)

> single flow equations until shell crossing for a seIf—grawtatlng cold fluid:

ma?

0 1
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....... ® ;i(x,t) — 4nGp a” §(x,t) = 0
?"Ifxa ns: spherical collapse (gravitational evolution
o met(ic field)

N _evolution of a shell of radius r and
TN dr_ GM+A
de2 72 3r
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To solve the LSS dynamics : numerical simulations
or theoretical predictions in some regimes

The Vlasov-Poisson equations (collisionless Boltzmann equation) - f(x,p) is the phase-space

density distribution - are fully nonlinear:
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To solve the LSS dynamics : numerical simulations
or theoretical predictions in some regimes

The Vlasov-Poisson equations (collisionless Boltzmann equation) - f(x,p) is the phase-space
density distribution - are fully nonlinear:

df 8 0 0 0
—f af(x P, )‘I‘ e &f(X,p,t)—ma—q)( )(9 f(X p’ =0

dt
Ad(x) = il (/f X, p,t)d°p —n)

> single flow equations until shell crossing for a seIf—grawtatlng cold fluid:

ma?

0 1
Peebles 1980; Fry 1984, — 4 t SR ) t ; 7t e 0
Bernardeau 2002 Ot (X’ ) a3 a [( g (X7 ))u (X )]’
0 i, 8) + Ly, 8) + 2y (3, By (x, ) Lo (x,t) +
— U; (X, —UuU; (X, —u;\ X, 0)U; 5\ X, = s =LA X -
ot a b 2! A X
(I),,,;z' (X, t) = 47TGE CL2 5(X, t) =aR()

evolved ., ]
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> Exact solutions: spherical collapse (gravitational evolution :
of a spherically symmetric field) 15)
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To solve the LSS dynamics : numerical simulations
or theoretical predictions in some regimes

The Vlasov-Poisson equations (collisionless Boltzmann equation) - f(x,p) is the phase-space

density distribution - are fully nonlinear:
dySso p O 0 %,

E af(x P, )‘I‘ &f(X,p,t)—ma—q)( )(9 f(X p’ =0

AT pEsat (/fxp, £)d3p —n)
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ma?

0 1
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Bernardeau 2002 ot ( ) a [( ( )) Z( )]’Z
0 a 1 1
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> Exact solutions: spherical collapse (gravitational evolution | evf'ﬁfd T — p=C(se(T)
of a spherically symmetric field) s \Prome _1/3:
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> Perturbation Theory: expand the cosmic fields with respect to initial density fields and solve
perturbatively order by order §(x,t) = d1(x,t) + d2(x,t) + - - -



Perturbation Theory

Single-flow equations + perturbative expansion yield the density at order n :

on(k) = /dgql.../dgqn op(k —qi..»)Fn(d1,...,qn)01(q1) - .. 01(qn)

where F, are the PT kernels and can be computed hierarchically in k space

1q1-qz(@+q_z)+2(q1-qz)2
21 S Og e o= e as05

3
F>(q1,92) = - S

5(q2 +a3) g2 (1 +q2 + q3) -1 +5 (g2 +q3) -q3 (q1 + ¢2 + ¢3) .1

F3(q1,q2,q3) = 364242 364202 A
q3-q2 (g2 + q3) - (q2 + @3) (¢1 + @2 + q@3) .1 4 (g2 +a3) -q2 (q1 + @2 + q3) - (q2 + q3) i
18474343 12 (g2 + g3) - (92 + a3) 43
(g2 +q3) -q1 (92 +q3) -@2 (1 +q2 +q3) - (@1 + @2 + q3) n (g2 +q3) -3 (@1 + g2 + q3) - (g2 + q3) i
42 (q2 + q3) - (92 + ¢3) 4745 12 (g2 + q3) - (92 + ¢3) 43
(g2 +q3) .91 (92 +q3) -3 (1 +q2 +q3) . (@1 + q2 + q3) +C]3-CJ2 (q1 + g2 +¢q3)-(q2 + q3) L
42 (g2 + g3) - (92 + ¢3) 4743 99545

293.92 (92 +q3) .q1 (1 + g2 + q3) - (1 + g2 + q3)
63414343
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Perturbation Theory

Single-flow equations + perturbative expansion yield the density at order n :

on(k) = /d?’ql.../dgqn op(k —qi..»)Fn(d1,...,qn)01(q1) - .. 01(qn)

E.g the power spectrum {6(k)d(k")) = P(k)dp(k + k') can then be predicted at any order

P (k) = —<—0—<—®—>—0—>— + 2 A—0<z;>.—>—
(k-q)

or any other N>2-point correlation function:

contribution

to the 5-pt

correlation
function

contribution to the 3-pt function
(bispectrum)

21



P ( k)/Pno—wiggle( k)

Taruya, Bernardeau, Nishimichi, Codis ’| 2

Perturbation Theory

Power spectrum
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Charting PT

Order of observable in field expansion

number of loops in standard PT for Gaussian

Initial Conditions
—

leading order

order 1

order 2

order

order 3 ...order
LO NLO [ NNLO| 25 P
2-point i
. ]E o OK OK OK EFT P ar;:iltlezact partial resum
STtatiStiCS
3-point OK QN (s partial
A RS not . resummations
systematics
= 1 to be done...
A p.OITIt OK (cosmic
statistics variance)
OK, for topological
N pOil’l ¢ estimators
statistics OK, 1n specific

geometries (counts
in cells)

courtesy: Francis Bernardeau
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Charting PT

Order of observable in field expansion

number of loops in standard PT for Gaussian

Initial Conditions
—

leading order

order 1

order 2

order

order 3 ...order
LO NLO [ NNLO| 25 P
2-point i
. ]E X OK OK OK EFT P ar;:il(fzact partial resum
StatiStiCS
3-point OK L (s partial
S e not . resummations
systematics
= 1 to be done...
A P.Olflt OK (cosmic
statistics variance)
OK, for topological
N pOil’l ¢ estimators
statistics OK, 1n specific

geometries (counts
in cells)

courtesy: Francis Bernardeau
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Bispectrum

§3(ra,r2) = (0(0)0(r1)d(rz))

O for GRF
tree-order PT= 2P (k1) P (ko) F5(ky, ko) + cyc.

For late-time galaxy clustering, it allows to:
-measure the bias parameters
-measure primordial non-gaussianities

o , BOSS
—_ i Gil-Marin+16
g 0.5 e 1 Kma=0.17 MMpe
Tellarini+ [ 6 !
_ 0
Power Spectrum Bispectrum ) 0.2 -
Sd?llpl":? C fxu T fu C fur TinL g
bias floal  hias Oxed  bias floal bias lixed - 04
BOSS 21.30 1328 1.04g ‘;:,: 0.571) 329 o e
eBOSS 14.21 1112 118 ,', o2y 07 *o:i’jfi 3 ol ‘(‘/‘; codtt” | g |
Euclid 6.00 4.71 145\‘; =8 ERIEE | o 8 I %!‘- 4
DESI 5.43 4.37 lldl,: PR () g § 2 — » f
BOSS | Euclid 5.64 4.44 0. 3“'(" 19: 0. jb:j 13 .30.1 ol.z 0.3 04 05 = u: U 0.5 -Ul.a -c‘.z u
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Charting PT

Order of observable in field expansion

number of loops in standard PT for Gaussian

Initial Conditions
—

leading order

order 1

order 2

order

order 3 ...order
LO NLO [ NNLO| 25 P
2-point i
. ]E o OK OK OK EFT P ar;:iltlezact partial resum
STAatiSticCs
3-point OK OR (l)ut partial
. no .
statistics systematics resummations
4-P0int to be done...
=l OK (cosmic
statistics variance)
OK, for topological
N pOil’l ¢ Invariants
statistics OK, 1n specific

geometries (counts
in cells)

courtesy: Francis Bernardeau
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Charti Nng PT number of loops in standard PT for Gaussian
Initial Conditions

order 3 ...order p

partial resum

2-po‘only valid on very large scales \
breaks down for 02~0.1 /

partial
resummations

N
4-point /
statistics /

OK, for topological

mvariants

N-point

statistics OK, 1n specific
geometries (counts

Order of observable in field expansion

in cells)

courtesy: Francis Bernardeau



Charti Nng PT number of loops in standard PT for Gaussian
Initial Conditions

c
O
2 |
© order 3 ...order p
o
) :
s | | 2rofonly valid on very large scales \ e
T :
(4
= breaks down for 02~0.] /
s partial
@ resummations
©
A N
qz) 4-point /
& statistics
_8 ,/
G
O OK, for topological
g N—poin ¢ Invariants
= 3 n
@) statistics OK, 1n specific
geometries (counts
in cells)
1 courtesy: Francis Bernardeau

The feature of spherical collapse leads to
analytic predictions in the mildly non-
linear regime @ few percent level until
g2~|!!



Partie Il : Topologie
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Topological estimators

Alternative to the usual use of N-point correlation functions / poly-spectra,... which is :

® independent from bias (M/L ratio)

® easier to measure in the data (less sensitive to masks,...), more robust

Because topology is about shapes, connectivity, holes,... and is invariant under continuous
deformation (stretching, twisting, bending...).




Topology of excursion sets

10
08
06

04k

00k




Topology of excursion sets

10
08
06

04k

00k




topological estimators?

>Minkowski functionals (topological invariants):

d+1 MFs in d dimensions.
Mathematical genus in 2D = number of handles/holes (max number
of cuttings along closed curves without disconnecting the surface)

= e
s,
e -,
T =

g=0 g=1 g=2
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topological estimators?

>Minkowski functionals (topological invariants):

d+1 MFs in d dimensions.
Mathematical genus in 2D = number of handles/holes (max number
of cuttings along closed curves without disconnecting the surface)

This is a topological invariant: deux surfaces sont homeomorphes si
elles ont le meme genre.




topological estimators?

>Minkowski functionals (topological invariants):

d+1 MFs in d dimensions.
Mathematical genus in 2D = number of handles/holes (max number
of cuttings along closed curves without dlsconnectmg the surface)

10K

08 F

06 F

This is a topological invariant: deux surfaces sont homeomorphes si |
elles ont le meme genre. i

In ND, we define the Euler-Poincaré characteristic (in 2D, =2-2g) as 02
the alternating sum of Betti numbers:

X:Z(_

where b; is its rank of the i-th h%)mology group (bo=number of
connected components, bi=circular holes, by=cavities,...).
Gauss-Bonnet theorem: ) is the integral of the Gaussian curvature
Morse theory : it is the alternating sum of extrema.

The Euler characteristic obeys: additivity, motion invariance and
conditional continuity, it is one of the MF.



topological estimators?

>Minkowski functionals (topological invariants):

d+1 MFs in d dimensions.
Mathematical genus in 2D = number of handles/holes (max number
of cuttings along closed curves without dlsconnectmg the surface)
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This is a topological invariant: deux surfaces sont homeomorphes si |
elles ont le meme genre. i

In ND, we define the Euler-Poincaré characteristic (in 2D, =2-2g) as 02
the alternating sum of Betti numbers:

x=Z(—

where b; is its rank of the i-th h%)mology group (bo=number of . upcrossing
connected components, bi=circular holes, by=cavities,...). extrema s
Gauss-Bonnet theorem: x is the integral of the Gaussian curvature gounts
Morse theory : it is the alternating sum of extrema. upcrossing

minima=+1 _A/ \L

The Euler characteristic obeys: additivity, motion invariance and
conditional continuity, it is one of the MF.



topological estimators?

>Minkowski functionals (topological invariants):
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2.1 From topology to
cumulants



from ideas in BBKS' 86

Joint PDF of the field

Let us think about such properties of random fields as Euler characteristic
(genus), density of extrema, ... Their computation requires the knowledge of the

joint PDF :
P(:z:, L, inj)

of the hield & and 1ts first ; and second Z;; derivatives.
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ergodicity!

spatial average=ensemble average
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Joint PDF of the field

Let us think about such properties of random fields as Euler characteristic
(genus), density of extrema, ... Their computation requires the knowledge of the
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GauSSian J PDF from ideas in BBKS' 86

Let us think about such properties of random fields as Euler characteristic
(genus), density of extrema, ... Their computation requires the knowledge of the

joint PDF :
/B (.CIZ‘, Ly g J )
of the hield & and 1ts first ; and second Z;; derivatives.

Minkowski functionals (Euler characteristic[genus] in 3 and 2D, area/length of
1socontours, contour crossings), extrema counts, skeleton length, etc are then obtained

by integration of the JPDF. For instance, the critical pt density and the 3D Euler
characteristic read :
3 6
<ncrit>(i /da: d°z; d°z; Pz, 25, 24, )| det 25| dp{z: Oz —logd

XSD(V) — —/P(CIZ‘,CIZ‘Z', CIJU)5D(CIZZ) det xz]@(CE = O'0V)

Those integrations can in principle be computed for any PDF.

5= N0Z55TmsTE
the trick: use the invariants of the field (Z, 33?, tr(:pij ), det(z;),...)! In r-space

8=10-2 1n z-space

The result for the Gaussian 3D Euler characteristic is:

Yap (V) oc e /2 Hy (v)



Non-Gaussian expansion Earf e

Let us think about such properties of random fields as Euler characteristic
(genus), density of extrema, ... Their computation requires the knowledge of the

joint PDF : P(Qj? Qj,h aj‘,&])

of the hield & and 1ts first ; and second Z;; derivatives.

How to go beyond Gaussianity?

35



Non-Gaussian expansion Earf e

Let us think about such properties of random fields as Euler characteristic
(genus), density of extrema, ... Their computation requires the knowledge of the

joint PDF : P(Qj7 Qj,&-? ZUZ])

of the hield & and 1ts first ; and second Z;; derivatives.

How to go beyond Gaussianity?

Gram-Charlier expansion (analogous to the Taylor expansion for PDF):
The moment expansion of the general JPDF P(x) around a Gaussian PDF G(x) 1s

an Hermite expansion:

= 15 1
P(QZ‘) =— G(.CE) 1 _I_ Z H <$n>GC Hn(a’;) to all order in non gaussianity
i =g

where Hermite polynomials are polynomials of order n in x, orthogonal wrt the
Gaussian kernel G.

The same kind of expansion holds for V& (.CU y LjyLij )
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Moment expansion for NG statistics

Minkowski functionals (Euler characteristic[genus] in 3 and 2D, area/length of
isocontours, contour crossings), extrema counts, skeleton length, etc are then obtained
by integration of the JPDF. For instance, the 3D Euler characteristic reads :

X3D(V) = —/P(x,wi,xij)éD(m) det z;;,0(x — ogv)

Those integrations can in principle be computed to all orders in non-Gaussianity.

The trick: use the invariants of the field (Z, l’?, tI‘(ZIZ'Z'j hdet(z;5),50)° [$5=1055n0 r-space
+Gram-Charlier expansion of the JPDF! 8=10-2 in z-space

We finally get moment expansion for each NG statistics in real space (Gay et al “12)
and 1n redshift space (Codw et al “I5) e.g

—v2/2 . % o Jj+m
X%D(V): 687T2 o !g 1 [HZ(V)‘F%_Z Z '3'77(1'(12)”1 1) (1/) (<:U q JQJ_ZU§ >GC— (1—7J2_)< L gy C2 2m>GC)

n=3 o0, _9

RS (I i g 1y
LZ Z vmv 2m — 1)2m< v Cas >GC Zzz' Im!( 2m

n=3 o0, _ 1 n=3 on

m

3o <xiqiﬂx§m>§g<v>ﬂa<v>] ,

generalizing the result of Matsubara’96 (Gaussian term) to all orders in non-Gaussianity.

key ingredient: genus (IDM)=genus(light) if bias is monotonic!
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Eftect of
redshift space distortion

100 Mpc/h




Eftect of
redshift space distortion

1000 Mpc/h

(=) — (1 + Bu2)5")

/b, v=0.55(GR)

dynamical parameter



Eftect of
redshift space distortion
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MFs for scale-invariant power spectra :
NG corrections

X3D X 106
256° 2
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Horizon 4t ssmulation:
Critical point Counts

40963
2Gpc/h across
O Nyt (V &
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Horizon 4zt ssmulation :

3D and 2D genus : i

- light years

40963
2Gpc/h across

13 billions
light years

L=24 Mpc/nh Horizon light cone

X3D/ Xm ox>Ply S o

" RSD1 ---- Measurement (odd part) 1O L=32 Mpc/h e rl}/%l(aee})sl}lrement
101 —— Theory at NLO [ L=48 Mpc/h i
05F 05k
o A\ 4'1 1% 20
\ 4
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L=48 Mpc/h
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Horizon 4zt ssmulation : e

Horizon light cone
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Horizon 4st simulation :

QGpc/h across i oé ih

2D slices // LOS
sensitivity
2D genus to B=f/b1
ox"lx Redshift Space
Real Space
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2.2 From cumulants to
- Dl(z)



Generalized geometrical S,

Purpose: Express the invariant camulants in terms of o ( hence D(z) )
through Perturbation theory

e 5% ST e e Y e
EF?(kl’kz) ==+ — 2 =4 _( 12 22) —> Fa,py(ki, k2) = Fa(ka, k2)Ga g4 (K1, ka)
s ey, koo T knlhet e TR T e e e A
GRAVITY

44



Generalized geometrical S,

Purpose: Express the invariant camulants in terms of o ( hence D(z) )
through Perturbation theory

e 5% ST e e Y e
EF?(kl’kz) ==+ — 2 =4 _( 12 22) —> Fa,py(ki, k2) = Fa(ka, k2)Ga g4 (K1, ka)
s ey, koo T knlhet e TR T e e e A
GRAVITY

power spectrum index

s

e +n 3+n 3 1 3+n 34+n ol
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skewness at tree order Lokas 94

l< 2>_4(48—|—62n—|—21n2) (34 n 84n 3 1N 68+ n)(B4Tn) o (84 n Boimss
5 21n? MG TG 21n? Sl ST )
3pt field- gradient cumulant
1 34 1 ST
3 2
=25 — A’ = — — —({rxt) =
o < > 7 o < 1> Ja2 44



Generalized geometrical S,

Purpose: Express the invariant camulants in terms of o ( hence D(z) )
through Perturbation theory

5 kl : k2 ng = 0
F2 (kl, kz) = > -+ prediction  measurement 2) — FQ (kl, kz)ga’ﬁﬁ (kl, kz)
L N Y. o 318 B0BE008 o o o
GRAVITY 2.096 2.05£0.03

3.248 3.15=0.06
3.871 3.75 1+ 0.06
1.545H 1.54 + 0.02

power spectrum index —1.335  —1.28=0.02

4644  —4.50=0.08
\ 0.679 0.65 = 0.01
I g 3+n 1.304 1.28 +0.03 3+n 3+n 5 1
— = F —. — | .
5 321( 2 ( RN, ’2’4)
skewness at tree order

owers of k

Lokas 94

l<xm12>:4(48—|—62n—|—21n2) P, ~ 6(3+n)(8+ n) P, 3+ n 5 n: 3l
o 21n?2 R RO 21n?2 PR )

3pt field- gradient cumulant

3+n 3+n § 1

34 1
=25 ;<£I33>:7 — ;

ST
<£C$%> i 2y ¥




Generalized geometrical S,

We can express the invariant camulants in terms of o ( hence D(z) )
through Perturbation theory

ng = 0
prediction  measurement
3.144 3.08 £+ 0.08
" 2.096 2.05 £0.03
generalized S 3.248 3.15 = 0.06

3.871 3.75 4+ 0.06
1.545 1.54 + 0.02
—1.335 —1.28 = 0.02
—4.644 —4.50 = 0.08
0.679 0.65 =0.01
1.304 1.28 +0.03

Remember, we have analytical predictions e.g.
A

—v2/2 2 [ o j+m
s & 01||1011L 1 ( 1) < 2m> 2 < i 24 ~2 2m>
- H =3 - _H, 7] (11—

\/j J—I_m v 27 m j+
LZ Zz' Im!( 2m 1)2m< v, C o > ZZZ' I ( 2m

n=30,_1 GC n=3 onp

m

o <£U’Lqij$§m>ﬂz‘(V)H2(V] ,

GC

that depend on generalized S3 times O at first order i.e@e numbers)times O

i 2 =D
where 0 =opm(z)=D(z) 00 predicted from PT
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2.3 From D(z) to equatlon
“of state of Dark Energy



Fiduaal
DE experiment

® Generate scale invariant [Cs

e Evolve them with gravity

e identify critical sets

e compute differential counts

e estimate amplitude of NG distorsion via PT
e deduce geometric critical set o

0.30:
ﬁ[amgm 1800 saddle
R o points
| OLNLS
: 0.20 P
S
§ 0.15
> Unbiased
= 0.10. geometric
Dark Energy
0.05 estimate
up too ~ 0.2
0000 005 010 015 020 025 030
underlying (field) o Gay et al 2012 47



Figure of merit :

3D dark energy probe

e Assume error on D|z]

e xplore likelihood w.r.t w, and wo

Wa
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2D genus measures [3

2D MFs (and in particular 2D genus) can give access to =2,/ b varying the orientation of
slices and measuring e.g the amplitude of 2D genus (or other 2D MFs):

(o)(y) i¥ Hl(u)@—u2/2 011 \/2 COS%” 4 SiHQ%J_

X2D

227 )3/ 2
so that:
xé%) (v, 0,) 2 COSQ(91O'%” + sin®6,02 |

ng(% 6’2) & \ 2(3082920'%” i SiﬂQHQO'%J_

with:

(AT, 2 2
Ulllz\/§| 55!5701 UlL:\/B

only depends on angles and [3!




Topology=a cosmic standard ruler?

Blake+ | 4

1 N | ! | ' | ! I

e WiggleZ topology (independent z—bins))|
WiggleZ topology (overlapping z—bins)
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Summary : What can we learn from MFs?

We are able to predict accurately Minkowski functionals and extrema counts in
redshift space at large enough scale.

These statistics:
® can probe modification of gravity as they can give access to [3= QnmY/b,

y=0.55(GR) varying the orientation of slices and measuring the amplitude of 2D

genus;
® can probe dark energy through the measure of GD|V|=D(Z)00 (times

«skewness» which is predicted by theory).

Sl



Partie lll : comptages de galaxies
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Varadhan 1984

Large-deviation Theory Touchette 2005

Ellis 2009
what is the most likely way for an unlikely event to happen?

Exponential decay of the probability of rare events in some random systemes.
Central Limit theorem : convergence towards a Gaussian... what about the tails?

1. A canonic example: coin tossing

Events ¥1=tails=0, Y2 =heads=1 occur with probabilityp1 = p2 = 1/2.
Let’s repeat n times this experiment: w = (wy, ..., w,) € {0,1}" and consider the
average number of heads: X = >_." , w;/n

When n goes to infinity, X is expected to tend to 1/2.
In mathematical terms, for all non-zero epsilon,

lim P(||X —1/2|| < €)) = 1

o

lim P(||X —z|| <€) =0,Vx:||lz—1/2|| > €

This decay can be shown to be exponential:
P(IX —all <) |~ _exp(-nly(z)

where the rate function controls the rate of exponential decay:
IL(z)=zlnz+ (1 —2z)ln(l —z) +In2

In particular, the rate function is strictly positive except in 1/2 where 1=0
so that we observe a concentration around the mean for large n.




Varadhan 1984

Large-deviation Theory Touchette 2005

Ellis 2009
what is the most likely way for an unlikely event to happen?

Exponential decay of the probability of rare events in some random systemes.
Central Limit theorem : convergence towards a Gaussian... what about the tails?

1. A canonic example: coin tossing

Events ¥1=tails=0, Y2 =heads=1 occur with probabilityp1 = p2 = 1/2.
Let’s repeat n times this experiment: w = (wy, ..., w,) € {0,1}" and consider the
average number of heads: X = >_." , w;/n

When n goes to infinity, X is expected to tend to 1/2.
In mathematical terms, for all non-zero epsilon,
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o
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This decay can be shown to be exponential:

P(||X —z|| <¢)) = eXp(—nIp(x)j

where the rate function controls the rate of exponential decay:
IL(z)=zlnz+ (1 —2z)ln(l —z) +In2

In particular, the rate function is strictly positive except in 1/2 where 1=0
so that we observe a concentration around the mean for large n.

X satisfies a Large-deviation Principle



Varadhan 1984

Large-deviation Theory Touchette 2005

Ellis 2009
what is the most likely way for an unlikely event to happen?

Exponential decay of the probability of rare events in some random systemes.
Central Limit theorem : convergence towards a Gaussian... what about the tails?

2. Properties

a. The rate function is the Legendre-Fenchel transform of the (scaled) cumulant generating function

K(n\
Varadhan’s ©(A\) = sup(Ax — I(x)) where ¢(\) = lim 2y

theorem A e n

This property comes from a saddle-point (or Laplace) approximation of

exp(np(N)) = (exp(nAz)),, = /Pn exp(nix) ~ /exp(—n[(a:) + nAx)

scaled/

In the large n limit, the behaviour away from the saddle point does not matter!
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Central Limit theorem : convergence towards a Gaussian... what about the tails?

2. Properties

a. The rate function is the Legendre-Fenchel transform of the (scaled) cumulant generating function

K(n\
Varadhan’s ©(A\) = sup(Ax — I(x)) where ¢(\) = lim 2y

theorem A e n

This property comes from a saddle-point (or Laplace) approximation of

exp(np(N)) = (exp(nAz)),, = /Pn exp(nix) ~ /exp(—n[(a:) + nAx)

scaled/

In the large n limit, the behaviour away from the saddle point does not matter!
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Large-deviation Theory Touchette 2005

Ellis 2009
what is the most likely way for an unlikely event to happen?

Exponential decay of the probability of rare events in some random systemes.
Central Limit theorem : convergence towards a Gaussian... what about the tails?

2. Properties

a. The rate function is the Legendre-Fenchel transform of the (scaled) cumulant generating function

K(n\
Varadhan’s ©(A\) = sup(Ax — I(x)) where ¢(\) = lim 2y

n— 00 n

theorem A

This property comes from a saddle-point (or Laplace) approximation of

exp(np(N)) = (exp(nAz)),, = /Pn exp(nix) ~ /exp(—n[(a:) + nAx)

scaled/

In the large n limit, the behaviour away from the saddle point does not matter!

b. The rate function of any mapping of x is

Contraction principle e (y) =TS e (ZC )

X, rL—1Y

The rate function for y is the smallest rate function (=most likely) of the values x that lead to y.
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Large-deviation Theory
what is the most likely way for an unlikely event to happen?

Exponential decay of the probability of rare events in some random systemes.
Central Limit theorem : convergence towards a Gaussian... what about the tails?

3. LDP @ LSS

The parameter that drives the exponential decrease of the probabilities is the variance: n « 1/0?
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Large-deviation Theory
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Central Limit theorem : convergence towards a Gaussian... what about the tails?

3. LDP @ LSS
The parameter that drives the exponential decrease of the probabilities is the variance: n < 1/0?
-know the rate function of the initial conditions of the Universe e.g (Gaussian):
I(1(Ro)) = 0*(Ry) x 1/27(Ro)*/o*(Ro)

-deduce the rate function of the final densities from the Contraction Principle

o) =il =6 (@)
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Large-deviation Theory
what is the most likely way for an unlikely event to happen?

Exponential decay of the probability of rare events in some random systemes.
Central Limit theorem : convergence towards a Gaussian... what about the tails?

3. LDP @ LSS

The parameter that drives the exponential decrease of the probabilities is the variance: n « 1/0?

-know the rate function of the initial conditions of the Universe e.g (Gaussian):
I(1(Ro)) = 0*(Ry) x 1/27(Ro)*/o*(Ro)
-deduce the rate function of the final densities from the Contraction Principle
I(p) = I(r =¢""(p))

-provided we can identify the most likely initial density contrast that leads to a given final density

C( 7‘)/ initial contrast
final density = e

-compute the scaled cumulant generating function (SCGF) via Varadhan’s theorem
p(A) = Stip(kp =)

-compute the density PDF via an inverse Laplace transform of the SCGF

exp ¢(A) = /P(p) exp(Ap) < P(p) = /m e exp(Ap — ¢(A))

it hgn
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I_a rge-d EVi ati O n Th e O ry Bernardeau & Valageas '00

Valageas '02
what is the most likely initial configuration a final density originates from?

This most likely path can be found for very specific configurations with sufficient degree of symmetry

Final conditions

Different initial configurations can lead to the same final state! What is the most likely one?

Spherical symmetry enforces this most likely path to be the so-called Spherical Collapse dynamics:
2'Of"‘e‘VC)I|V‘ed"YI"Vylyyyv’

7 profile

=l T — p = (sc(T)

O initial ™, e

PnL(<r)—-1
=

b0 el aeS Ui

00 05 10 15 20



Large-deviation Theory
in a nutshell

LDP tells us how to compute the cumulant generating function from the initial conditions
using the spherical collapse as the « mean dynamics »:

aradhan’s
p({\k}) = sup(\ip; — I(p:)) %

theorem

The density PDF is then obtained via an inverse Laplace transform of the CGF

oxp V) = [ Po)expvo) = Plp) = [ e SR

B s

Parameter-free theory which depends on cosmology through : the spherical collapse dynamics
and the linear power spectrum.

Predictions are fully analytical if one applies the LDP to the log. (Uhlemann, sc’ 16)
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A. One-cell density PDF

1st step: compute the cumulant generating function @(A) = sup(Ap — I(p))
A

or equivalently ¢(\) = A\p — I(p)with stationary condition A = I'(p)

L. inverting the stationary condition is not possible for all \!

05

nnll

critical point!

I
|
|
|
|
[
|
|
|
|
|
| :
, Inversion can be done only for A<A.
|
!
|
|
|
|
|
|
|
|

|

10 152

0 30 50 70 100 15.200
0

30.0
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A. One-cell density PDF

1st step: compute the cumulant generating function @(A) = S‘ip(AP —1(p))

or equivalently ¢(\) = A\p — I(p)with stationary condition A = I'(p)

2nd step: compute the PDF

The inverse Laplace transform requires integration into the complex plane:

42100
Plp) = / o exp(—Ap + (X))

ey

Numerical integration AND analytical approximations at low and large densities:

i A 3@3/2 i
at low density
Alm(A)
S <
A Re(\)
branch cut provides asymptote
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A. One-cell density PDF

1st step: compute the cumulant generating function @(A) = S‘ip()\ﬂ —1(p))

or equivalently ¢(\) = A\p — I(p)with stationary condition A = I'(p)

2nd step: compute the PDF
The inverse Laplace transform requires integration into the complex plane:

42100
Plp) = / o exp(—Ap + (X))

ey
lg |
C — Exact
[ —== low-density approx
0.1l . ---- high-density approx, LO |
. \ numerlcal —== high-density approx, NNLO
_ s |= RN singularities in \-space
/ S
0.01: /! i .S : :
2 3 ' analytical exponential cutoff in p-space
~ /
[a W Y} !
QU L 'll
0.001 !
Eod
I
I
L1
]
10745
E
oy
i I
1051 Bernardeau, Pichon, SC |4
0 2 4 6 8 10 12

Numerical integration technically done by choosing the path of zero imaginary part %0
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B : TWO-Ce I I P D F Bernardeau, Pichon, SC [ 4

Same formalism can be used to compute the statistics of cosmic densities in N>| concentric cells
Introduce slope = possible proxy for peaks & voids
P = pP1
P(p1, p2)dp1dp2 «—— P(p, s)dpds
Si= }'Z z : %11 density slope
1st step: compute the cumulant generating function @(A, 1) = sup(Ap + ps — I(p, s)

P2

P
oI (p;s)

Aok e )
or equivalently (X, 1) = Ap + us — I(p, s)) with stationary condition { o
LT 0s

I. There is a critical line where the stationary condition is singular.

1.5 1.5 : \
theory simulation
1.0 10| forc =0.51
05" 05
0.0 0.0
3 3
05 ~0.5 ||
-1.0 -1.0 ._; ;
~15 _15.65 |
-2.0 052.652, : —20 305255205155 18
-10 -8 -6 ~4 -2 0 2 ~10 68
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Same formalism can be used to compute the statistics of cosmic densities in N>| concentric cells
Introduce slope = possible proxy for peaks & voids

p=p1 :
P(p1, p2)dp1dps < > P(p, s)dpds >
P2 — P1
— R density slope
e Ry — Ry d

1st step: compute the cumulant generating function ©(A, 1) = sup(Ap + ps — I(p, s)
As b __ 0I(p,s)

or equivalently (X, 1) = Ap + us — I(p, s)) with stationary condition { A 815(95 )
(Va2

2nd step: compute the PDF via 2D Inverse Laplace Transform

:/. d)\/ dpexp(—=Ap — ps + (A, 1))

This is difficult because we need to choose a 2D path in 4D space with lots of the oscillations and
analytical approximations have a poor range of validity.
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Same formalism can be used to compute the statistics of cosmic densities in N>| concentric cells
Introduce slope = possible proxy for peaks & voids

P = p1
P(p1, p2)dp1dps «——> P(p, s)dpds

Si= P2 — P1 density slope

P2

Ro — Ry
1st step: compute the cumulant generating function ©(A, 1) = sup(Ap + ps — I(p, s)
Askl _ 9I(p,s)
or equivalently (X, 1) = Ap + us — I(p, s)) with stationary condition { A 815(95 )
Lokss 83’

2nd step: compute the PDF via 2D Inverse Laplace Transform

:/. d)\/ dpexp(—Ap — ps + (A, 1))

This is difficult because we need to choose a 2D path in 4D space with lots of the oscillations and
analytical approximations have a poor range of validity.

Apply the large-deviation principle to the log of the density!
This is a simple change of variable but it removes the singularities and provides

very accurate analytical approximations (almost indistinguishable from the
numerical integration)!
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Two-cell PDF

Bernardeau, SC, Pichon |5 A

Uhlemann, SC+16
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Log P(s)

Two-cell PDF: statistics of the slope

e B ol ea Sl ,',f..;‘ \
Uhlemann, SC+ 16 S e LS
i "" ’/y.a.. “b\\ Z=O.97
: £ ¢ . ’
-0.57 p>1 o* 8 .}‘\ A
| e " N
Qt‘ s / “0 “ﬁ\\
’ é i’ .
s o* / LT
- 1.0 e B,
,h ”l \%!@
e 2l / 4

1.5 58 ;"\ / N

§ : .j!ﬁqeasurements . \‘§{I1} _
. / ;ig‘!;# :
e ” theory : \;\!*
) -1 0 1 :
s=slope

Higher density environments have more negative slopes (peaks!).

71



-

A.,:_m. .

Outlme




Where is the cosmology dependence?

To get one-cell PDF, one has to:

1) know the rate function of the initial conditions e.g (Gaussian):
I(T(Ry)) = 0*(Rp) x 1/27(Ro)*/o*(Ro)

where the initial variance is a function of the linear power spectrum

2 g 1 8 2
P (R) = / d kWTH(kR)

2) deduce the rate function of the final densities from the Contraction Principle

I(p) = I(r €)' (p))
\spherical collapse dynamics

P(p v, Plina O-NL(R7 Z))

\

growth of
structure
dark energy

3) compute CGF and then PDF

modification initial statistics
of gravity primordial non-Gaussianities
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A

ML estimator for the variance

0.2

dark enérgy equation of state
w=w°+(| -a)Wa

FoM for a Eucr;id-like survey

_0-'%.15 -110 -105 -100 -095 -090 -0.85

Wp

15,000 square degrees"

R=10 h1Mpc
0.1<z<1
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One-cell veIocity divergence PDF

PN LR
I o
hn+15 velouty stat obtamed by ﬁ 4

tessellatlon of the DM sheet |

o
&
ha
k3
-
o

e,'il-;%
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One-cell velocity divergence PDF

Uhlemann, SC+ 17

7 \\ — R=10Mpc/h

X — R=11Mpc/h
| — R=15Mpc/h

Hahn+15, velocity stat obtained by
tessellation of the DM sheet
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Use velocity PDF for cosmology

-0.3 .
-1.20 -1.15 -1.10 -1.05 -1.00 -0.95 -0.90 -0.85 -0.80
Wp

Here the rest of the cosmology is fixed...

15,000 square degrees
R=10 h1Mpc
0.1<z<1
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How to deal with biased tracers?

Halo bias can be accounted for and marginalised over for cosmological experiments...
We use a quadratic log bias model:

log pr, = bo + B0 log pi, + Boo log” pp,

PDF Log1o(P(om.pn)) at z=0., R=15

8- |
bias function | 25al
cumulative PDF
-------- cumulative PDF fit-
Ojiives il - o1 scatter plot fit ]
3 4- I
2r i
0- i

Pm Pm=Pm(Pn)
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How to deal with biased tracers?

Halo bias can be accounted for and marginalised over for cosmological experiments...
We use a quadratic log bias model:

log pm = bo + P10 log pp, + B2 log” py

0.0¢ :
—0.5(“ :
S -1.0} :
& : z=0., R=10
o _15|
GRS TR
yA— i —
N0
. z=1.. R=10
-2.5
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How to deal with biased tracers?

Halo bias can be accounted for and marginalised over for cosmological experiments...
We use a quadratic log bias model:

Measuring the PDF then a(I)IaWS to constrain o and the bias parameters:
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S 0.02/
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How to deal with biased tracers?

Halo bias can be accounted for and marginalised over for cosmological experiments...
We use a quadratic log bias model:

log prm = bo +0g Ph +og2 Ph

=b, =b,
Measuring the PDF then allows to constrain o and the bias parameters:
+ 2pt PDF
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Conclusion:

Multi-scale densities PDF can be predicted in the mildly non-linear regime with

' «* surprising accuracy e.g <1% on P(p) for 6=0(1) even in the rare event tails,

thanks to large deviations theory.

.-~ Predictions are fully analytical and explicitly cosmology-dependent!

% ~ We can have a model for biased tracers of the density, velocities, 2pt stat and
‘¥4 (in progress) cosmic shear maps.
Large deviation principle:
an unlikely fluctuation is brought about by i
the least unlikely of all unlikely paths. 8
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Statistiques d’ordre supérieur : TD

Exercice 1: PDF du champ de densité cosmique

-Mesurer la PDF de |la densité aux trois redshifts proposeés.

-Comparer a une Gaussienne, un développement de Edgeworth tronqué a n=3 puis n=4. On
utilisera ici deux méthodes: les cumulants mesureés et les cumulants a I'ordre des arbres
-Utiliser le code LSSFast pour calculer la prédiction dans le régime de grande déviation et
comparer le résultat a la mesure et au développement de Edgeworth.

Exercice 2: Topologie

-Ecrire la PDF jointe d’'un champ Gaussien aléatoire 2D 6 et de ses derivées premieres et
secondes.

-Trouver quelles combinaisons lineaires des variables sont décorrélées.

-Ecrire le developpement de Gram-Charlier dans ces variables

-Calculer le genus 2D Gaussien

-Calculer sa premiere correction non-Gaussienne
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